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Modeling Selection Against Introgression

Ivan Juric, Simon Aeschbacher, Graham Coop

Here, we describe several models of a single pulse of admixture between Neanderthals and
modern humans, and derive approximations for the present-day frequency of a neutral intro-
gressed Neanderthal allele linked to one or multiple sites under purifying selection in humans.
We then demonstrate the accuracy of these approximations by comparing them to numerically
iterated recursion equations and individual-based simulations. Lastly, we consider models of sin-
gle and multiple waves of continuous introgression and show that one cannot distinguish between
these models and a single-pulse admixture model using the present-day frequency of introgressed

alleles as the only source of information.

Single-pulse introgression models

In the following, we derive deterministic approximations to the frequency of a neutral allele
linked to loci under purifying selection after a single pulse of admixture. We consider a neutral
polymorphism on an autosome and on the X chromosome, and in both cases we allow for one or

multiple linked loci under selection.

A single autosomal locus under selection

We model the allele-frequency dynamics at a neutral locus linked to a selected locus following
a single pulse of admixture (introgression) from the Neanderthal population that happened ¢
generations ago. Let N; and N be the Neanderthal and human alleles at the neutral locus,
and S; and S the two alleles at the locus under selection. We denote the recombination rate
between the two loci by r, and assume that the Neanderthal-derived allele Sy is deleterious
in humans. Specifically, the viability of a human individual heterozygous at the locus under
selection is wio = wo; = 1 — s, where 0 < s < 1, and the viability of a human S5 homozygote is

wao = 1. We further assume that the frequency of S7 in humans is low, so that the deleterious



5151 homozygotes are very rare and can be ignored. Numerical and individual-based simulations
(see below) show that this assumption is reasonable for the parameter values we consider. We
assume that, prior to admixture, Neanderthals and humans were fixed for allele N; and N,
respectively. At the time of introgression, the frequency of IV; rises instantaneously from 0 to pg
in the human population.

In the following, we describe how p;, the frequency of N; ¢ generations after introgression,
depends on its initial frequency pg, the heterozygote selection coefficient s, and the recombination
rate r. Let zy and yg denote the frequency of haplotypes S1/N; and S3 /N7 in humans at the time

of admixture. Hence, the frequency of allele IV; immediately after admixture is

Po = To + Yo- (1)

In the following we assume that xo +yg < 1, and so we can ignore the effects of selection against
homozygotes.
After recombination and random union of gametes, the haplotype frequencies in zygotes can

be approximated by

x5 =xzo(1—1), (2a)

Yo = Tor + Yo, (2b)

still assuming that S; is initially rare in humans.
After viability selection, the haplotype frequencies in the next generation of adult humans

become

1 =x5(1 —s) =xo(1 —7)(1 —3), (3a)

Y1 = Yo = ToT + Yo. (3b)

From here, it is straightforward to obtain the explicit equations for the haplotype frequencies at

generation ¢ as

y = zo[(L —7)(1 = 5)], (4a)
t—1

Yo = szi + Yo. (4b)
i=0



This can be simplified to

zy = zo[(1 —7)(1 — 8], (5a)
_ 1[5 -n]
Yt = Tor —(—r(l—s) + Yo- (5b)
Plugging equation (5) into equation (1), we obtain
bt = l'of(’/', S, t) =+ Yo, (6)

where
[(A-—nA =9t —r—(A-r){d-s)]+r

frys,t) = - (1-r)(—s)

(7)

As time t goes to infinity, f(r, s,t) approaches Bengtsson’s [1] gene flow factor for the case when

selection happens before migration (cf. Eq. A3 in [2]):

Poo 236017 (1 77;1)(175) + Yo- (8)

If s and r are small, at equilibrium f(r,s,t) further simplifies to r/(r + s), which is equal to
the approximation to the effective rate of gene flow found by Petry [3] based on a diffusion

approximation. If yo = 0, we can replace zy by pg in the equations above.

A single X-chromosomal locus under selection

The non-pseudoautosomal X chromosome is a special case, because of the differences in trans-
mission and the fact that recombination only happens in females. We take this into account by

modifying Eq. (2) to

2 2 2

17;(,0 = gIX,O(l —7r)+ <1 - 3> TX,0 = TX,0 <1 - 3T> , (9a)
2

Yxo0 = gxx,or + ¥x,0- (9b)

The factor of 2/3 accounts for the fact that two thirds of all X chromosomes are found in females.

As above, we assume that selection acts on viability and after recombination and random
mating, but we now allow for selection to be sex specific. We denote by s; and s, the strength
of selection against female and male carriers of a single S; allele, respectively. Recalling that, at

the time of selection, a proportion of 2/3 of the X chromosomes are found in females, and 1/3



in males, we obtain the haplotype frequencies in adults of the next generation as

2, L,
TX,1 = gxx,o(l —sp)+ gxx,o(l — Sm)

2 1 2
=Tx,0 (1 - 37") <1 —gsm 3$f> , (10a)

*
Yx,1 = Yx0

2
= gl‘x,QT + Yx,0- (10b)

Iteration of Eq. (10) yields the explicit haplotype frequencies at time ¢,

2 1 2 k
TXt = TX,0 Kl - 3r> <1 - gsm - 3sf)] , (11a)

21— [(1—=2r) (1—4sm—3s/)]
YX,t = TTX05 + ¥x,0- (11b)
3 1—(1—3r) (1— g5m — 357)

The frequency of allele N at time ¢, px; = x ¢ + yx,¢, can therefore be written as

(1= 20" (1= s — 257)" (350 + 257) + 2r
1= (1=3r) (1= §8m — 3s5)

DX,t = TX,0 + yx,0- (12)

By setting sy = s, = s and allowing recombination to happen in the entire population, i.e.
by replacing 1/3 and 2/3 by 0 and 1, respectively, we recover Eq. (6), as expected. At equilibrium
(t = 0), Eq. (12) becomes

) + Yx,0, (13)

which can be approximated as

2,
3
NIxoT———5 +
PX,00 = Xolsm—k sf+ 2, Yx,0
s . (14)
s
=X, (1+mrf> + yx,0

if both selection and recombination are weak (., s¢,r < 1).

Multiple autosomal loci under selection

In the following, we consider a neutral locus embedded in a suite of multiple autosomal loci
under purifying selection. Due to the complexities of multilocus models, we make the following

simplifications. First, we assume that, immediately before introgression, all deleterious alleles



were fixed in Neanderthals, but absent in humans. Second, we directly consider the situation
where the frequency of the neutral Neanderthal-derived alleles has reached equilibrium in the
human population (i.e. ¢t = 0o). This can be justified if purifying selection is strong relative to
the time since introgression, the admixture proportion, and the recombination rate. Third, we
directly draw on the above-mentioned analogy between the surviving proportion of a cohort of
introgressed alleles and the effective rate of gene flow at a neutral locus experiencing linkage-
mediated selection (cf. Eq. 7 and subsequent text). We can therefore approximate the equilibrium
frequency of the introgressed neutral allele N7 by modifying the multilocus version of the effective
migration rate in Eq. (24) of reference [4].

Specifically, let there be I and J loci under selection on the left- and right-hand side of the
focal neutral site, and denote them by A; and Bj, respectively. The equilibrium frequency of the

introgressed neutral allele Ny can then be approximated as

-1 I -1
a a;
poo,IJ%po(l-i-l) ><||<1+Z )

1—1
TAL i=2 Zk:l ak +7Ta;

b\ L J b -1
X (1 =+ 1> X H 1+ rl—j s
7B, i > p—1 bk + 78,

Jj=2

where a; and b; are the selection coefficients against the deleterious mutations at locus A; and B,
respectively, and ra, and rg; are the recombination fractions between the neutral locus and the
respective locus under selection. Equation (15) assumes that both selection and recombination
are weak.

If we set the selection coefficient at all loci under selection to the same value s, Eq. (15)

simplifies to

I -1 J
s s
Doo,IJ = Po 1+ ————r— } [1 + , (16)
11:[1{ s(i—1)+r; 31;[1 s(j—1)+r;

where r; and r; are short cuts for ra, and TB,, respectively.

To assess the accuracy of Eq. (15), we derived discrete-time recursion equations for a model
with one neutral and two selected loci. As before, we assumed that the admixture proportion
is small, so that homozygous carriers of Neanderthal-derived alleles are very rare in the human
population and the dynamics of the full diploid model can be approximated by considering a
haploid model with four haplotypes. In addition, we assumed that the mean fitness of the human
population was not affected by the few carriers of deleterious introgressed mutations. To simplify

our notation, we denote the two loci under selection by A and B, and use A; (A3) and B (B3) for



the deleterious (advantageous) alleles at locus A and B, respectively. We consider the following
two configurations: one in which the neutral locus N is flanked by one locus under selection on
each side (A-N-B), and another where the neutral locus is flanked by two selected loci on one side
(A-B-N). We denote by rxy the recombination rate between locus X and Y, where rxy = ryx,
and we assume that recombination distances accumulate additively across loci.

For configuration A-N-B, the four focal haplotypes are A1 N1 By, A1 N1Bs, AsN1Bp, and
A5 N1 Bs. We denote their frequencies among adults of generation ¢ after viability selection but
before recombination and random mating by x1(t), x2(t), x3(t), and x4(¢), respectively. After
recombination, random mating, and viability selection, the haplotype frequencies among adults

of the next generation are

r1(t+1) = w1 (1 —7ran) (1 —ren) z1(),
2o(t+1) =wy [(1 — ran) renz1(t) + (1 — ran + ranrsn) z2(t)],
r3(t +1) = ws [ran (1 — 78n) 21(t) + (1 — 78N + ranTsN) 23(1)] (17)
x4(t + 1) = wy [ranrene1(t) + ran (1 — ren) 22(t)
+ (1 —7ran) renTs(t) + 24(1)],
where w; denotes the relative fitness of haplotype 3.

For configuration A-B-N, the four focal haplotypes are A;BiNi, A1 BNy, A3 By Ny, and

A5 B3 Ni. In this case, the haplotype frequencies follow the following recursions:

z1(t+ 1) =w1 (1 —rag) (1 — ran) z1(¢),
xo(t+1) = wa (1 —rag + rasTaN) T2 (1),
z3(t + 1) = w3 [rag (1 — ren) 21 () + (1 — ren) z3(1)]

w4(t + 1) = wy [renw1(t) + 7ag (1 — 78N) T2(t) + renEs(t) + 24(1)] -

For both configurations, the frequency of the introgressed neutral allele N7 at time ¢ can be

approximated by

pe=p(t) = Z i(t), (19)

where the x;(t) evolve according to Eq. (17) and (18), depending on the configuration.



We assume that fitness is additive across loci, and parametrize it as

wy =1—a—0>b,

we =1 —a,

(20)
w3:1—b,
w4_1,

where 0 < a,b < 1.

We numerically iterated Eqgs. (17) and (18) and computed p; according to Eq. (19) at each
step until an equilibrium was reached. Specifically, we terminated the process when the absolute
difference between consecutive predicted allele frequencies p; and p;,1 became smaller than 1077,
We also iterated Eqgs. (17) and (18) over a fixed number of ¢ = 2000 generations and computed
p:. The approximation in Eq. (15) performs very well if the underlying assumptions are met
and an equilibrium has been reached (S6 Fig). However, if an equilibrium has not been reached,
the approximation in Eq. (15) should not be used (compare upward black triangles to respective
black curves in S6 Fig). Moreover, if the assumption of recombination being weak relative to
selection is violated, Eq. (15) tends to underestimate the actual equilibrium frequency of the
neutral introgressed allele, as expected. This effect is particularly strong if genetic distances
between consecutive linked loci under selection are highly asymmetric (compare blue triangles

and respective blue curves in S6 Fig B for weak rag).

Multiple X-chromosomal loci under selection

Finally, we turn to the case of a neutral locus linked to multiple loci under selection on the X
chromosome. Our results for the autosomes indicate that estimates obtained under the single-
and multilocus models are in close agreement. Given that our estimates for the X chromosome
under a single-locus model are in a similar region of parameter space, we do not fit this final,
multilocus model to data from the X chromosome, but we include it here for completeness. Let
there be I and J loci under selection on the left- and right-hand side of the focal neutral site, and
denote them by A; and Bj, respectively, where i = 1,...,I and j = 1,...,J. Together, our Eq.

(13) and Eq. (24) from reference [4] suggest that the equilibrium frequency of the introgressed



neutral allele Ny may be approximated as

1 - I 1
5a1,m +ay, 5Qim + Q;,
DX,00,1J = PX,0 (1+2 = f) X H I+ == 12 Lt
A i=2 >omt (3akm + ak,p) + 7a, (21)
“1
T N Lbjm + b
% (1 + 2“”1f> % H ([ f j.m T 05, f
7By =2 >imt (3bkm + bip) + 18,

where a; 5 (a;,m) and b ¢ (bj.m) are the coefficients of selection against heterozygous carriers of
the deleterious mutation at locus A; and Bj in females (males). Moreover, ra, and g, are the
recombination rates between the neutral locus and locus A; and Bj, respectively. The factor of
1/2 accounts for the fact that a given X-chromosomal haplotype spends half of its time in males
relative to the time spent in females.

If we fix the selection coefficients in females and males across all loci to sy and s, as above,

Eq. (21) simplifies to

! 1g + sy
o] R 1+ 27"
PX,00,1J pX’OZ_I;[l (%Sm-i-Sf) (i—1)+ %7’1’
, . (22
H 1+ 25m + 51
X . bl
Ll (Esmts) G- +3r

where r; and r; are short cuts for ra, and TB,, respectively.

To test our conjecture in Eq. (21), we derived discrete-time recursions for a model with one
neutral and two selected loci analogous to those in Eq. (17) and (18), but for the case of the X
chromosome. As before, we assumed that the admixture proportion is small, so that the diploid
model can be approximated by a haploid model with four haplotypes, and the mean fitness of the
human population is not affected by introgression of deleterious mutations. We again simplify
our notation by denoting the two loci under selection by A and B, and we use A; (43) and
B; (Bs) for the deleterious (advantageous) alleles at locus A and B, respectively. As above,
we consider the two configurations A-N-B and A-B-N, and assume that recombination rates
accumulate additively across loci.

For configuration A-N-B, the four haplotypes of interest are A1 NyBy, AiNiBo, AoN1By,



and As N1 Bs, and their frequencies after recombination in generation ¢ are given by

zi(t) = %xl(t) + g (1 —ran) (1 —ren) 21 (1),
75(0) = 5a(t) + 2 [(1— raw) renea () + (1= ran + ranrn) 22(0)]
F5(0) = 3a(8) + 2 ran (1= 7n) 21(6) + (1~ 7on + rawren) (1), (23)
2 (t) = 2a(?)
2 [ranrenas (8) + ran (1 rew) (1) + (1= ran) rns (1),

respectively. After random mating and viability selection, the frequency of haplotype i among
adults in the next generation is

wilt 1) = smari(0)+ 2 fiad (1), (24)

where m; and f; are the relative fitnesses of haplotype ¢ in males and females, respectively. The
frequency of the introgressed neutral allele Ny at time ¢ is then obtained from Eq. (19), where
the x;(t) behave as described in Eq. (24).

For configuration A-B-N, the four haplotypes of interest are A;B; Ny, A1 BaNy, AsBi Ny,

and As BoNi. Their frequencies after recombination in generation t are

:ET(t) %xl(t) + % (1 — TAB) (]. — TBN) xl(t),
x5(t) 1::32(15) + 2 (1 —rap + raB7TBN) T2(1),
s o
w3(t) = g23(t) + 3 [rae (1 —7en) 21() + (1~ ren) 23(t)],
xj{(t) = :I,‘4(t) + ; [TBN.Z‘l(t) + 7raAB (1 — TBN) Jig(t) + ’I“BN.%‘3(t)] ,

respectively. Note that ray = rag + 7y by assumption. Equations (24) and (19) remain
unchanged.
As above, we assume that fitness is additive across loci. For females, we parametrize fitnesses

as

fli].*affbf,

f2 =1 —ag,

(26)
f3 =1 7bfa
f4 = 17



and for males, we set

mlzl_am_bma
mo =1 — y,

(27)
m3 = 1- b’ma

where 0 < af, am,bf, by < 1.

We numerically iterated Eq. (24) and computed p; according to Eq. (19) at each step until
an equilibrium was reached. As above, we terminated the process when the absolute difference
between consecutive allele frequencies p; and p;,; became smaller than 10~°. We also iterated
Eq. (24) over a fixed number of ¢ = 2000 generations and computed p;. As expected, our
conjecture in Eq. (21) provides a very good approximation if the underlying assumptions are
met and an equilibrium has been reached (S7 Fig). However, as in the autosomal case discussed
above, if an equilibrium has not been reached, or if the assumption of recombination being weak
relative to selection is violated, the approximation in Eq. (21) tends to underestimate the actual

frequency of the neutral introgressed allele (S7 Fig).

Evaluating the accuracy of approximations

We evaluated the accuracy of Egs. (6) and (12) in two ways. For each test we chose the range
of values of r based on the size of genomic windows used in our analysis of the human data.
We chose the range for s such that it includes the point estimate obtained from our inference
procedure (see S2 Text for details).

First, we tested the effects of ignoring homozygous individuals by numerically iterating
discrete-time recursions for a model with two loci under selection, after setting the selection
coeflicient at one of these to zero. For the case of autosomes, we used the recursions given in Eq.
(2.9) on page 45 in reference [5] (cf. [6]). For the X chromosome, we used those from Eq. (10) in
reference [7] after correcting them by substituting F' for 2F. We verified Egs. (6) and (8), and
Egs. (12) and (13) by comparison to values obtained through iteration of the recursions for the
autosomes and X chromosome, respectively. To obtain the equilibrium values using recursions,
we iterated the latter until the difference in allele frequency between two generations was less
than 1072, The results of this comparison suggest that ignoring homozygous individuals does
not affect p; substantially (S1 Fig-S4 Fig).

Our inference method (S2 Text) is based on the deterministic expressions for the Neanderthal

10



allele frequency derived above, and we view drift as ‘noise’ around these expectations. In a sec-
ond test, we therefore assessed whether genetic drift has a substantial influence on the average
frequency of the focal neutral allele. We did this by performing individual-based simulations and
calculating the difference between the frequency of the neutral alleles after ¢ = 2000 generations
(pt,sim) and that obtained from Eq. (6) with ¢ = 2000. For the individual-based simulations, we
assumed a single constant population size of N = 10,000 diploid individuals of which 2Np, are
double heterozygous (NS2/N15S1) at the start. Generations are non-overlapping. We modeled
soft selection and assumed a multiplicative fitness scheme. This means that individuals homozy-
gous for deleterious allele have fitness (1 — s)2. Plotting p; sim against p; along with approximate
95% CI for p; gim, we found a good agreement between average observed and expected determin-
istic results (S5 Fig). This shows that our approach of using deterministic equations is valid in
our parameter regime.

In conclusion, our tests suggest that for the parameter range of interest, our approximations

describe the expected frequency of neutral alleles well.

Models of waves of introgression

Hybridization with Neanderthals likely happened over many generations, rather than in one
generation as we assumed above with the single-pulse admixture model. Furthermore, there is
evidence of at least two waves of Neanderthal introgression into the East Asian population [8-11].
In this section, we derive expressions for the present-day frequency of a neutral Neanderthal
allele linked to a single locus exposed to purifying selection under a number of more complicated
models. Specifically, we start by considering how haplotype frequencies change over time during
continuous introgression. We then use this result to derive the equivalent expressions for models
with one and two discrete waves of introgression. Lastly, we show that the a single-pulse model
cannot be distinguished from the wave models if the onset and duration of admixture periods

are unknown.

Haplotype frequencies during continuous introgression

In the simplest model of continuous introgression, each generation a constant fraction of N1.5;
and N1.S5 haplotypes flow into the human population. We consider a slightly more complex
model where the fraction of haplotypes that introgresses into humans at the initial admixture
event is xg and ¥, but mzy and nyy for all future generations, where m > 0 and n > 0. This

parametrization will be useful when we derive a model of two waves of introgression below.

11



The following events happen each generation: 1) admixture (inflow of Neanderthal alleles)
at the adult stage, 2) recombination, mating, gamete production, random union of gametes, and
3) viability selection. During the initial admixture event, the frequency of N1.S; and N;.Sy in
humans rises instantaneously from 0 to zg and yg, respectively. Recombination and viability
selection then alter the haplotype frequencies according to Eq. (2) and (3), respectively. From
the first generation onward, introgression increases the frequency of Neanderthal haplotypes in
humans by mzy and nyg. Therefore, for generations ¢t = 1,2,3,..., the haplotype frequencies
after admixture become

o
T, =Ty +x0m,

(28)
Y: = Yi + Yon.

After recombination, we have

ZC: = I?(l - T)v
(29)

*x __ o o
Y =TT + Yy

and after viability selection, the haplotype frequencies among adults in the next generation are

Ti1 =27 (1 - 5), (30)

Yer1 =Y -

Using the same methods as for the single-pulse model, we find the explicit expressions for the

frequency of N1.S; and N3Ss in the human population in generation ¢ as

t_
Ty = Xg (Gt—l—mG G),

G-1
(31)
SN PSP ek el e Y [1+(t - 1)n]
Y = Tor Go1 TG 1e Yo n,
where
G=(1-r)(1—s). (32)

Single-wave introgression model

We now consider a model with a single wave of continuous introgression over 7 generations,
after which introgression stops. Therefore, during the first 7 generations, haplotype frequencies
change according to the model of continuous introgression discussed above (Eq. 31). For ¢ > 7,

haplotype frequencies change according to the single-pulse model with initial frequencies z, and

12



yr (Eq. 5). Therefore we can write

o (Gt—l—mcg:f) iftST,

Ty =
z, G if T < t,
and
ToT [1 + Gé:f + mGt(*thf)Zfl +y[l+(t—1n] ift<T,
Y =
x7r<1_1€27) + Yy, if 7 <t,
where

SO PO R et (St | RN
y-r—JUOT G_l m (G_1)2 yO T n?

Dual-wave introgression model

(35)

It is straighforward to extend the model of a single wave of continuous introgression to include

further waves. We do this here for a second wave. Specifically, introgression occurs during a

first wave of length 71 generations, after which it stops until generation 7, when the second

wave of introgression starts. The second wave ends at generation 73. Up until 7o this model is

equivalent to the single-wave introgression model introduced above. Therefore, the expressions

for xy and y; for t < 75 are given by Eqs. (33) and (34), after replacing 7 by 71. At generation

T9, introgression starts again, but the initial haplotype frequencies are now z,, and y,,, rather

than 0. This situation is equivalent to the continuous introgression model starting from ¢t = 1

(rather than t = 0) and with z¢ and yo replaced by z,, and z,.

Then, the expressions for x; and y; can be found to be

Zo (Gt—kmc’g:f) ift <,
x, G ifm <t<m,
Ty =

_ t—T1o+1__ .
Ty (Gt T2+l + m7-2%) if Ty < t S T3,

T, G if 3 < t,

13



and

wor [14+ G=8 + mEHGHEL) 4 yo [1+ (¢ = 1)) ift <7,
lelrl_lG—t&Tl + yTl if 7_1 < t S T27
t—T t—To+1_ (41 —T _
Yt =\ z.,r {1 + & szll_G +mn, CA (t (étll))cfjﬂt 2+1)-1 (37)
Yz, [1+(t_T2)nTz] if o <t <13,
xmrl_ﬁzrs + Yrg if T3 <t,
where
. GT-G
lezmo(Gl—i—m é—l >,
Try = $T1G72—7'17
GT377‘2+1 o G
1'7—3 = ’:ETQ <GTST2+1 + mTQG_l) 5
G™" -G G —nG+m—1
Yr, = ZoT |:1+ G-1 +m (Gl_ 1)21 :l +y0[1+(7—1_1)n]a
~ L-gmmy
yTz —1‘7—17‘ 17G yT17 (38)
Gt _ @ GT3_T2+1—(t—T2+1)G+(T3—Tg+1)—1
Yro = rat {1 et G- 1) ’

+ yT2 [1 + (T3 - TQ)”TQL
m=n=1,
msq, = mO/mTy

Nry = Y0/ Yro-

In both the single-pulse and wave models, haplotype frequencies change at the same rate once
introgression stops, and this change is determined by r and s. The difference is that the haplotype
frequencies at the time when introgression stops can vary under different models. However,
if we do not know the duration of the waves of introgression or the time between them, we
can always represent wave models as a single-pulse model in which the pulse happened more
recently. To approximately map the single-wave model to the single-pulse model, we replace ¢
by t— [t — (Inz; —Ilnxg)/InG] in Eq. (5). To do the same for the dual-wave model, we replace
t by t — [r3 — (Inx,, —Inzg)/InG]. The effect of this approximation is that after the time of
the last introgression, the single-pulse and wave models are indistinguishable (S8 Fig). That
is, we have shown that, if one does not know the details of introgression, it is impossible to

distinguish between the single-pulse and wave models based only on the present-day frequency of

14



Neanderthal alleles. Therefore, the single-pulse model is a good model for our analysis, despite

the fact that it is obviously an approximation.
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S1 Fig

Approximate frequency p; of N; as a function of the recombinational distance r.
Lines represent Eq. (6) for t = 2000 (red) and the equilibrium given in Eq. (8) (grey). Numerical
iterations of the corresponding recursion equations are represented by red upward and black
downward facing triangles. Other parameters are s = 0.0001, and yg = 0 for all lines, and

po = 0.04 (dotted), 0.034 (dashed) and 0.03 (full line).

S2 Fig

Approximate frequency p; of N; as a function of the recombinational distance r.
Lines represent Eq. (6) for t = 2000 (red) and the equilibrium given in Eq. (8) (grey). Numerical
iterations of the corresponding recursion equations are represented by red upward and black
downward facing triangles. Other parameters are s = 0.0004, and yg = 0 for all lines, and

po = 0.04 (dotted), 0.034 (dashed) and 0.03 (full line).

S3 Fig

Approximate frequency p; of N; as a function of the recombinational distance r for
the X chromosome. Lines represent Eq. (12) for ¢ = 2000 (red) and the equilibrium from Eq.
(13) (grey). Numerical iterations of the corresponding recursion equations are represented by
red upward and black downward facing triangles. Other parameters are sy = s, = 0.0001, and

yx,0 = 0 for all lines, and py = 0.04 (dotted), 0.034 (dashed) and 0.03 (full line).

S4 Fig

Approximate frequency p; of N; as a function of the recombinational distance r for
the X chromosome. Lines represent Eq. (12) for ¢ = 2000 (red) and the equilibrium from Eq.
(13) (grey). Numerical iterations of the corresponding recursion equations are represented by
red upward and black downward facing triangles. Other parameters are sy = s, = 0.0004, and

yx,0 = 0 for all lines, and py = 0.04 (dotted), 0.034 (dashed) and 0.03 (full line).

S5 Fig

Comparison of the mean frequency of N; obtained from individual-based simulations
to the theoretical prediction from Eq. (6). The figure shows 676 circles representing different
combinations of r (recombination rate) and s (selection coefficient). Values of r range from

1 x 107° (red circle border) to 1 x 1072 (black border), s ranges from 1 x 107° (yellow circle
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area) to 4 x 10~* (light blue area). For each parameter combination, the mean frequency of N;
after t = 2000 generations was calculated across 1000 independent runs. Grey lines represent
approximate 95% confidence intervals for simulation results (mean +1.96 X standard error), and

a black line with slope 1 is shown for reference.

S6 Fig

Accuracy of approximation to the frequency of a neutral allele N; linked to multiple
autosomal loci under purifying selection. Curves show pe ;s from Eq. (15) for various
recombination distances between the focal neutral locus N and the two loci under selection, A
and B. Upward and downward facing triangles give values obtained after iterating deterministic
recursions over ¢t = 2000 generations and until the equilibrium is reached, respectively. A: The
neutral locus is flanked by one locus under selection on each side, and recursions followed Eq.
(17). B: The neutral locus is flanked by two selected loci on one side and recursions followed Eq.
(18). A, B: Selection coefficients against introgressed deleterious mutations at locus A and B are

a = 0.0002 and b = 0.0004, respectively. The initial frequency of Nj is py = 0.04.

S7 Fig

Accuracy of approximation to the frequency of a neutral allele V; linked to multi-
ple X-chromosomal loci under purifying selection. Curves show px s from Eq. (21)
for various recombination distances between the focal neutral locus N and the two loci under
selection, A and B. Upward and downward facing triangles give values obtained after iterating
Eq. (24) over ¢t = 2000 generations and until the equilibrium is reached, respectively. A, B: The
neutral locus is flanked by one locus under selection on each side. C, D: The neutral locus is
flanked by two loci under selection on one side. A, C: Selection coefficients against introgressed
deleterious mutations at locus A and B in females (males) are ay = 0.0001 (a,, = 0.0003) and
by = 0.0002 (b, = 0.0006), respectively. B, D: Selection coefficients are identical in the two
sexes; af = an, = 0.0001 and by = b,, = 0.0002. In all panels, the initial frequency of IV; is

px,0 = 0.04.

S8 Fig

Mapping models with one (red line) and two (blue line) waves of introgression to
a single-pulse model. By changing time in the single-pulse model (dashed and dotted black

lines) as described in S1 Text, we can recover present-day haplotype frequencies generated by the
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wave models. Parameters are r = 1074, s = 5x 1074, 2y = 0.04, and 79 = 0.001. The duration of
admixture in the single-wave model is 7 = 500. Additional parameters for the dual-wave model
are 7y = 75, 7o = 1075, 73 = 1500. The solid black line represents a single-pulse model without

change of time.
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