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Summary

In this supplementary material, we provide the matrix form of Jorstar, the opti-

mization solution to Jcogrstar, the algorithm and the theoretical analysis of CRSTAR.

Algorithm CRstar

Algorithm 1: CRSTAR

Input: (1) a disease similarity network A; (2) the tissue-specific molecular networks {G;«} and
{Gip}; (3) the seed vectors {e;«} and {e;p}; and (4) the parameters o, 3 and ¢
Output: the ranking vectors rix, ..., Iy

Offline-computation: Construct G, S and Y from A, {Gix} and {Gjp};

Online-ranking:

Construct the aggregated seed vector e from {e;.} and {e;p};

Initialize the aggregated ranking vector r = e;

while not convergence do
Update: r + ( G+

S+ Y)r +

c « 23 1—c e:
T+a+28 T+a+28 T+ta+28 T+at28°

end
return the ranking vectors rix,...,ry, based on r

0O Uk Wi

Complexity Analysis of CRstar
Let n; and n;, be the number of nodes in G;, and Gj,, respectively, and n, =
Zle Nisey M= Z?Zl(ni* + Zl;i:l Nip). Let m;, and m;, be the number of edges in
G, and G,p, respectively, and m = ZLI (M +Zl;i:1 mip). Let K = maxi<i<p, k;.
There are O(m + n + (h + K)n,) nonzero entries in G, S and Y in total. Thus
the offline-computation and online-ranking time complexities of Algorithm 1 are
O(m+n+ (h+ K)n,) and O(T*(m + n + (h + K)n,)), respectively, where T* is
the total number of iterations. Since we need to store é, S and 3?, thus the space
complexity is O(m +n + (h + K)n,).
Generally, n, < n, h and K are much smaller than n and can be regarded as
constants. Hence we can regard the time and space complexities of Algorithm 1 as
O(T*(m 4+ n)) and O(m + n), respectively.



Ni et al.

Matrix Form of Jcgstar
Similar to Jcgr, the objective function Jcrstar is jointly convex in {r;.} and {r;,}.

To show this, we first derive its matrix form. In this section, we denote n; = n;. +
ki o h
> gy mip and n=>37" n;.

_ (¢T T T \T — (T T\T _ (oT oT T \T _
Let r; = (rj,rj,Tp,) , T = (r1,.,13)", e = (e, €;,..,€;) , e =
(el,...,el)T, ie., we concatenate all ranking and seed vectors. Let G; =

diag(éi*,éil,...,éiki), G = diag(él,...,éh). Then the first term of Jorstar 1S
equivalent to

(I = G)r + (1 =)l —e| (1)

where I,, is an n x n identiy matrix.

Define S;, ;p € {0,1}™=*™» to be a mapping matrix of the common genes between
Gi. and Gy,. That is, S ip(x,y) = 1 if node z in Gy, and node y in Gy, represent
the same gene; S;. ;p(z,y) = 0 otherwise. Then S; € {0,1}™*"™ is defined as

0 Sivil - Sixik;
Sit,ix 0 0] 1] itk > 1
Sik, i 0 0 0
In.., itk =0

Then we let S = diag(Ss, ..., Sp). Define a diagonal matrix Dy, = diag(k;1,,,, Lo, -

ifk; > 1; Dy, = 1,,, if k; = 0. Then Dy = diag(Dy,, ... DU, ) is a diagonal matrix.
_1 _1
Define L = D;” (Dy — S)Dy” =1, — S, where S = Dy 5 SD¢;?. We have

TLr = Z Z (I)cross (r’b*7r7«P (2)

i1=1p=1

For the third term of Jerstar, let O;; € {0,1}™*™* be a common gene mapping
matrix between G, and Gj. where O;;(z,y) = 1 if node z in G, and node y in

G, represent the same gene; O;;(z,y) = 0 otherwise. Then we define Y;; € R’ s
as
A(,j)0; 0 .. 0
0 0 O
, ity
0 0O 0 o0
diag(oni* Ingys s I”iki )s ifi=j

and Y € R’ is defined as a block matrix whose (i, j)*" block is Y;;. Define a diag-
onal matrix Dv, = diag(da (i)I,,,, L., ...,Inlk ). Then Dy = diag(Dv,,...,Dv,)

is a diagonal matrix. Finally, let X = Dy, (DV — Y)DV2 = I, — Y, where
- 1 _1
Y =Dy, YDy,?. We have

I‘TXI‘ = Z (I)cross rl*7rj*) (3)

’L]l

According to Eq. (1), Eq. (2) and Eq. (3), we have the following theorem.
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Theorem 1 Matrixz Form of Jcrstar- JoRstar has the following matriz form

m>il(r)1 Jorstar = T (I, — G)r + (1 = ¢)|Ir — e]|% + arTLr 4+ 28rTXr (4)
r_

Proof The proof of Theorem 1 includes three equivalence validations:

(1) aT(L, —G)r+ (1 —c)r —e|2 =", (q)within(ri*) + 22;1 q)within(rip)>

( ) TLr - Zz 1 Zp 1 cross(ri*’rip)
(3) TXI‘ =3 Zi,j:l (I)cross(ri*a rj*)

Since the equivalence (1) is obvious, we will prove the equivalences (2) and (3),

respectively.

For the equivalence (2), since L is a diagonal block matrix, we have r’Lr =
Zh TL;r; where L; is the i*" diagonal block of L. We only need to show

zlz

T 2 :
r; Llrl écross l‘“,l‘zp

First, if k; = 0, then S; =1,,,, and Dy, = I,,,, according to the definition. This
implies S; = L,,.. Thus r/L;r; = v/ (I,,, — I,,.)r; = 0, which is equivalent to
Z (I)/ (I‘i*, rip) for kl =0.

Cross

If k; > 1, for simplicity of notation, we regard the subscript ix as i1 and increase

all other subscripts by 1, then we have

ki+1 ki+1
T T T &
r; L;r; = E rip:[niprip — E rl-pSip’iqriq
p,q=1

where gim’q is the (p, ¢)*™* block of S; and S; is the i*® diagonal block of S. Note
Sipiqg 7 0if p=1o0rqg=1but p# ¢ Let Duy,, (1 <p < k; +1) be the p®
diagonal block of Dy, du,, be the diagonal value of Dy,, (recall Dy,, has the

same diagonal values). Then

k;+1 . k+1 k+1

1( i Tip Tig )
5 Uip - ZP“I Uiq
A= F \/K = 1\/7 F F e

T
r; Liri =

Let Ds,; be the degree matrix of S; and Dsg,, be the p'! diagonal block of Dsg;.
Define Ds;, .,
Ds,, ,, are 1). Then Dg,, = Y04 Dg,
matrix s.t. Dg +Dg

to be the degree matrix of S;, i, (note the nonzero diagonal values of
Define Dg
=1,, ifp=1orq=1butp+# g Ds,,,, = 0 otherwise.

tp,tq

ipia ipia” iniq D€ AN Ny X Ny diagonal

ip,iq ip,iq
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Then let Dg,, = Zk it Ds,, ,,, we have Dy,, = Ds,, + Ds,,. Thus

1 k;+1 7 B ) ki +1 r
r; Lir; = 7( (Ds ip Sip,iq
2
p=1 Uip \/ YUip P,q= 1 \/ ip \/ iq
ki+1 T
r _ r
ig iq
+ (Ds,, +Ds,,) )
q=1 dUlq \/ dUi

WAy v ki1 k; +1 o7 .
! v g, T 5% Sipia Fig rig
2 d ip,tq d b Zq lp
p,q=1 Uip Uip p,q=1 Uip Uiq q,p= 1 Uiq Uiq
ki+1 rg;) ~ rip
+2 Dg,.
d p,tq d
p,q=1 Uip U'Lp
ki+1 T (7. .
_ 1 lz rip(IlP»“I) rip(Iip,iq) _ 2rzp(IlelfI) rlq(IZp,lq) Tiq IlP;ZQ) rlq(Ilp zq)
2

p,q=1 dUip dUip dUip \/ Uiq \/ Uiq \V Uiq
ip \/ Uip

ki+1
1 r; (Z ig) T , r; ,
=5 2 (1reew) _ tuFrdy | 2eGe)

According to the definitions of S;, Ds,, ,, and Dg Tipiq 7 0 and ;49 # 0 if
p=1or g =1but p# q. According to the definition of Dy,, du,, = k; if p =1
and dy,, =1 if 2<p <k; + 1. Therefore

du

ip,iq?

k;+1
13 ri1(Zit,iq) i1 (Zitig) 2 )
T ? 29 2 q
r; Lir; = — ———= —riq(Zi1,i + 2| ————=
Pl =g 3 (0 —ra@aolh +2 ™ 220
ki+1
1% I"1(Z 71)
#3 2 (Iewtan) = 2 + 210y )l
ki+1 =
ri1(Zi1,ip) 9 ri1(Zit,ip) o - 2 )
= SNy (Toq s || P 2 s (T
by (152 T) e i+ N2 sy )l

Replace subscript 1 to *, decrease other subscripts by 1, we have

T 2 :
r; Lirl écross rl*7r’bp)

For the equivalence (3), according to the definition of X, we can consider X as
a block matrix with X;; € R™*" (1 <4, j < h) corresponding to each Y;; as

~Yije 0 .. 0
0 0 o
. ifiAy
X, = 73
0 0 0 0

diag(Ini*707L.L’17"'707L7;ki)7 ifi=j
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where Y. j. = dA(E')_%A(i,j)OijdA(j)_% is the (1,1)™ block of Y;; and Y; is
the (i, 7)™ block of Y. Since only the first diagonal block of X;; is nonzero, we have

h h
T T T ~7
r- Xr = § ri*I”i*ri* - § ri*Y’i*yj*rj* (5)

i=1 i,j=1

Note Y i = 0 (1 <4 < h). Since Eq. (5) is equivalent to Eq. (4) in the proof of
Theorem 1 (Matrix Form of Jogr) in the Additional file 1 (Sec. Matrix Form of Jcr),
the proof for equivalence (3) is similar to the proof of Theorem 1 in the Additional
file 1 thus omitted.

Combining equivalences (1), (2), (3), we complete the proof of Theorem 1. O

Optimization Solution to Jcgstar
From Theorem 1, Jogrstar 1S @ quadratic function of r. We can derive a power method

to minimize Jcgrstar as follows.

% = 2((1+a+2ﬁ)1n - (cé+a§+2ﬁ?))r—2(1 —c)e
T
Using gradient descent, if we set r <—r — n%, where n = m, we have
r<—<£é+g§+%?)r+ 1oe, (6)
w w w w

where w = 1+ a+285. Eq. (6) is a fixed-point approach to compute r that converges
to the global optimal solution of Jcgrstar. Algorithm 1 summarizes our approach
according to the optimization solution.

Theoretical Analysis of CRstar
In this section, we show that Algorithm 1 converges to the global minimum of
JcRrstar by Theorem 2 and Theorem 3.

Theorem 2 Convergence of CRstar. Algorithm 1 converges to the closed-form

solution

where w =14+ o + 20.

Proof First, the closed-form solution can be obtained by solving % = 0. Then
let M = ﬁé + %S + %?, the CRSTAR updating rule in Eq. (6) becomes r =
(-1,1).
Let G; = diag(Gix, Gi1, ..., Gir;), G = diag(Gy, ..., Gi) and Dg be the degree
matrix of G then é D_%GD_l Since G is similar to the stochastic matrix
GD;' = D2 GDG , it has e1genvalues within [—1,1]. Also S and Y are similar to
the matrices SDU1 = D SDU2 and YDV1 = D YDV , respectively, where each
column sum of SDU1 and YDV is no greater than 1. Therefore, both S and Y
have eigenvalues within [—1, 1] according to the Gershgorin Circle Theorem [1].
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Since G,S,Y,M € H, and M = 5@4— %g—i- i—ﬁ?, where w = 1 + o + 28,
according to the Weyl’s Inequality Theorem [2], we have

o

M) < EX(@) + 20®) + D)

An(@) + 20 (®) + %An(?)

€

An (M) >

€la

_ cta+28 ct+a+28

Trat25’ 1+a+26]' Since

which means the eigenvalues of M are in the range of |
0 < ¢ < 1, the eigenvalues of M are in the range of (—1,1).

Based on this property, we can show the convergence of the fixed-point approach
in a similar way to the proof of Theorem 2 (Convergence of CR) in the Additional

file 1 (Sec. Theoretical Analysis of CR) by letting r(®) = e and showing

r= lim r® = (I, - M) L% = (1, - £G - 25— Byl
t—o0 w w w w w
where t is the iteration index (¢ > 1). This completes the proof. O

Theorem 3 Optimality of CRstar. At convergence, Algorithm 1 gives the
global minimum of Jeogrstar defined in Eq. (4)

Proof This can be proved by showing that the function in Eq. (4) is convex. The
Hessian matrix of Eq. (4) is V2Jcrstar = 2((1 + a + 28)I,, — (¢G + oS + 28Y)).
Following the similar idea as in the proof of Theorem 2, we have that the eigenvalues
of V2JcRstar are 1o less than 2(1—c¢). Since 0 < ¢ < 1, V2] cRrstar i positive-definite.
Therefore, Eq. (4) is convex. O
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