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In the main text we analyzed the kinetics of the rotary and other possible mechanisms coupling proton
transport to ATP synthesis, using the kinetic cycles shown in Fig. S1. Additional supporting information
for that analysis is presented here: (1) the full set of kinetic diagrams, (2) derivation of the thermodynamic
cycle constraint, (3) derivation of the non-equilibrium steady state solution for a single cycle kinetic system,
(4) the range of conditions used in the analysis, (5) the range of parameter values used in the analysis, (6)
details of the sensitivity analysis, and (7) a test of 4:1 H+:ATP stoichiometry.

1. Full set of kinetic diagrams

The ATP synthesis cycle can be represented by a sequence of ten reactions (events) as depicted in Fig. S1.
The rate constants (k) for each reaction, shown in the figure, are described in the Range of parameter values
section below . A key differentiating characteristic of the rotary mechanism compared to the basic alternating
access mechanism, for ATP synthesis, is the order of proton binding and transport. In the rotary mechanism
protons bind to the membrane-spanning Fo subunit of the ATP synthase facing the lower pH/higher proton
concentration side (“in”-side) of the membrane, and are transported across the membrane (to the “out”-side)
one-at-a-time [1]. In contrast, in the basic alternating access mechanism multiple protons bind to the low pH
side of the ATPase and are transported across the membrane simultaneously [2]. For the analysis presented
here we compared all five possible proton transport orderings for a 3:1 H+:ATP stoichiometry, as shown in
Fig. S1. Note that additional non-ion event orders (e.g., ADP, Pi binding) are considered in SI section 6 on
sensitivity analysis.

2. Thermodynamic cycle constraint

All of the kinetic cycles represented in Fig. S1 place a thermodynamic constraint on the kinetic parameters
due to the requirement that the free energy change for the ATP synthesis cycle, which is the driving potential
∆Gdriv, must be equal to the sum of the free energy changes for each of the steps in the cycle [3], i.e.

∆Gdriv =

s∑
i

Gi −Gi+1 (1)

where the basic free energy (FE) Gi for state i is defined in terms of the effective first order rate constants
αi,j by

Gi−1 −Gi = −(1/β) ln(αi,i−1/αi−1,i) (2)

where αi,j = ciki,j is the effective first order rate constant, with c = 1 for a first order process and c = [X]
when species X binds in the transition from state i to j, and ki,j is the corresponding rate constant; β =
1/kBT where kB is the Boltzmann constant and T is the temperature. ∆Gdriv is also defined as

∆Gdriv = n(−F∆ψ + 2.3RT∆pH) − ∆GATP (3)
∆GATP = ∆G0 +RT ln([ATP ]/[ADP ][Pi]) (4)

10∆pH = [H+
out]/[H

+
in] (5)
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Figure S1: Minimalist kinetic modeling of rotary and alternative mechanisms for ATP synthesis. Synthesis cycles for the rotary,
basic alternating access and other possible mechanisms based on proton transport order for a 3:1 H+:ATP stoichiometry.
Note that conformational processes, such as rotation are implicitly included in the binding and chemical processes shown in a
thermodynamically consistent way.

where ∆ψ = ψout − ψin is the trans-membrane potential and ∆pH = pHout− pHin is the pH difference
(the “out”-side is the higher pH catalytic side of the membrane and the “in”-side is the lower pH side of
the membrane [4]); ∆GATP is the free energy required for ATP synthesis for the given concentrations of
ADP, ATP and Pi under ideal-solution assumptions; ∆G0 is the free energy required for ATP synthesis
under the conditions considered. Since ∆G0 depends on pH [5], we use different values for ∆G0 depending
on pH. See Sensitivity Analysis below. F is the Faraday constant and R is the gas constant. The ratio
αi,i+1/αi+1,i = ciki,i+1/ci+1ki+1,i = ciK/ci+1 where K is the step-specific equilibrium constant. From Eqs.
(1)–(5), along with this relationship between the ratio of effective first order rate constants αi,j and the
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equilibrium constant K, we have

e3βF∆ψ =
KATP
d

KADP
d KPi

d Kdt

 K
H+

in

d

K
H+

out

d

3

e−β∆G0

(6)

The above relationship is similar to one previously suggested by [6]. The same constraint holds for all five
mechanisms considered. Note that only the equilibrium constants and the two driving components of proton
motive force enter the constraint. To enforce this thermodynamic constraint in our model, we chose to vary
the rate constant kH

+
out

off with ∆ψ, while using the optimization protocol described in the main text for setting
all other rate constants, i.e. from Eq. (6),

k
H+

in

off =
(
KADP
d KPi

d Kdt/KATP
d

)1/3
K
H+

out

d k
H+

in
on eβ∆G0

eβF∆ψ (7)

However, the parameter value calculated from the thermodynamic constraint also varies in the optimization
process, described in the main text. Therefore, the resulting set of optimized parameter values do not depend
on which specific parameter is constrained.

3. Non-equilibrium steady state solution for a single cycle kinetic system

Presented here is an alternative to a previous derivation [7] of a closed-form steady-state solution for
a single cycle chemical process. The final formulation presented below (Eq. (23)) is stated in terms of
free energies instead of rate constants, which can provide physical insight into the relationship between the
thermodynamics and kinetics of the system. For a single-cycle kinetic model, such as the one shown in Fig.
S1, by definition the steady state rate can be calculated as the flow J between any two states

J = piαi,i+1 − pi+1αi+1,i (8)

where pi is the steady-state probability of state i. For a single cycle kinetic system with s states:

J = p1α1,2 − p2α2,1 (9)
J = p2α2,3 − p3α3,2 (10)

...
J = ps−1αs−1,s − psαs,s−1 (11)
J = psαs,1 − p1α1,s (12)
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By substitution, each of the probabilities pi can be expressed in terms of J and p1. Using the definition
ri = αi+1,i/αi,i+1,

ps = p1r1 +
J

αs,1
(13)

ps−1 = psrs +
J

αs−1,s

=

(
p1r1 +

J

αs,1

)
rs +

J

αs−1,s

= p1r1rs +
J

αs,1
rs +

J

αs−1,s
(14)

ps−2 = ps−1rs−1 +
J

αs−2,s−1

=

(
p1r1rs +

J

αs,1
rs +

J

αs−1,s

)
rs−1 +

J

αs−2,s−1

= p1r1rsrs−1 +
J

αs,1
rsrs−1 +

J

αs−1,s
rs−1 +

J

αs−2,s−1
(15)

...

p2 = p3r3 +
J

α2,3

=

((
· · ·
((

p1r1 +
J

αs,1

)
rs +

J

αs−1,s

)
rs−1 + · · ·

)
r4 +

J

α3,4

)
r3 +

J

α2,3

= p1(r1rs · · · r4r3) +
J

αs,1
(rsrs−1 · · · r4r3) +

J

αs−1,s
(rs−1rs−2 · · · r4r3) + · · ·

+
J

α4,5
r4r3 +

J

α3,4
r3 +

J

α2,3
(16)

p1 = p2r2 +
J

α1,2

=

((
· · ·
((

p1r1 +
J

αs,1

)
rs +

J

αs−1,s

)
rs−1 + · · ·

)
r3 +

J

α2,3

)
r2 +

J

α1,2

= p1(r1rs · · · r3r2) +
J

αs,1
(rsrs−1 · · · r3r2) +

J

αs−1,s
(rs−1rs−2 · · · r3r2) + · · ·

+
J

α3,4
r3r2 +

J

α2,3
r2 +

J

α1,2
(17)

From Eq. (17), p1 can be expressed in terms of J and the effective first order rate constants as

p1 =
J

1 −X

[
(rsrs−1 · · · r3r2)

αs,1
+

(rs−1rs−2 · · · r3r2)

αs−1,s
+ · · · +

r3r2

α3,4
+

r2

α2,3
+

1

α1,2

]
(18)
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where X = r1r2 · · · rs. Substituting Eq. (18) into Eq. (13) – (16), and using the unity sum-rule for probability∑
i pi = 1, we find

1

J
=

1

1 −X

[
X

αs,1
+
rs−1 · · · r1

αs−1,s
+ · · · +

r2r1

α2,3
+

r1

α1,2

]
+

1

αs,1

+
1

1 −X

[
Xrs
αs,1

+
X

αs−1,s
+ · · · +

r2r1rs
α2,3

+
r1rs
α1,2

]
+

rs
αs,1

+
1

αs−1,s

...

+
1

1 −X

[
X(rsrs−1 · · · r3)

αs,1
+
X(rs−1 · · · r3)

αs−1,s
+ · · · +

X

α2,3
+
r1rs · · · r3

α1,2

]
+

(rsrs−1 · · · r3)

αs,1
+

(rs−1 · · · r3)

αs−1,s
+ · · · +

r4r3

α4,5
+

r3

α3,4
+

1

α2,3

+
1

1 −X

[
(rsrs−1 · · · r2)

αs,1
+

(rs−1 · · · r2)

αs−1,s
+ · · · +

r3r2

α3,4
+

r2

α2,3
+

1

α1,2

]
(19)

=
1

α1,2

[
1 + r1 + r1rs + · · · + (r1rs · · · r3)

1 −X

]
+

1

α2,3

[
r2 + r2r1 + r2r1rs + · · · + (r2r1 · · · r4)

1 −X
+

X

1 −X
+ 1

]
+

1

α3,4

[
r3r4 + r3r4r5 + r3r4r5r6 + · · · + (r3r4 · · · r1)

1 −X
+
X(1 + r3)

1 −X
+ (1 + r3)

]
...

+
1

αs−1,s

[
(rs−1 · · · r2) + (rs−1 · · · r1)

1 −X
+
X(1 + · · · + (rs−1 · · · r3))

1 −X
+ (1 + · · · + (rs−1 · · · r3))

]
+

1

αs,1

[
rs · · · r2

1 −X
+
X(1 + rs + · · · + (rsrs−1 · · · r3))

1 −X
+ (1 + rs + · · · + (rsrs−1 · · · r3))

]
(20)

=
1 + r1 + r1rs + · · · + (r1rs · · · r3)

α1,2(1 −X)

+
1 + r2 + r2r1 + · · · + (r2r1 · · · r4)

α2,3(1 −X)

...

+
1 + rs−1 + rs−1rs−2 + · · · + (rs−1rs−2 · · · r1)

αs−1,s(1 −X)

+
1 + rs + rsrs−1 + · · · + (rsrs−1 · · · r2)

αs,1(1 −X)
(21)

=
1

1 −X

s∑
i=1

1

αi,i+1

1 +

s−2∑
j=0

j∏
k=0

ri−j+k

 (22)

For rm in Eq. (22), if m < 1 then m = s−m representing the corresponding state from the previous iteration
of the cycle. For αi,i+1, if i + 1 > s then i + 1 = i + 1 − s representing the corresponding state from the
following iteration of the cycle.

The basic free energy (FE) Gi for state i is defined in terms of the effective first order rate constants by
Gi−1 −Gi = −(1/β) ln(αi,i−1/αi−1,i) with G1 ≡ 0 by convention. Therefore riri+1 · · · rk = exp(−β(Gi−1 −
Gk), and X = r1r2 · · · rs = exp(−β∆Gdriv). Eq. (22) can therefore be rewritten in terms of free energies as

1

J
=

1

1 − e−β∆Gdriv

 s∑
i=1

s∑
j=1

e−β(Gi−j−Gi)

αi,i+1

 (23)
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Figure S2: Comparison of the exact analytic NESS solution, Eq. (23), to the numeric solution obtained using Matlab.

For i − j < 1, Gi−j = Gs−(i−j) + ∆Gdriv which represents the free energy of the state corresponding to
s− (i− j) in the previous cycle. The analytic solution (Eq. (23)) is of course exactly the same as numerically
solving the system of linear equations (Eq. (8)), within the limits of numerical accuracy. Figure S2 provides
a numeric validation of the solution for all five ATP synthase cycles shown in Fig. S1.

4. Range of conditions

The range of values considered, for the physiological conditions driving ATP synthesis, were based on
the values reported in the literature [8, 9, 10]. These ranges were extended beyond the reported ranges to
represent potentially evolutionary and pathological states that may be more extreme than typical physio-
logical conditions. The ranges used in this study are shown in Table S1. Note that pHout represents the
cytoplasmic pH value for E. coli ATP synthase and the matrix pH value for mitochondrial ATP synthase,
consistent with the definition in [4]. During ATP synthesis ions are transport form the “in” side of the
membrane to the “out” side, so ∆pH= pHout− pHin and ∆ψ= ψout − ψin. Conditions within the range of
values shown in Table S1, with the exception of ∆Gdriv and ∆G0 (Eq. 3), were randomly sampled for the
parameter optimization protocol, described in Methods in the main text, and for the test results shown in
the main text and in here. Any conditions that resulted in a driving potential outside the range of values
shown in Table S1 were excluded from the analysis. The concentration values for ADP and Pi were sampled
in log space and all other values were sampled in linear space.

5. Range of parameter values

Although the “Max-Min” protocol, described in the main text, does not require parameter values to
be specified, the range of realistic values are limited by physical and structural constraints [11, 12]. The
parameter values for F-ATPase reported in the literature vary considerably [13, 14, 15, 16, 17, 18, 19].
For the purpose of this analysis we use an optimization range spanning one order of magnitude around a
representative set of values chosen from the literature, as shown in Table S2. Each step in the process shown
in Fig. S1 has a binding kon (or forward kdt in the case of ADP phosphorylation) and an unbinding koff

(or reverse ktd) rate constant. Kd = koff/kon and Kdt = kdt/ktd are the dissociation constants and the
equilibrium constant for ADP to ATP phosphorylation, respectively. We also defined a cooperativity factor
β, which represents the cooperativity between the proton binding sites, i.e. the effect of the (un)binding of

one H+ on the binding affinity of a subsequent H+. Specifically, KH+
in2

d = K
H+

in1

d 10βin1 , KH+
in3

d = K
H+

in2

d 10βin2 ,

K
H+

out2

d = K
H+

out1

d 10βout1 , and KH+
out3

d = K
H+

out2

d 10βout2 .
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Table S1: Range of conditions. Ranges based on reported physiological conditions for E. coli and mitochondrial ATP synthase
[8]. Also listed are the condition values used for Figs. 3 and 4 of the main text. Note that pHoutrepresents the cytoplasmic pH
value for E. coli ATP synthase and the matrix pH value for mitochondrial ATP synthase, consistent with the definition in [4],
∆pH= pHout− pHin, and ∆ψ= ψout − ψin.

Condition Literature [8] Range used Values for Figs. 3
& 4 of main text

pHout 7.7 – 8.2 6.5–8.5 7.5
[ATP]/[ADP] 2.6 – 10.0 1 – 10 5.5
∆pH 0.6 – 2.5 0 – 2 1
∆ψ(mV) -80 – -220 0 – -250 -125
[ADP] (M) 8 × 10−3 8 × 10−2 – 8 × 10−4 8 × 10−2

[Pi] (mM) 1 – 240 1 – 240 120
∆Gdriv (kcal/mol) 0 – 8 0 – 8
∆G0 (kcal/mol) 7.6 7.6 7.6
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Figure S3: Results for baseline (default) model assumptions (3:1 H+:ATP stoichiometry). (a) Geometric average ratio of ATP/s
relative to rotary mechanism. (b) Average rate of ATP synthesis. See Table S3 for baseline model assumptions. Error bars
show the standard error of the mean when sampling over a range of conditions. Connecting lines are shown to guide the eye.

6. Sensitivity analysis

Extensive systematic sensitivity analysis shows that our results are qualitatively insensitive to model
assumptions (Table S3, Fig. S3 – S11). The model assumptions include event order (reaction sequence),
optimization protocol for kinetic parameters, optimized parameter values, and the range of values for pH on
the high pH side of the membrane, pHout. The baseline (default) set of model assumptions are shown in the
first row of data in Table S3, and the corresponding results in Fig. S3. All results are based on five sets of
>10000 random conditions sampled from the range of values shown in Table S1 as described in the Range
of conditions section above.

In addition to the baseline event order (Fig. S1), tests of six other event orders (model assumptions 2
– 7 in Table S3) show that the results are qualitatively insensitive to event order (Fig. S4 and S5). In the
table, “Free” refers to the free ATP synthase after ATP release, “ADP” refers to ADP binding, “Pi” refers to
Pi binding, “dt” refers to the phosphorylation of ADP to ATP, and “3×H+” refers to the transport of three
protons in the order shown in Fig. S1 for the different mechanisms. We also considered one event order
where the H+ binding/unbinding is interspersed with the other events (model asumption 7 in Table S3). In
this case “H+” refers to two of the proton binding or unbinding steps shown in Fig. S1 corresponding to
each of the five mechanisms, e.g. for the rotary mechanism each H+ refers to the transport (binding on the
in-side and unbinding on the out-side) of a proton, whereas for the alternating access mechanism the first
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Table S2: Parameter ranges for optimization. kon are the binding rate constants, Kd the dissociation constants, kdt and
Kdt the ADP phosphorylation rate and equilibrium constants, and β represents the cooperativity factor between consecutive
H+binding and transport as described in the text. Also listed are the parameter values used for Figs. 3 and 4 of the main text.

The thermodynamic cycle constraint, described above, is used to calculate the value for K
H+

in
off .

Parameter Literature Value/Range used Values for Figs. 3
& 4 of main text

kPion (M−1 s−1) 12 [14] 1 − 102 102

kADPon (M−1 s−1) 4.2 × 106 [14] 4 × 105 − 4 × 107 4 × 107

kATPon (M−1 s−1) 4.0 × 107 [14] 4 × 106 − 4 × 108 4 × 108

k
H+

in
on (M−1 s−1) 4 × 1010 [13] 4 × 109 − 4 × 1011 4 × 1011

k
H+

out
on (M−1 s−1) 4 × 1010 [13] 4 × 109 − 4 × 1011 4 × 1011

KPi
d (M) 17 [14] 2 − 2 × 102 2

KADP
d (M) 8.6 × 10−5 [14] 9 × 10−4 − 9 × 10−6 9 × 10−6

KATP
d (M) 4.9 × 10−4 [14] 5 × 10−3 − 5 × 10−5 5 × 10−3

K
H+

in

d (M) 1.6 × 10−6 [18] Thermodynamic Constraint

K
H+

out

d (M) 1.6 × 10−8 [18] 2 × 10−7 − 2 × 10−9 2 × 10−7

kdt (s−1) 120 [14] 10 − 103 103

Kdt 0.9 [14] 0.1 - 10 10
10βin1 10−1 − 10+1 10+1

10βout1 10−1 − 10+1 10+1

10βin2 10−1 − 10+1 10+0.2

10βout2 10−1 − 10+1 10−1

H+ refers to the binding of the first two protons, the second H+ refers to the binding of the third proton
and unbinding of the first, and the third H+ refers to the unbinding of the remaining two protons.

The evolution-inspired optimization protocol separately optimizes the parameters for each mechanism,
without fitting, to maximize the rate of ATP synthesis under challenging conditions [20]. See Methods in
the main text. The baseline optimization protocol selects the lower 10 percentile of parameter sets (models)
characterizing the “challenging conditions” (Fig. S3). Tests of three additional characterizations of challenging
conditions, the lower 0 percentile, 20 percentile and 50 percentile, show that the results are qualitatively
insensitive to event order (Fig. S6 and S7).

In addition to the parameters determined by the optimization protocol, we tested five different randomly
generated sets of parameter values. The range of realistic values are limited by physical and structural
constraints [11, 12]. For the purpose of this analysis the parameters values were sampled from a uniform
distribution in log space in the vicinity (±1 order of magnitude) of the literature values (Table S2). The
results are qualitatively insensitive to parameter values (Fig. S8 and S9), These random set of parameter
values are listed in Table S4.

We also considered three pHout ranges: 5.5–7.5, 6.5–8.5 and 7.5–9.5 showing that the results are qualita-
tively insensitive to pHout range (Fig. S10 and S11). Since the FE of ATP synthesis ∆G0 depends on pH [5],
we use different values for the three different ranges approximately representing the average value for ∆G0

within the range of pH values: 6.7 kcal/mol for 5.5–7.5, 7.6 kcal/mol for 6.5–8.5, and 8.3 for 7.5–9.5.
Each set of model assumptions was tested for the full range of operating conditions and the results

were qualitatively similar. Table S3 and Fig. S3–S11 show that the results are qualitatively insensitive to
model assumptions, with the rotary mechanism, on average, being faster than other possible mechanisms
and exhibiting a sigmoidal relationship between rate and pmf as seen in experiments [4]. These results are
summarized in Fig. 2(a) of the main text.
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Table S3: Summary data from sensitivity analysis. Performance of possible alternative mechanisms relative to the rotary
mechanism for different model assumptions. Average ratio is geometric average of ATP/s relative to rotary mechanism. Model
assumption 1 represents the baseline (default) model corresponding to results shown in Fig. S3. The Event Orders and Parameter
Ranges are described in the text.

Model assumptions Average ATP/s ratio
Id Event order Opt.

protocol
Parameter
ranges

pHout

ranges

1−2
rotary

2−1
rotary

2−1−2
rotary

alt acc
rotary

1 - Free - ADP - Pi - 3×H+-
dt - Free - (Fig. S1)

10% From literature
(Table S2)

6.5–8.5 0.82 0.94 0.80 0.60

2 - Free - Pi - ADP - 3×H+-
dt - Free -

—"— —"— —"— 0.94 0.91 0.91 0.75

3 - Free - ADP - 3×H+- Pi
- dt - Free -

—"— —"— —"— 0.94 0.91 0.85 0.66

4 - Free - Pi - 3×H+- ADP
- dt - Free -

—"— —"— —"— 0.89 0.97 0.90 0.71

5 - Free - 3×H+- ADP - Pi
- dt - Free -

—"— —"— —"— 0.95 0.82 0.83 0.63

6 - Free - 3×H+- Pi - ADP
- dt - Free -

—"— —"— —"— 0.73 0.85 0.72 0.49

7 - Free - H+- ADP - H+- Pi
-H+- dt - Free

—"— —"— —"— 0.62 0.75 0.59 0.73

8 - Free - ADP - Pi - 3×H+-
dt - Free - (Fig. S1)

0% From literature
(Table S2)

6.5–8.5 0.72 0.82 0.66 0.37

9 —"— 20% —"— —"— 0.75 0.88 0.74 0.51
10 —"— 50% —"— —"— 0.72 0.87 0.73 0.54
11 - Free - ADP - Pi - 3×H+-

dt - Free - (Fig. S1)
10% Random set 1 6.5–8.5 0.94 0.90 0.86 0.51

12 —"— —"— Random set 2 —"— 0.81 0.97 0.78 0.71
13 —"— —"— Random set 3 —"— 0.94 0.94 0.87 0.64
14 —"— —"— Random set 4 —"— 0.98 0.97 0.95 0.86
15 —"— —"— Random set 5 —"— 0.91 0.92 0.83 0.76
16 - Free - ADP - Pi - 3×H+-

dt - Free -
10% From literature

(Table S2)
5.5–7.5 0.87 0.95 0.84 0.53

17 —"— —"— —"— 7.5–8.5 0.71 0.83 0.67 0.36
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Figure S4: Sensitivity to event order (3:1 H+:ATP stoichiometry). (a) – (f) show the geometric average ratio relative to the
rotary mechanism, for event orders corresponding to model assumption 2 – 7 in Table S3. Results are qualitatively similar to
the results for the baseline event order shown in Fig. S3. Error bars show the standard error of the mean when sampling over
a range of conditions. Connecting lines are shown to guide the eye.
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Figure S5: Sensitivity of rate of ATP synthesis to event order (3:1 H+:ATP stoichiometry). (a) – (f) show the average ATP/s
for event orders corresponding to model assumption 2 – 7 in Table S3. Results are qualitatively similar to the results for the
baseline event order shown in Fig. S3. Error bars show the standard error of the mean when sampling over a range of conditions.
Connecting lines are shown to guide the eye.
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Figure S6: Sensitivity to optimization protocol (3:1 H+:ATP stoichiometry). Geometric average ratio relative to the rotary
mechanism for the lower (a) 0 percentile, (b) 20 percentile, and (c) 50 percentile of parameter sets characterizing the challenging
condition, corresponding to model assumptions 8 – 10 in Table S3. Results are qualitatively similar to the results for the
baseline optimization protocol shown in Fig. S3. Error bars show the standard error of the mean when sampling over a range
of conditions. Connecting lines are shown to guide the eye.
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Figure S7: Sensitivity of rate of ATP synthesis to optimization protocol (3:1 H+:ATP stoichiometry). Average ATP/s for
the lower (a) 0 percentile, (b) 20 percentile, and (c) 50 percentile of parameter sets characterizing the challenging condition,
corresponding to model assumptions 8 – 10 in Table S3. Results are qualitatively similar to the results for the baseline
optimization protocol shown in Fig. S3. Error bars show the standard error of the mean when sampling over a range of
conditions. Connecting lines are shown to guide the eye.
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Figure S8: Sensitivity to parameter values (3:1 H+:ATP stoichiometry). (a) – (e) show the geometric average ratio relative
to the rotary mechanism, for random sets of parameter values corresponding to random sets 1 – 5 in Table S4. Results are
qualitatively similar to the results for the baseline parameter values shown in Fig. S3. Error bars show the standard error of
the mean when sampling over a range of conditions. Connecting lines are shown to guide the eye.
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Figure S9: Sensitivity of rate of ATP synthesis to parameter values (3:1 H+:ATP stoichiometry). (a) – (e) show the average
rate for random sets of parameter values corresponding to random sets 1 – 5 in Table S4. Results are qualitatively similar to
the results for the baseline parameter values shown in Fig. S3. Error bars show the standard error of the mean when sampling
over a range of conditions. Connecting lines are shown to guide the eye.
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Figure S10: Sensitivity to pHout (3:1 H+:ATP stoichiometry). Geometric average ratio relative to the rotary mechanism for
the pHout range of (a) 5.5 – 7.5 and (b) 7.5 – 9.5, corresponding to model assumptions 16 and 17 in Table S3, respectively.
Results are qualitatively similar to the results for the baseline pH range shown in Fig. S3. Error bars show the standard error
of the mean when sampling over a range of conditions. Connecting lines are shown to guide the eye.
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Table S4: Random set of parameter values used for sensitivity analysis.
Parameter Random set 1 Random set 2 Random set 3 Random set4 Random set 5
kPion (M−1 s−1) 100.61 100.87 101.02 101.43 101.84

kADPon (M−1 s−1) 4 × 105.29 4 × 105.84 4 × 106.79 4 × 106.40 4 × 105.98

kATPon (M−1 s−1) 4 × 106.19 4 × 106.66 4 × 107.79 4 × 106.43 4 × 107.22

k
H+

in
on (M−1 s−1) 4 × 109.37 4 × 109.41 4 × 109.25 4 × 1010.95 4 × 1010.53

k
H+

out
on (M−1 s−1) 4 × 109.37 4 × 109.41 4 × 109.25 4 × 1010.95 4 × 1010.53

KPi
d (M) 2 × 100.83 2 × 100.87 2 × 101.10 2 × 101.93 2 × 100.44

KADP
d (M) 9 × 10−5.44 9 × 10−4.05 9 × 10−5.42 9 × 10−5.10 9 × 10−5.74

KATP
d (M) 5 × 10−3.00 5 × 10−4.10 5 × 10−3.58 5 × 10−4.95 5 × 10−3.41

K
H+

out

d (M) 2 × 10−7.69 2 × 10−8.24 2 × 10−7.42 2 × 10−7.01 2 × 10−8.04

kdt (s−1) 119.57 34.18 76.14 74.06 23.74
Kdt 0.62 0.13 0.40 0.32 0.39
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Figure S11: Sensitivity of rate of ATP synthesis to pHout (3:1 H+:ATP stoichiometry). Average ATP/s for the pHout range of
(a) 5.5 – 7.5 and (b) 7.5 – 9.5, corresponding to model assumptions 16 and 17 in Table S3, respectively. Results are qualitatively
similar to the results for the baseline pH range shown in Fig. S3. Error bars show the standard error of the mean when sampling
over a range of conditions. Connecting lines are shown to guide the eye.
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Figure S12: Test of 4:1 H+:ATP stoichiometry. (a) Geometric average ratio of ATP/s relative to rotary mechanism. (b) Average
rate of ATP synthesis. Results are qualitatively similar to the results for the 3:1 stoichiometry shown in Fig. S3. Error bars
show the standard error of the mean when sampling over a range of conditions. Connecting lines are shown to guide the eye.

7. Test of 4:1 H+:ATP stoichiometry

For the results shown above we chose a 3:1 H+:ATP stoichiometry, approximately representative of E.
coli and animal mitochondria ATP synthase [8]. Other species use higher stoichiometries, e.g. 4:1 for T.
Thermophilius [21], 4.7:1 for chloroplast [22] and 5:1 for S. Platnesis [23] ATP synthase. Fig. S12 shows
that the results for a 4:1 stoichiometry are qualitatively similar to the results for the 3:1 stoichiometry. We
selected five of the 14 possible proton binding/unbinding orders for this analysis: the rotary mechanism with
one-at-a-time H+transport (+H+ -H+ +H+ -H+ +H+ -H+ +H+ -H+), the “1-1-2” mechanism (+H+ -H+

+H+ -H+ +H+ +H+ -H+ -H+), the “2-1-1” mechanism (+H+ +H+ -H+ -H+ +H+ -H+ +H+ -H+), the “2-2”
mechanism (+H+ +H+ -H+ -H+ +H+ +H+ -H+ -H+), and the “1-3” mechanism (+H+ +H+ +H+ -H+

+H+ -H+ -H+ -H+), where +H+ refers to proton binding on the in-side and -H+ to proton unbinding on the
out-side of the membrane. The same range of conditions and parameters shown in Tables S1 and S2 were
used here, although some of the conditions may not be as representative for the 4:1 H+:ATP stoichiometry.
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