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I. KRUGLOV DISTANCE

To calculate the distance between distributions of eigenvector components, we use the Kruglov

distance [1]. Let P be the set of all distributions. The Kruglov distance is defined by
d'(p,p7) = / F1e9(y) = V()] dy, (1)

where f is an even and strictly increasing function on [0,00), f(0) = 0, and o is a cumulative
distribution function of the ith probability distribution p( € P. In this paper, we use the absolute
value function, f(z) = |z|, which is clearly a non-negative, even, strictly increasing function on

[0,00), and f(0) = 0. In this case, Eq. (S1) satisfies the following properties for ¥Yp®, pli), p(¥) ¢ P
(DO) d'(p%), pl7)) >0,

(D1) d/(p(i),p(a‘)) =0 < pl) =pl),

(D2) (o, ) = & (69, ),

(D3) d(pD, pi)y < d(pD, pb)) + &' (p®), o).

II. PROPERTIES OF SPECTRAL GRAPH DISTANCE FOR COMPLEX NETWORKS

As indicated by Eq. (3) and the Methods section in the main text, to evaluate the distance
between two given networks G and GU) | we compare the eigenvectors obtained from their Lapla-
cian matrices L) and LU). Let G be the set of all undirected and unweighted connected graphs.

The proposed spectral graph distance satisfies the following conditions for VG®, GU) € G:
(D°0) d(G®,GU)) >0,

(D’1) i=j=d(GW GU) =0,

(D’°2) d(G(i)’G(j)) — d(g(j),g(i)).

These properties are confirmed as follows:
(D’0) For Vp, pl) € P, d'(p®,pld)) > 0, and thus, from the definition of the spectral graph
distance (Eq. (3) in the main text), d(G®,GU)) > 0.

(D’1) When i = j, pgi) = p,(«j) for all 7. Thus, i = j = d(G®,GY)) = 0. In particular, (D’1) implies
that there exist two non-identical networks such that d(G®,GU)) =0 (i # j).



(D’2) From (D2) in section I and the definition of the spectral graph distance (Eq. (3) in the main
text), clearly d(G®W,GU)) = d(GU),G).

We next show that our distance satisfies the triangle inequality when Af;; in Eq. (3) in the
main text takes a fixed constant value for all network pairs. Let G’ be a set of graphs G’ € G such
that for VG, GU) € G/, d(GW,GW)) =0 = G = GU) and M;; = M* for all pairs of G and
GY), where M* is a fixed constant value that satisfies M* < min;(N®). Under this condition, the

spectral graph distance satisfies the following triangle inequality:
(D’3) eONe N QNN el d(g(i)7g(j)) < d(g(i)’G(k)) + d(g(k),g(j))_

This property is confirmed using the fact that d’(p£ ), pgj)) - d’(pﬁk),pgj)) < d'(pr G ),p,(» )) from (D3)

in section I:

. . 1
d(GY,GY) = Zd' (P, pi0),

= ]\; {Zd’ (P, oY Zd’ (P, p¥ +Zd’ (P, p¥ }

d(p, p0)) = d' (p¥), pU ]+Zd’pr Y }

IN
%

1 {Z d(pl?, o) + M*d(GY, G““))}

MG G’“))+M*d(G(j),G(k))},
= d(GY, %)) + a(GW),Gw).

From these results, when M* takes a fixed constant value, the spectral graph distance on G’ satisfies
(D’0)—(D’3). In particular, the triangle inequality is more important than the properties (D’0)—
(D’2) from the viewpoint of the application. For example, many clustering methods are designed
on Euclidean space, and the triangle inequality affects their performance and convergence of their
algorithms.

According to our method, the distances between networks are calculated using the cumulative
distributions of elements in the eigenvectors corresponding to their Laplacian matrices. In this case,
the indices of the nodes do not affect the distance — that is, even if the sets of nodes and links
included in the two networks, G® and GV, differ from each other, d(G®,GU)) can be zero when

these networks have the exact same network structure. In addition, the two Laplacian matrices



L@ and LY can share the distributions of their eigenvectors. For these reasons, the spectral graph

distance is not a strict distance, but a quasi-distance.

III. TECHNICAL DETAILS FOR CALCULATING SPECTRAL GRAPH DISTANCES

Even though the triangle inequality is satisfied in the case where M;; = M* = miin N (i), M*
might become too small to precisely evaluate distances between networks when the set of networks
G’ includes one whose size is too small relative to the other networks contained in G’. In this
sense, it is more effective to employ the strategy that M;; = min(N @ N (j)), where the value of
M;; is adaptively determined on the basis of the sizes of two networks G® and GY). However, in
this strategy, there is no guarantee that the proposed spectral graph distance satisfies the triangle
inequality. If this inequality is not satisfied, the clustering method might lead to an erroneous
result. To avoid such a situation, we need to check whether the distances, d(G(i), GU )), obtained
from a given set of networks, G’, satisfy the triangle inequality. In the following, we show an
approach to accomplishing this aim.

Let D be an n x n distance matrix whose (i,7)th element is the spectral graph distance
d(GW,GUY)) between networks G and GU) (i, = 1,--- ,n). Because the spectral graph distance
always satisfies the conditions (D’0)—(D’2), we can use the well-known result that D is Fuclidean

< PDP is negative semi-definite (see for example [2]), where the matrix P is defined by
1
P=1I,—-1,17, (S2)
n

I,, is the n x n identity matrix, and 1,, = (1,--- ,1)T is a vector with n ones. In other words, D is
Euclidean when the minimum eigenvalue of PDP is not positive. In addition, even if PDP is not
negative semi-definite, adding a fixed constant x to the off-diagonal elements of D, we can obtain

a transformed Euclidean distance matrix D,; as follows [3]:
D, =D+ k(1,17 — I,). (S3)

The value of & is selected such that the eigenvalues of PD, P are not positive. One simple approach
is to use the maximum eigenvalue of PD P as the value of k, because the ith eigenvalue u; of PDP

shifts from p; to p; — Kk by adding k to the off-diagonal elements of PDP. Indeed,

PD.P = P[D+ k(1,11 — I,)] P = PPDPP — kPP = P(PDP — xI,)P = PU(M — kI,,)UTP,

(S4)



where M = diag(p1, ..., ptn), U = (u1,...,uy), and u; = (uy, ..., uy;)7 is the eigenvector of PDP
corresponding to p;. The eigenvectors of PD, P are directly obtained from PU. In Eq. (S4), we
have used P1,, =0, and PP = P, where 0,, = (0,...,0)T is a vector with n zeros.

Using this method, we can confirm whether the given networks can be embedded into the FEu-
clidean space such that their distances are satisfied. If the networks can be embedded in Euclidean
space, the distance matrix obtained from the spectral graph distances between networks satisfies
the triangle inequality. In Fig. 2a in the main text, the distance matrix, D, is obtained from
14 real networks and four networks generated from mathematical models. Applying Eq. (S3)
to D, we find that the maximum eigenvalue of PDP is 0.0547. Using k = 0.0547, the distance
matrix D is transformed by Eq. (S3), and the resultant hierarchical tree and the arrangements on
two-dimensional Euclidean space are shown in Fig. 2 in the main text.

As a final remark in this section, we note that there are some choices of eigenvectors of the
Laplacian matrix. The Laplacian matrix, L, is transformed into its eigenvalues and their eigenvec-

tors,

L=VAVT, (S5)

where A = diag(\1,...,Ay) and V = (vy,...,vy). In general, there are 2V matrices V =
(v1,+vy,...,+vy) such that L = VAVT. This property of the eigenvectors affects the dis-
tribution, p,, of the elements in the rth eigenvector of L. For this reason, the distance d(G(i), GU ))
might become incorrect without careful selection of the signs of the elements in the eigenvectors.
To avoid this undesirable effect, the spectral graph distance defined by Eq. (3) in the main text is
rewritten by

M,

d(GY,qL)y = M; Z{ min  d’ [p(svﬁi)),p(lvﬁj))} } , (S6)

’lj - 1 r—2 Svle{flf‘rl}

In Eq. (S6), the distribution of the elements in the rth eigenvector of L) is redefined by p('vg))

to emphasize the sign of eigenvectors.

IV. VISUALISATION OF DISTANCES BETWEEN NETWORKS BY
MULTIDIMENSIONAL SCALING

To visualise the spectral graph distances among networks, we employ multidimensional scaling
(MDS) [2]. In Fig. 2b in the main text, the networks are arranged in two-dimensional Euclidean

space using MDS, such that the spectral graph distance, d(G(i), G(j)), between the networks G



and GU) is approximated by the Euclidean distance ||a; — x;|| as closely as possible, where x;
is the two-dimensional vector representing the arrangement of G on the Euclidean space. The
coordinate values x; (i = 1,--- ,n) are determined by minimising the following function S, which
is the sum of the square errors between d(G®,GU)) and ||z; — ;| for all d(G®,GW));

2

. : 2
@i, sma) = a Y (dGD, GO~ la; —ayll) b (S7)
1<j
. ) -1
where o = [Z d(GW GU ))2] . The function S(x1,...,x,) is minimised by directly applying

the gradient descent to Eq. (S7) [2].

1<j

Figure S1 shows the resultant scatter plot of d(G®,GU)) and ||x; — x;|| corresponding to Fig.
2b in the main text. Figure S1 shows that the spectral graph distance is well-approximated by the

Euclidean distance, and that the correlation coefficient between d(G®), GVU)) and ||&; — x;| is 0.93

0-4 _||||||lll!l|||||lll!lllllllll!lllllllll_
] S —
—~ E R ' ® E
S N * ]
S - T ]
Sl T S wt E
N el 5
~— N .o ;-,‘ o ]
S r o ]
0o1FE -?‘:‘.’.‘e ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, .
C . i 8 TR ]
C ° o'.%?o. ®e ]
r o.':\. L4 ]
C 03' ]
0 -IIIIIIIIIil.lllIIIIIiIIIIIIIIIiIIIIIIIII-
0 0.1 0.2 0.3 0.4

@i — ;]

FIG. S1: Scatter plot of d(G(",GW) and ||z; — x;||. The correlation coefficient between d(G¥, G()) and

[lz; — ;|| is 0.93. The grey diagonal line is a guide for eyes.

V. PROPERTIES OF STUDIED TEMPORAL NETWORKS

In the main text, we applied the proposed method to three types of temporal networks of

contacts between individuals, which were observed in a hospital, a high school and a science gallery,



where workers, students and visitors were in contact with one another [4-6]. These datasets were
collected by SocioPatterns collaboration [7] and recorded using radio frequency identifiers. In these
datasets, the contacts between two individuals were recorded at a 20-s interval when they came
within a certain distance of each other (1-1.5 m). The dataset observed in the hospital was collected
over five days [6], that in the high school was collected over seven school days [5] and that in the
science gallery was collected over 69 days [4].

In our numerical simulations, the contact data between individuals were divided into 7" small
segments every At min, and then T temporal networks were constructed by accumulating the
contacts included in each temporal interval [(t — 1) x At, t x At] (¢ =1,--- ,T). Then the dataset
of contacts between individuals was described as a set of networks, G = {GW1) ..., G}, where
G® is a set of nodes and links that are observed within a certain period from (t —1) x At to t x At.
The index ¢ of G® corresponds to the discrete temporal index.

When At = 60 min, the number of networks, T, in the contact data of the hospital was 95, that
for the high school was 202 and that for the science gallery was 1,928. In the real contact networks,
the individuals are likely to have many contacts in the daytime, but few during the night. In fact,
the number of links in the daytime increases, but the night drastically decreases in Figs. S2 and S3.
If we simply focus on temporal changes in the number of links and nodes, these temporal networks
seemingly have a one-day cycle. Table I shows the basic properties of these contact networks. In
the numerical simulations, we simply focus on the maximum connected component in each network
and then calculate the distances between them. The numbers of nodes in the original temporal

networks and in the maximum connected component are shown in Figs. S2 and S3, respectively.

TABLE I: Basic properties of the temporal networks.

Data set The number of individuals The number of contacts
Hospital 75 32424
High school 180 45047

Science gallery 10972 415912
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FIG. S2: Temporal changes in the number of individuals who appear in the tth network G®*). The dataset
for the science gallery was observed over about 10 weeks, and the weekly temporal changes in the number
of visitors are depicted in ¢. The grey lines show the number of nodes included in each network G() at time

t, and the red lines show the number of nodes included in its maximum connected component.



“Juouoduwod Pejoetuod WNIXRUL 9} Ul POPN[OUL SOPOU JO I9UINT oY) MOYS SOUI| POl o1} pue

‘g owr) g ‘()5 YI0M)OU YOBS UI POPNIOUL SOPOU JO IOUINT O} MOYS SOUI[ L0153 O, "oom [or0 10} SIOYSIA JO IoquINU oy Ul soFueyp [erodwo], ¢S DI

[sinoy] Aepuojy uo JyBIUPIW Y3 Ul 30]2,0 O J9}e dwilL
61 891 L 0cl 96 <L 14 e 0

4
>
o
=}
=
3
o
@
o
=8
3
o
1uBUOdWIOD PaJOBULIOD WINWIXEBW SU} Uf SIPOU JO JSQUINU Y] ———— %.
S9pOU JO JOGUINU [BJO0) BY| — [
399M YI0T
[sanoy] Aepuoly uo 3ybiupiw 3yl Ul 320|2,0 O Jaye awil [sanoy] Aepuoly uo ybiupiw ay3 Ul 3202,0 O Joye awil [sinoy] Aepuoly uo 3ybiupiw ay3 Ul 320|2,0 O Jaye awil
61 891 248 (48 96 [ 8y 174 0 261 891 248 ozl 96 eL 8y 174 0 261 891 248 0zl 96 oL 8y 174 0
v =
o
3
=
3
o
I}
=
o
=8
3
1UBUOdWI0D PS}OBULIOD WINWIXEW SU} Ul SSPOU JO JOqUINU Y] ——e—— 1uBUOdWOD PBJOBULOD WNWIXBW SY} Uf SIPOU JO JSGUINU 8Y] ——e—— 1uBUOdWIOD PAJOBULIOD WINWIXEW SU} Ul SSPOU JO JSQUINU By ——=—— W
SOPOU JO JBqUINU (€10} BYL ——+—— S9pOU 4O JBGUINU [BJO} By —+—— SOPOU JO 1BGUINU (€10} BYL —+—— »
o9Mm Y16 Xo9m yig 3o9M Y3z
[sanoy] Aepuoly uo ybrupiw ay3 ul 320[2,0 Q JoYe Wil [sanoy] Aepuoly uo ybiupiw ay3 ul 320[2,0 Q JoYe Swil [s4noy] Aepuojy uo ybrupiw sy ul 320|2,0 Q Joye sawil
61 891 i 0cl 96 <L 8y e 0 61 891 i 0cl 96 <L 8y e 0 a6l 891 144 0l 96 <L 4 174 0
=
(1]
3
=
3
o
o
=
<}
=3
3
JuauOdWod PBJOBULIOD WNWIXEW SY)} Ul SBPOU JO JaquINu ay | JuauOodwod PBJOBULIOD WNWIXEW SY} Ul SBPOU JO JOGWINU BY] ——=—— JuaUOdWOD PBJIBULOD WINWIXEW B} Ul SOPOU JO JAQWINU BY| —e—— W
S8POU JO JBGUIN [B10} BYL ——+—— SOPOU JO JBGUINU (810} By —+— S3pOU J0 JBqUINU (B0} By ——o— «
Xo9m Y19 o9m Yag Jo9m Uiy
[sanoy] Aepuojy uo 3yBiupiw Y3 Ul 320]2,0 O Joye awlL [sanoy] Aepuojy uo JyBIupiw ay3 Ul 320]2,0 O Joaye awll [sanoy] Aepuojy uo JyBrupiw ay3 Ul 320]2,0 O Joye awlL
6l 891 i 148 96 <L 14 174 0 61 891 i 0gl 96 ¢l i4 ¥ 0 6l 891 i 0¢l 96 <L 14 174 0
L T R bt 1 b i el 1111 L =
o
oy 2
3
o
08 g
o
=3
“““““““““““““““““““““““““““““““““““““““““ 0zl 3
JuBUOdWOD PBJOBULOD WINWIXEW B} Ul SBPOU JO JAQUINU BY| ——e—— JuauOdWod PBJOBULOD WNWIXEW BY)} Ul SOPOU JO JaqINnu ay | JuBUOdWOD PaJOBULOD WINWIXEW Y} Ul SBPOU JO JAQINU BY| ——e—— ..Dv.
SOPOU JO JBqUINU (B0} BYL ——+—— S3POU JO JBGUINU [B10} BYL —+—— S3pOU J0 JBqUINU (B0} By ——+— n

3ooM pIg 399M pugz 3o9M 1ST



10
VI. AN EXAMPLE OF HOW TO EXTRACT PERIOD FROM DISTANCES

If an observed multidimensional time-series, x(t), is periodic, there exists a non-zero positive
constant, 7%, such that x(t) is equivalent to & (t+7*) for all values of t. The simplest way to estimate
its period, 7, using inter-point distances alone is to evaluate temporal differences between x(t)

and its m-nearest neighbours as follows:
T(t,t) =t = 1], z(t') € N(=(1)), (S8)

where t # t' and N (x(t)) is the set of m-nearest neighbours of @(t). If the time series exhibits
periodic behaviour, the values of 7(¢,¢") should be close to e7* (¢ = 1,2,...), where 7* is its period,
but if the time series exhibits random behaviour, 7(¢,t") takes several values. We simply describe
7(t,t") as T hereafter.

To check the validity of the above method, we conducted some numerical experiments using the

Rossler system described by the following dynamics

&= —(y+2),

Yy = x+ay, (S9)

2 =b+z(x—c).
The values of the parameters are set to a = b = 0.2, ¢ = 2.5, and the three-dimensional periodic
orbit is generated as shown in Fig. S4a. In addition, in Fig. S4b, we add noises v&§;, &y, V&
to x(t), y(t) and z(t), where &, & and &, represent the observable noises obeying the uniform
distribution in [0, 1] and ~ is the strength of noise that is set to two. From Fig. S4a and b, the
period 7* is 191. We also depict the random time series [,(t), &, (), £.(t)] on the three-dimensional
space in Fig. S4c.

Let x(t) = [z(t), y(t), z(t)] be a point on the periodic orbit at time ¢. In the numerical
simulations, we first calculate the inter-point distances between points on the three-dimensional
periodic orbit (Fig. S4a), those on the three-dimensional periodic orbit with the noises, namely
x(t) +&(t) = [x(t) + &(t), y(t) + &), 2(t) + & (t)] (Fig. S4b), and those on the random time
series &(t) = [&4(1), & (t), &(t)] (Fig. S4c). We then calculate the distribution, P(7), of the
temporal difference, 7 = |t — t4|, between x(t) and its m-nearest neighbours, (ts) (s = 1,...,m).
In the same manner, we also calculate P(7,) which is the distribution of the temporal difference
7 = |t—t’| between x(t) and m randomly chosen points (t,) (s = 1,...,m) for all points x(¢). We
repeatedly calculate P(7,) 1,000 times and then obtain the expected value (P(7,)) and its standard

deviation o (7). The Z score is finally calculated by [P(7)— (P(7))]/o(7) as a qualitative measure
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of statistical significance. Figure S4 g, h, and i shows the resultant Z scores. When the value of 7
is close to the period of x(t), the Z score shows clear peaks in both cases with and without noise
(Fig. S4g and h). On the other hand, we cannot find any significant peaks in the case of the

random time series (Fig. S4 i).
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FIG. S4: a, The periodic orbit generated from the Réssler system a(t). b, The noisy periodic orbit ob-
tained by adding the observable noises to «(t). ¢, The random time series (£,(t), &,(t), &.(t)), where
&(t), &y(t), €.(t) obey the uniform distribution in [0, 1]. d, The periodic time series x(¢). e, The periodic
time series with noise z(t) 4+ &;(t). f, The random time series &,(¢). g, h, i, The results of the Z score
[P(7) — P(7+)]/o(7). The grey shading shows the area where —3 < Z score < 3. The number of nearest

neighbours m is set to five.
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