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Appendix “Dynamical compensation in biological circuits”
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We consider a more general class of models for systems that show DC with respect to
variation in the parameters s,p:
y=fwysx) [1]
x=g@,pZx) [2]
Z=Z-h@y) [3]

An input-response curve is the dynamics of y(t) for an input u(t), starting from a
steady-state with u(0)=0. The dynamical compensation feature (DC) is defined as
independence of the input-response curve from the physiological parameters s>0 and p>0.
Theorem 1. The following conditions are sufficient for the system to show DC:

1. For all p, s, the system is stable at y = y*, there exists a unique solution sx = x* for
f(0,y",sx) = 0 and there exists a unique solution psZ = Z* for g(y*,psZ,x*) =0
ii. A factorization condition on the function g: g(y, psZ, sx) = sg(y, pZ, x)
Proof. The factorization condition (ii) is sufficient for the dynamics of the system to be
independent of s,p under the transformation: £ = sx, Z = psZ:
y=fwyx) [4]
2 =sg,pZ,x) =9g(¥,Z2,2) 5]
Z=2-h() [6]
From (i) it follows that the steady state of X; = sx,; = x™ is constant and that at steady state
Zse = pSZg is constant:
0=90"2"x") = gWse, 2", Xse)
So: Zy = Z*. Thus, the variables y, %,Z have the same initial conditions before and after
changes in s,p and Eq. [4],[5],[6] depend only on the scaled variables. Thus, following a
change in s,p the dynamics of y(%) in response to an input signal u(t) will be identical after

adaptation. The system shows dynamical compensation.
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Dynamical compensation can be extended to more complex regulatory networks.
Consider the following regulatory network, in which x passes through multiple compartments
(such a regulatory network may be relevant, for instance, for hormones such as insulin, which
passes through compartments such as the portal vein and the interstitial fluid):

v =f(,Yy, Sxq1,5%3, ..., Sxn) [7]
x1 =g, pZ) — 1,  [8]
X =Mioaxior —xg L€{2,.,m} [9]
Z=Z7-hQy) [10]
Here the p; coefficients describe the sum of the degradation rate y; and the transport rate 7;.
Theorem 2. The following conditions are sufficient for the system described by Eq. [7-10] to
show DC:

i.  For all p, s, the system is stable at y = y*, there exists a unique solution sx; = x* for

N1 Mn-1

0,y* sx sy ) eee) sx;) = 0 and there exists a unique solution psZ = Z*
y v, 5% 1 q p

for g(y*,psZ) — pyx™ =0
ii. A factorization condition on the function g: g(y,psZ) = sg(y,pZ)
Proof. The factorization condition (ii) is sufficient for the dynamics of the system to be
independent of s,p under the transformation: £; = sx;, Z = psZ:
y=fWwy Xy, ... %) [l1]
55.\1 =sg(y,pZ) — suyx; = Q(Y'Z) — X [12]
Ry = SNj_qXiq — SWX; = Ni—aXimq — % € {2,..,n}  [13]
Z=2-h@) [14]
_ M1 Mioa

At steady state X; = sx; = T X and thus from (i) it follows that the steady state of
Ay

X15 = Sx1,, = X" is constant. Thus, the steady state for each X; is also constant. At steady

state also Zg, = psZ, is constant:
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0=90"2)—cx" =9gWse, Z") — C1¥1 g,
So: Z,, = Z*. The variables y, %;, ..., £,,Z have the same initial conditions before and after
changes in s,p and Eq. [11-14] depend only on the scaled variables. Thus, following a change
in s,p the dynamics of y(t) in response to an input signal u(t) will be identical after

adaptation and the system shows dynamical compensation.

Here we present the detailed meal simulation model by Dalla Man et al. (Dalla Man et
al., 2007). This model includes Eq. [1], [3-5], [10-11], [13-19], [23-27] from (Dalla Man et
al., 2007) and Eq. [8] from (Man et al., 2006). The steady state constraints for the model are
reported in Eq. [2], [6-9], [12] and [20-22] from (Dalla Man et al., 2007). The parameters for
the model are given in Table 1 in (Dalla Man et al., 2007). The model describes the dynamics
of glucose in response to a meal, and incorporates the transit of glucose through the gastro-
intestinal tract, the secretion of insulin from beta cells and the effect of insulin and glucose on
the liver and on the muscle and adipose tissues.

The original model did not include beta cell functional mass dynamics. We thus
added to it an equation for the dynamics of beta cell functional mass, which we denote here
as B (since the parameter f§ already exists in the model). The equation is the same as Eq. [9]
in the main text:

B = B(4+(6) —A-(6)) = B - h(G)
with the production and removal rates A,(G),A_(G) the same as specified in the methods
section, with adjusted units. Beta cell functional mass B determines the rate of insulin
secretion. In the detailed model, this rate is set by two constants 5, K that determine the
responsivity of beta cells to glucose and glucose rate of change respectively. We thus

replaced them with Bf3, BK, so Eq. (25),(26) in the model become, respectively:
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Y(t)+BK-G(t)+S, forG(t)>0

Spo(8) = {Y(t) + 5, for G(t) <0

Y () ={_“'[Y(t)_3ﬁ'(6(t)—h)] if BB-(G(t)—h)==S,
—a-Y() —a-S if BB-(G(t)—h) < =S,

We then tested whether this model has DC by simulating its meal response dynamics
before and after a change in insulin sensitivity (Fig. EV1). The change in insulin sensitivity

was simulated by halving the constants Vp,y, kp3, kps, ms. The constant V. is the rate of

p3’

insulin-dependent glucose utilization in remote compartments; the constants ks, Ky
represent hepatic sensitivity to insulin and portal insulin (respectively) and ms represents the
rate of hepatic insulin extraction. We assumed here that the change in these parameters is
coordinated (an uncoordinated change will be discussed in Appendix Section 4).

We simulated this model with a 24-hour meal input (Fig. EV1A). After the change in
insulin sensitivity, the model was simulated for several months until beta cell functional mass
reached its new steady state. We then compared the 24-hour dynamics of glucose (Fig.
EV1B), insulin (Fig. EV1C) and insulin relative to its baseline (Fig. EV1D) before and after
the change insulin sensitivity. We observe that glucose dynamics are precisely the same,

indicating that adding the slow loop on beta cell functional mass provides DC to changes in

insulin sensitivity.

We propose that the desired glucose fixed point is maintained via a switch-like drop
in beta cell removal rates around G=Gyp. This ultra-sensitivity has been observed
experimentally in rodent beta cells (Efanova et al., 1998). Efanova et al. incubated beta cells
from ob/ob mice and Wistar rats for 40 hours in different glucose concentrations. After the

incubation the percentage of dead cells was measured (Fig. EV2A), showing a drop in beta
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cell death with an apparent Hill coefficient of around 7. This switch-like drop means that for
a large range of production rates, the curves describing the rates of removal and production of
beta cells cross at the sharp drop-point of removal, keeping the steady state close to G=Go
(Fig. EV2B). Perturbing the production rate should not significantly perturb the homeostatic
set-point, yet it does affect the time it takes for the slow feedback loop to reach
compensation.

What is the molecular mechanism for the ultra-sensitive drop in beta cell removal?
Mild ultra-sensitivity can be provided by the glucose-sensing enzyme glucokinase (GCK)
which controls both insulin secretion and beta cell mass (Froguel et al., 1993; Glaser et al.,
1998; Porat et al., 2011; Terauchi et al., 2007). Further ultra-sensitivity may be gained by the
energy-sensing AMP-activated protein kinase (AMPK) which lies downstream of GCK, and
whose prolonged phosphorylation is associated with beta cell death and dysfunction (Fu et
al., 2013).

Prolonged phosphorylation of AMPK causes beta cell death and dysfunction in cell
lines (Kefas et al., 2003a; da SILVA XAVIER et al., 2003; Van de Casteele et al., 2003;
Zhang et al., 2009) and primary beta cells and islets (Cai et al., 2007, 2008; Kefas et al.,
2003b; Leclerc et al., 2004; Targonsky et al., 2006). Over-expression of AMPK causes beta
cell death and dysfunction in vivo (Richards et al., 2005) (see review by Fu et al(Fu et al.,
2013)). AMPK is activated by an increase in the ratio of AMP:ATP, which varies
approximately as the square of the ratio ADP:ATP (Hardie et al., 1999). AMPK activation by
AMP:ATP is cooperative with an apparent Hill coefficient of about n;=2.5+0.5 (Hardie et al.,

1999) and half-maximal activation K;~0.13 (Hardie et al., 1999). Thus:

1 1

K\ P arpappyen [1]
1+(AMP$4TP) " L ( ) !

AMPKP =~ p

The rate-limiting step in the production of ATP in beta cells is the phosphorylation of

glucose by glucokinase, which occurs with an apparent Hill coefficient of about n,=1.7
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(Matschinsky et al., 1998) and halfway point K2=8.4mM (Matschinsky et al., 1998). Thus,

the ATP:ADP ratio in the cell as a function of glucose can be approximated by the equation:

ATP: ADP ~ y—— 2]
1+

( )
G

AMPKP ~ p !

7y 3]

1+Kf1u2n1(1+(%)n2)_ !
This equation implies that the activation of AMPK as a function of glucose is similar
to a Hill function with a Hill coefficient of about n=1.7-5=8.5+1.7. The half maximal
activation of AMPK is determined by the constants K;,K, as well as by p. The parameter p
determines the ATP:ADP level as a function glucose, which is coupled to glucose stimulated
insulin secretion (Maechler et al., 2006). By approximating p=~10 from maximal glucose
stimulated ATP:ADP production (Nilsson et al., 1996) we get a half maximal activation of
G=5mM. Thus, the robustness of AMPK activation around G=5mM depends on the
robustness of p, the maximal ATP:ADP ratio in the cell. Indeed, in mouse islets incubated at
different glucose concentrations, AMPK is activated in a switch like manner around 5SmM
glucose, with an apparent Hill coefficient of at least 6 (Fu et al., 2009).
In order to determine hill coefficients for AMPK phosphorylation (Fu et al., 2009) and beta
cell death (Efanova et al.,, 1998) as a function of glucose, we fitted the Hill function:

L2 +B , where G is glucose concnetration. We estimated the parameters B,K,n by least-

()"

square estimates using the nls function of R.
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While the glucose dynamics presented in Eq. [7-9] in the main text have DC with
respect to changes in insulin sensitivity (S;) and insulin secretion (p), they do not have DC
with respect to changes in insulin degradation (y) and endogenous glucose production (u).
To show this, we compared the simulated glucose dynamics in response to the same meal
intake by individuals with diminished insulin degradation (y/8), diminished endogenous
glucose production (uy/2) and wild-type (Fig. EV3). For each case we simulated the
dynamics after the system reached its new steady state. We observe that the dynamics of
individuals with diminished insulin degradation or diminished endogenous glucose
production are not the same as wild-type, and thus the system does not have DC with respect

to these parameters.

Here we examine the effect of an uncoordinated change in hepatic versus muscle
insulin sensitivity. To do so we model glucose dynamics using a minimal model which is
based on the best-fit model presented by Dalla Man et al. (Man et al., 2008). The model
includes the suppression of hepatic glucose production by insulin:

G=uy+u(t)—Syl—(C+SyD -G [1]
where Sy represents hepatic insulin sensitivity and Sy represents skeletal muscle insulin
sensitivity. Because the equation for beta cell functional mass can only reach steady state at
G=Gy, glucose steady state Gp does not depend on Sy and Sy. Temporal dynamics are,
however, a function of the ratio Sp/Sxy. For a given ratio Si/Sp=4, we can replace: Sy € 65y,

and the general theorem in (Box 1) applies and DC is achieved but the shape of the input-

response profile depends on the ratio of the two insulin sensitivities. The response to a given
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glucose challenge will be lower in amplitude and more rapid the higher muscle sensitivity Sy
is relative to hepatic sensitivity S.

This expectation matches clinical observations on the glucose response of individuals
with mis-coordinated sensitivity in the two tissues: hepatic resistance and muscle sensitivity
vs. muscle resistance and hepatic sensitivity to insulin (Abdul-Ghani et al., 2008) (Fig. EV4).
In (Fig. EV4A) we present the results of an oral glucose tolerance test of such individuals as
reported by Abdul Ghani et al. (Abdul-Ghani et al., 2008). Individuals with hepatic insulin
resistance and normal muscle insulin sensitivity (in the model - high Su/Sy) showed a lower
and more rapid glucose response than individuals with muscle insulin resistance and normal
hepatic insulin sensitivity (in the model - low Spy/Sy). These clinical observations are
comparable to the glucose dynamics that are simulated using Eq. [1] (Fig. EV4B) where
hepatic insulin resistance was simulated by setting Sy=0 and muscle insulin resistance was
simulated by setting Sy=0.

Interestingly, in subjects with impaired glucose metabolism, impaired glucose
tolerance (IGT) is associated with muscle insulin resistance while impaired fasting glucose
(IFG) is associated with hepatic insulin resistance (Abdul-Ghani et al., 2006). This is
predicted by the above analysis — among individuals with insufficient insulin secretion,
muscle insulin resistance can cause impaired postprandial responses even when fasting
glucose is within the normal range. On the other hand, individuals with hepatic insulin
resistance and insufficient insulin secretion might have high fasting glucose and still be

glucose tolerant.

Calcium is maintained in tight homeostasis in the blood, around [Ca?*] = 1.2mM.

This homeostasis is maintained by the parathyroid (PT) gland, which secretes parathyroid
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hormone (PTH). The parathyroid gland secretes PTH in response to a drop in plasma
calcium. The increase in PTH causes an increase in calcium production by the bones and an
increase in calcium reabsorption in the kidneys, as well as increased production of activated
vitamin D, which increases calcium absorption in the intestine. Calcium dynamics can be
represented using the following equations (Fig. EVS5):

[Ca2*] =5 - [PTH] — (4o + u(6)) - [Ca®*]  [1]
where [Ca®*] is the plasma calcium concentration, [PTH] is the PTH concentration,
Uy + u(t) is the calcium consumption rate and s represents the effectiveness of the
parathyroid hormone in increasing calcium production. The parameter s depends on the
response of the kidney and bone tissues to the parathyroid hormone. Secretion of PTH is a
modeled by the equation:

[PTH] = pM - p([Ca®*]) = y[PTH]  [2]

where p([Ca%*]) is a monotonically decreasing function of calcium, y is the PTH removal
rate and p is the PTH secretion per PT cell.

As was the case with beta cell functional mass, we assume here that the functional
mass of the parathyroid gland is chiefly controlled plasma calcium. This assumption is
supported by several experimental studies. Low calcium diet causes a 10-fold increase in PT-
cell proliferation in rodents (Naveh-Many et al., 1995), while direct activation of the calcium
receptor inhibits PT-cell proliferation (Chen, 2004; Chin et al., 2000; Wada, 2003; Wada et
al., 1997, 2000) and increases PT-cell apoptosis (Mizobuchi et al., 2007). Thus, parathyroid
mass dynamics can be modeled as follows:

M = M - h([Ca®*]) [3]
where h([Ca%*]) is the net parathyroid growth rate.
This model has DC if M is stable at the desired set point of plasma calcium, that is, if

h([Ca?*]) = 0 at Ca’?* ~ 1.2mM with a negative local slope. If this is the case, DC is

10
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achieved because Eq. [1-3] satisfy the sufficient conditions for DC. Note the differences from
the glucose homeostasis model: the PTH hormone causes an increase in the regulated
variable whereas insulin causes a decrease; the sensitivity parameter s appears in different
terms: the removal term for glucose and the production term for calcium. Despite these
differences, DC can be achieved by proper feedback of the regulated variable on the mass of

the regulating tissue.

The pituitary trophic hormones Adrenocorticotropic hormone (ACTH) and Thyroid-
Stimulating Hormone (TSH) stimulate respectively the secretion of glucocorticoids by the
adrenal cortex and the secretion of thyroid hormones by the thyroid gland. They also cause
respective changes in the mass dynamics of these glands (2011) which are potentially
analogous to the changes in beta cell functional mass dynamics in response to blood glucose
levels. Thus, the level of TSH is regulated by a slow and fast feedback from the thyroid gland
and the level of ACTH is regulated by a slow and fast feedback from the adrenal cortex.

These circuits have various clinical implications. The pathophysiology of Thyroid
Hormone Resistance Syndrome includes enlargement of the thyroid gland as well as higher
thyroid hormone levels, while TSH levels are normal (Beck-Peccoz and Chatterjee, 1994). A
similar pathophysiology in the ACTH-adrenal circuit occurs in Generalized Glucocorticoid
Resistance (Charmandari et al., 2008). Inability to close the TSH-thyroid feedback loop (for
instance, due to iodine deficiency) causes a significant enlargement of the thyroid, and the
same occurs for the adrenal cortex when ACTH levels cannot be lowered (2011). On the
other hand, large exogenous intake of the secreting hormone leads atrophy in the secreting

gland (Selye, 1940). These features are consistent with a DC mechanism.

11
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