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1 Proof of Proposition 1

We start with a lemma on the properties of the modified Bessel function of the first kind of order ν := α− 1.

Lemma 1: For α̃+ ν > 0 and p > c it holds that
∫ ∞

0

xα̃−1 exp(−px) Iν(cx) dx = p−(α̃+ν)
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,

where 2F1(·) is the Gauss hypergeometric function (see [1], p. 350). For a formal proof of Lemma 1, see [2].

The proof of Proposition 1 is obtained by deriving the joint density function fR,b of the random variables
R := M + U and b = M/(M + U) = M/R. Transforming (M,U) = (Rb,R(1 − b)) into (R, b) yields the
Jacobian matrix
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with |det(J̃)| = R. It follows that, under the assumptions of Proposition 1,
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Defining
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the marginal density function fb(b) is derived by integrating fR,b over R:

fb(b) =
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Setting

α̃ = α+ 1 , ν = α− 1 , p =
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and making use of the fact that

2F1 (α, δ, α, x) = (1− x)−δ , (6)

one obtains by application of Lemma 1 that
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Combining (4) and (7) yields the probability density function stated in Proposition 1.
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2 Proof of Proposition 2

Defining θ := λm/λu, the log-likelihood function derived from of Equation (9) of the manuscript becomes

n
∑

i=1

log(fb(bi;α, ρ, θ)) =
n
∑

i=1

[

log(Γ(2α))− 2 log(Γ(α)) + α log(λmλu) + α log(1− ρ)

+ (α− 1) log(bi(1− bi)) + log(λmbi + λu(1− bi))

− (α+ 0.5) log
(

(λmbi + λu(1− bi))
2 − 4 ρ λmλu bi(1 − bi)

)

]

=

n
∑

i=1

[

log(Γ(2α))− 2 log(Γ(α)) + α log(θλ2
u) + α log(1− ρ)

+ (α− 1) log(bi(1− bi)) + log (λu ((θ − 1) bi + 1))

− (α+ 0.5) log
(

(λu((θ − 1) bi + 1))2 − 4 ρ θλ2
u bi(1− bi)

)

]

=

n
∑

i=1

[

log(Γ(2α))− 2 log(Γ(α)) + α log(θ) + α log(1− ρ)

+ (α− 1) log(bi(1− bi)) + log ((θ − 1) bi + 1)

− (α+ 0.5) log
(

((θ − 1) bi + 1)2 − 4 ρ θ bi(1 − bi)
)

]

. (8)

3 Derivation of the Observed Information Matrix

DefiningD1 := (exp(XT
i γ)−1) bi+1 andD2 := D2

1 −4 ρ exp(XT
i γ) bi (1−bi), the first derivative of Equation (13)

of the manuscript w.r.t. γ is given by
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It follows that the observed information matrix is given by
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