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Section	  1.	  Proof	  of	  DC	  in	  a	  general	  class	  of	  models.	  	  20	  

We consider a more general class of models for systems that show DC with respect to 21	  

variation in the parameters s,p: 22	  

𝑦 = 𝑓(𝑢,𝑦, 𝑠𝑥)    [1] 23	  

x = 𝑔(𝑦,𝑝𝑍, 𝑥)    [2] 24	  

𝑍 = 𝑍 ⋅ ℎ(𝑦)    [3] 25	  

An input-response curve is the dynamics of y(t) for an input u(t), starting from a 26	  

steady-state with u(0)=0. The dynamical compensation feature (DC) is defined as 27	  

independence of the input-response curve from the physiological parameters s>0 and p>0.  28	  

Theorem 1. The following conditions are sufficient for the system to show DC:  29	  

i. For all 𝑝, 𝑠, the system is stable at 𝑦 = 𝑦∗, there exists a unique solution 𝑠𝑥 = 𝑥∗ for 30	  

𝑓 0,𝑦∗, 𝑠𝑥 = 0 and there exists a unique solution 𝑝𝑠𝑍 = 𝑍∗ for 𝑔 𝑦∗,𝑝𝑠𝑍, 𝑥∗ = 0 31	  

ii. A factorization condition on the function 𝑔: 𝑔 𝑦,𝑝𝑠𝑍, 𝑠𝑥 = 𝑠𝑔 𝑦,𝑝𝑍, 𝑥   32	  

Proof. The factorization condition (ii) is sufficient for the dynamics of the system to be 33	  

independent of s,p under the transformation: 𝑥 = 𝑠𝑥,𝑍 = 𝑝𝑠𝑍:  34	  

𝑦 = 𝑓(𝑢,𝑦, 𝑥)    [4] 35	  

𝑥 = 𝑠𝑔(𝑦,𝑝𝑍, 𝑥) = 𝑔(𝑦,𝑍, 𝑥)    [5] 36	  

𝑍 = 𝑍 ⋅ ℎ(𝑦)     [6] 37	  

From (i) it follows that the steady state of  𝑥!" = 𝑠𝑥!" = 𝑥∗ is constant and that at steady state 38	  

𝑍!" = 𝑝𝑠𝑍!" is constant: 39	  

0 = 𝑔 𝑦∗,𝑍∗, 𝑥∗ = 𝑔 𝑦!" ,𝑍∗, 𝑥!"  

So: 𝑍!" = 𝑍∗. Thus, the variables 𝑦, 𝑥,𝑍 have the same initial conditions before and after 40	  

changes in s,p and Eq. [4],[5],[6] depend only on the scaled variables. Thus, following a 41	  

change in s,p the dynamics of y(t) in response to an input signal u(t) will be identical after 42	  

adaptation. The system shows dynamical compensation. 43	  
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Dynamical compensation can be extended to more complex regulatory networks. 44	  

Consider the following regulatory network, in which x passes through multiple compartments 45	  

(such a regulatory network may be relevant, for instance, for hormones such as insulin, which 46	  

passes through compartments such as the portal vein and the interstitial fluid): 47	  

𝑦 = 𝑓(𝑢,𝑦, 𝑠𝑥!, 𝑠𝑥!,… , 𝑠𝑥!)    [7] 48	  

𝑥! = 𝑔 𝑦,𝑝𝑍 − 𝜇!𝑥!    [8] 49	  

𝑥! = 𝜂!!!𝑥!!! − 𝜇!𝑥!               𝑖 ∈ 2,… ,𝑛     [9] 50	  

𝑍 = 𝑍 ⋅ ℎ(𝑦)    [10] 51	  

Here the 𝜇! coefficients describe the sum of the degradation rate 𝛾! and the transport rate 𝜂!. 52	  

Theorem 2. The following conditions are sufficient for the system described by Eq. [7-10] to 53	  

show DC:  54	  

i. For all 𝑝, 𝑠, the system is stable at 𝑦 = 𝑦∗, there exists a unique solution 𝑠𝑥! = 𝑥∗ for 55	  

𝑓(0,𝑦∗, 𝑠𝑥!,
!!
!!
𝑠𝑥!,… ,

!!⋯!!!!
!!⋯!!

𝑠𝑥!) = 0 and there exists a unique solution 𝑝𝑠𝑍 = 𝑍∗ 56	  

for 𝑔 𝑦∗,𝑝𝑠𝑍 − 𝜇!𝑥∗ = 0 57	  

ii. A factorization condition on the function 𝑔: 𝑔 𝑦,𝑝𝑠𝑍 = 𝑠𝑔 𝑦,𝑝𝑍  58	  

Proof. The factorization condition (ii) is sufficient for the dynamics of the system to be 59	  

independent of s,p under the transformation: 𝑥! = 𝑠𝑥! ,𝑍 = 𝑝𝑠𝑍:  60	  

𝑦 = 𝑓(𝑢,𝑦, 𝑥!,… , 𝑥!)    [11] 61	  

𝑥! = 𝑠𝑔 𝑦,𝑝𝑍 − 𝑠𝜇!𝑥! = 𝑔 𝑦,𝑍 − 𝜇!𝑥!    [12]  62	  

𝑥! = s𝜂!!!𝑥!!! − 𝑠𝜇!𝑥! = 𝜂!!!𝑥!!! − 𝜇!𝑥!               𝑖 ∈ 2,… ,𝑛      [13] 63	  

𝑍 = 𝑍 ⋅ ℎ(𝑦)     [14] 64	  

At steady state 𝑥! = 𝑠𝑥! =
!!⋯!!!!
!!⋯!!

𝑠𝑥!, and thus from (i) it follows that the steady state of  65	  

𝑥!!" = 𝑠𝑥!!" = 𝑥∗ is constant. Thus, the steady state for each 𝑥! is also constant. At steady 66	  

state also 𝑍!" = 𝑝𝑠𝑍!" is constant: 67	  
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0 = 𝑔 𝑦∗,𝑍∗ − 𝑐!𝑥∗ = 𝑔 𝑦!" ,𝑍∗ − 𝑐!𝑥!!" 

So: 𝑍!" = 𝑍∗. The variables 𝑦, 𝑥!,… , 𝑥!,𝑍 have the same initial conditions before and after 68	  

changes in s,p and Eq. [11-14] depend only on the scaled variables. Thus, following a change 69	  

in s,p the dynamics of y(t) in response to an input signal u(t) will be identical after 70	  

adaptation and the system shows dynamical compensation. 71	  

	  72	  

Section	  2.	  Dynamical	  compensation	  in	  detailed	  model	  of	  the	  glucose-‐insulin	  system. 73	  

 Here we present the detailed meal simulation model by Dalla Man et al. (Dalla Man et 74	  

al., 2007). This model includes Eq. [1], [3-5], [10-11], [13-19], [23-27] from (Dalla Man et 75	  

al., 2007) and Eq. [8] from (Man et al., 2006). The steady state constraints for the model are 76	  

reported in Eq. [2], [6-9], [12] and [20-22] from (Dalla Man et al., 2007). The parameters for 77	  

the model are given in Table 1 in (Dalla Man et al., 2007). The model describes the dynamics 78	  

of glucose in response to a meal, and incorporates the transit of glucose through the gastro-79	  

intestinal tract, the secretion of insulin from beta cells and the effect of insulin and glucose on 80	  

the liver and on the muscle and adipose tissues. 81	  

 The original model did not include beta cell functional mass dynamics. We thus 82	  

added to it an equation for the dynamics of beta cell functional mass, which we denote here 83	  

as 𝐵 (since the parameter 𝛽 already exists in the model). The equation is the same as Eq. [9] 84	  

in the main text: 85	  

𝐵 = 𝐵 𝜆!(𝐺)− 𝜆!(𝐺) = 𝐵 ⋅ ℎ(𝐺) 

with the production and removal rates 𝜆! 𝐺 , 𝜆!(𝐺) the same as specified in the methods 86	  

section, with adjusted units. Beta cell functional mass 𝐵 determines the rate of insulin 87	  

secretion. In the detailed model, this rate is set by two constants 𝛽,𝐾 that determine the 88	  

responsivity of beta cells to glucose and glucose rate of change respectively. We thus 89	  

replaced them with 𝐵𝛽,𝐵𝐾, so Eq. (25),(26) in the model become, respectively: 90	  
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𝑆!"(𝑡) =
𝑌 𝑡 + 𝐵𝐾 ⋅ 𝐺 𝑡 + 𝑆!          𝑓𝑜𝑟  𝐺 𝑡 > 0
𝑌 𝑡 + 𝑆!                                                        𝑓𝑜𝑟  𝐺 𝑡 ≤ 0

 

𝑌(𝑡) = −𝛼 ⋅ 𝑌 𝑡 − 𝐵𝛽 ⋅ 𝐺 𝑡 − ℎ           𝑖𝑓      𝐵𝛽 ⋅ 𝐺 𝑡 − ℎ ≥ −𝑆!
−𝛼 ⋅ 𝑌 𝑡 − 𝛼 ⋅ 𝑆!                                                        𝑖𝑓      𝐵𝛽 ⋅ 𝐺 𝑡 − ℎ < −𝑆!  

 

We then tested whether this model has DC by simulating its meal response dynamics 91	  

before and after a change in insulin sensitivity (Fig. EV1). The change in insulin sensitivity 92	  

was simulated by halving the constants 𝑉!" , 𝑘!!, 𝑘!!,𝑚!.  The constant 𝑉!" is the rate of 93	  

insulin-dependent glucose utilization in remote compartments; the constants 𝑘!!, 𝑘!! 94	  

represent hepatic sensitivity to insulin and portal insulin (respectively) and 𝑚! represents the 95	  

rate of hepatic insulin extraction. We assumed here that the change in these parameters is 96	  

coordinated (an uncoordinated change will be discussed in Appendix Section 4). 97	  

We simulated this model with a 24-hour meal input (Fig. EV1A). After the change in 98	  

insulin sensitivity, the model was simulated for several months until beta cell functional mass 99	  

reached its new steady state. We then compared the 24-hour dynamics of glucose (Fig. 100	  

EV1B), insulin (Fig. EV1C) and insulin relative to its baseline (Fig. EV1D) before and after 101	  

the change insulin sensitivity. We observe that glucose dynamics are precisely the same, 102	  

indicating that adding the slow loop on beta cell functional mass provides DC to changes in 103	  

insulin sensitivity. 104	  

 105	  

Section	  3.	  Ultrasensitive	  drop	  in	  beta	  cell	  removal	  around	  G=5mM	  enables	  robustness	  of	  the	  106	  

feedback	  loop	  itself	  to	  variation	  in	  parameters 107	  

We propose that the desired glucose fixed point is maintained via a switch-like drop 108	  

in beta cell removal rates around G=G0. This ultra-sensitivity has been observed 109	  

experimentally in rodent beta cells (Efanova et al., 1998). Efanova et al. incubated beta cells 110	  

from ob/ob mice and Wistar rats for 40 hours in different glucose concentrations. After the 111	  

incubation the percentage of dead cells was measured (Fig. EV2A), showing a drop in beta 112	  
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cell death with an apparent Hill coefficient of around 7. This switch-like drop means that for 113	  

a large range of production rates, the curves describing the rates of removal and production of 114	  

beta cells cross at the sharp drop-point of removal, keeping the steady state close to G=G0 115	  

(Fig. EV2B). Perturbing the production rate should not significantly perturb the homeostatic 116	  

set-point, yet it does affect the time it takes for the slow feedback loop to reach 117	  

compensation.  118	  

What is the molecular mechanism for the ultra-sensitive drop in beta cell removal? 119	  

Mild ultra-sensitivity can be provided by the glucose-sensing enzyme glucokinase (GCK) 120	  

which controls both insulin secretion and beta cell mass (Froguel et al., 1993; Glaser et al., 121	  

1998; Porat et al., 2011; Terauchi et al., 2007). Further ultra-sensitivity may be gained by the 122	  

energy-sensing AMP-activated protein kinase (AMPK) which lies downstream of GCK, and 123	  

whose prolonged phosphorylation is associated with beta cell death and dysfunction (Fu et 124	  

al., 2013). 125	  

Prolonged phosphorylation of AMPK causes beta cell death and dysfunction in cell 126	  

lines (Kefas et al., 2003a; da SILVA XAVIER et al., 2003; Van de Casteele et al., 2003; 127	  

Zhang et al., 2009) and primary beta cells and islets (Cai et al., 2007, 2008; Kefas et al., 128	  

2003b; Leclerc et al., 2004; Targonsky et al., 2006). Over-expression of AMPK causes beta 129	  

cell death and dysfunction in vivo (Richards et al., 2005) (see review by Fu et al(Fu et al., 130	  

2013)). AMPK is activated by an increase in the ratio of AMP:ATP, which varies 131	  

approximately as the square of the ratio ADP:ATP (Hardie et al., 1999). AMPK activation by 132	  

AMP:ATP is cooperative with an apparent Hill coefficient of about n1=2.5±0.5 (Hardie et al., 133	  

1999) and half-maximal activation K1≈0.13 (Hardie et al., 1999). Thus: 134	  

𝐴𝑀𝑃𝐾! ≈ 𝜌 !

!! !!
!"#:!"#

!! ≈ 𝜌 !
!!!!

!! !"#:!"# !!!
    [1] 135	  

The rate-limiting step in the production of ATP in beta cells is the phosphorylation of 136	  

glucose by glucokinase, which occurs with an apparent Hill coefficient of about n2=1.7 137	  
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(Matschinsky et al., 1998) and halfway point K2=8.4mM (Matschinsky et al., 1998). Thus, 138	  

the ATP:ADP ratio in the cell as a function of glucose can be approximated by the equation: 139	  

𝐴𝑇𝑃:𝐴𝐷𝑃 ≈ 𝜇 !

!! !!
!

!!    [2] 140	  

Combining [1],[2] we get: 141	  

𝐴𝑀𝑃𝐾! ≈ 𝜌 !

!!!!
!!!!!! !! !!

!

!! !!!!    [3] 142	  

This equation implies that the activation of AMPK as a function of glucose is similar 143	  

to a Hill function with a Hill coefficient of about n=1.7·5=8.5±1.7. The half maximal 144	  

activation of AMPK is determined by the constants K1,K2 as well as by µ. The parameter µ 145	  

determines the ATP:ADP level as a function glucose, which is coupled to glucose stimulated 146	  

insulin secretion (Maechler et al., 2006). By approximating µ≈10 from maximal glucose 147	  

stimulated ATP:ADP production (Nilsson et al., 1996) we get a half maximal activation of 148	  

G≈5mM. Thus, the robustness of AMPK activation around G=5mM depends on the 149	  

robustness of µ, the maximal ATP:ADP ratio in the cell. Indeed, in mouse islets incubated at 150	  

different glucose concentrations, AMPK is activated in a switch like manner around 5mM 151	  

glucose, with an apparent Hill coefficient of at least 6 (Fu et al., 2009).  152	  

In order to determine hill coefficients for AMPK phosphorylation (Fu et al., 2009) and beta 153	  

cell death (Efanova et al., 1998) as a function of glucose, we fitted the Hill function: 154	  

!!!

!! !
!

! + 𝐵, where G is glucose concnetration. We estimated the parameters B,K,n by least-155	  

square estimates using the nls function of R.  156	  

 157	  

Section	   4.	   Effects	   of	   variability	   in	   endogenous	   glucose	   production	   rate	   and	   insulin	  158	  

degradation	  rate	  on	  glucose	  dynamics.  159	  
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While the glucose dynamics presented in Eq. [7-9] in the main text have DC with 160	  

respect to changes in insulin sensitivity (𝑆!) and insulin secretion (𝑝), they do not have DC 161	  

with respect to changes in insulin degradation (𝛾) and endogenous glucose production (𝑢!). 162	  

To show this, we compared the simulated glucose dynamics in response to the same meal 163	  

intake by individuals with diminished insulin degradation (𝛾/8), diminished endogenous 164	  

glucose production (𝑢!/2) and wild-type (Fig. EV3). For each case we simulated the 165	  

dynamics after the system reached its new steady state. We observe that the dynamics of 166	  

individuals with diminished insulin degradation or diminished endogenous glucose 167	  

production are not the same as wild-type, and thus the system does not have DC with respect 168	  

to these parameters. 169	  

 170	  

Section	   5.	   Effects	   of	   different	   insulin	   sensitivity	   for	   hepatic	   and	  muscle	   tissue	   on	   glucose	  171	  

dynamics.  172	  

Here we examine the effect of an uncoordinated change in hepatic versus muscle 173	  

insulin sensitivity. To do so we model glucose dynamics using a minimal model which is 174	  

based on the best-fit model presented by Dalla Man et al. (Man et al., 2008). The model 175	  

includes the suppression of hepatic glucose production by insulin: 176	  

𝐺 = 𝑢! + 𝑢 𝑡 − 𝑆!𝐼 − 𝐶 + 𝑆!𝐼 ⋅ 𝐺        [1] 

where SH represents hepatic insulin sensitivity and SM represents skeletal muscle insulin 177	  

sensitivity. Because the equation for  beta cell functional mass can only reach steady state at 178	  

G=G0, glucose steady state G0 does not depend on SH and SM. Temporal dynamics are, 179	  

however, a function of the ratio SM/SH.  For a given ratio SM/SH=δ, we can replace: SM ß	  δSH, 180	  

and the general theorem in (Box 1) applies and DC is achieved but the shape of the input-181	  

response profile depends on the ratio of the two insulin sensitivities. The response to a given 182	  
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glucose challenge will be lower in amplitude and more rapid the higher muscle sensitivity SM 183	  

is relative to hepatic sensitivity SH.  184	  

This expectation matches clinical observations on the glucose response of individuals 185	  

with mis-coordinated sensitivity in the two tissues: hepatic resistance and muscle sensitivity 186	  

vs. muscle resistance and hepatic sensitivity to insulin (Abdul-Ghani et al., 2008) (Fig. EV4). 187	  

In (Fig. EV4A) we present the results of an oral glucose tolerance test of such individuals as 188	  

reported by Abdul Ghani et al. (Abdul-Ghani et al., 2008). Individuals with hepatic insulin 189	  

resistance and normal muscle insulin sensitivity (in the model - high SM/SH) showed a lower 190	  

and more rapid glucose response than individuals with muscle insulin resistance and normal 191	  

hepatic insulin sensitivity (in the model - low SM/SH). These clinical observations are 192	  

comparable to the glucose dynamics that are simulated using Eq. [1] (Fig. EV4B) where 193	  

hepatic insulin resistance was simulated by setting SH=0  and  muscle  insulin  resistance  was  194	  

simulated  by  setting  SM=0.  195	  

Interestingly, in subjects with impaired glucose metabolism, impaired glucose 196	  

tolerance (IGT) is associated with muscle insulin resistance while impaired fasting glucose 197	  

(IFG) is associated with hepatic insulin resistance (Abdul-Ghani et al., 2006). This is 198	  

predicted by the above analysis – among individuals with insufficient insulin secretion, 199	  

muscle insulin resistance can cause impaired postprandial responses even when fasting 200	  

glucose is within the normal range. On the other hand, individuals with hepatic insulin 201	  

resistance and insufficient insulin secretion might have high fasting glucose and still be 202	  

glucose tolerant. 203	  

 204	  

Section	  6.	  DC	  mechanism	  in	  calcium	  homeostasis.	  205	  

Calcium is maintained in tight homeostasis in the blood, around Ca!! = 1.2mM. 206	  

This homeostasis is maintained by the parathyroid (PT) gland, which secretes parathyroid 207	  
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hormone (PTH). The parathyroid gland secretes PTH in response to a drop in plasma 208	  

calcium. The increase in PTH causes an increase in calcium production by the bones and an 209	  

increase in calcium reabsorption in the kidneys, as well as increased production of activated 210	  

vitamin D, which increases calcium absorption in the intestine. Calcium dynamics can be 211	  

represented using the following equations (Fig. EV5): 212	  

[Ca!!] = 𝑠 ⋅ PTH − 𝑢! + 𝑢(𝑡) ⋅ [Ca!!]        [1] 213	  

where [Ca!!] is the plasma calcium concentration, [PTH] is the PTH concentration, 214	  

𝑢! + 𝑢 𝑡  is the calcium consumption rate and 𝑠 represents the effectiveness of the 215	  

parathyroid hormone in increasing calcium production. The parameter 𝑠 depends on the 216	  

response of the kidney and bone tissues to the parathyroid hormone. Secretion of PTH is a 217	  

modeled by the equation: 218	  

[PTH] = 𝑝𝑀 ⋅ 𝜌([Ca!!])− 𝛾[PTH]        [2] 219	  

where 𝜌([Ca!!]) is a monotonically decreasing function of calcium, γ is the PTH removal 220	  

rate and 𝑝 is the PTH secretion per PT cell.  221	  

As was the case with beta cell functional mass, we assume here that the functional 222	  

mass of the parathyroid gland is chiefly controlled plasma calcium. This assumption is 223	  

supported by several experimental studies. Low calcium diet causes a 10-fold increase in PT-224	  

cell proliferation in rodents (Naveh-Many et al., 1995), while direct activation of the calcium 225	  

receptor inhibits PT-cell proliferation (Chen, 2004; Chin et al., 2000; Wada, 2003; Wada et 226	  

al., 1997, 2000) and increases PT-cell apoptosis (Mizobuchi et al., 2007). Thus, parathyroid 227	  

mass dynamics can be modeled as follows: 228	  

𝑀 = 𝑀 ⋅ ℎ([Ca!!])         [3] 229	  

where ℎ([Ca!!]) is the net parathyroid growth rate.  230	  

This model has DC if 𝑀 is stable at the desired set point of plasma calcium, that is, if 231	  

ℎ Ca!! = 0 at Ca!! ≈ 1.2mM with a negative local slope. If this is the case, DC is 232	  
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achieved because Eq. [1-3] satisfy the sufficient conditions for DC. Note the differences from 233	  

the glucose homeostasis model: the PTH hormone causes an increase in the regulated 234	  

variable whereas insulin causes a decrease; the sensitivity parameter s appears in different 235	  

terms: the removal term for glucose and the production term for calcium. Despite these 236	  

differences, DC can be achieved by proper feedback of the regulated variable on the mass of 237	  

the regulating tissue. 238	  

 239	  

Section	  7.	  Slow	  feedback	  from	  trophic	  hormone	  to	  stimulating	  tissue	  can	  potentially	  provide	  240	  

DC.  241	  

The pituitary trophic hormones Adrenocorticotropic hormone (ACTH) and Thyroid-242	  

Stimulating Hormone (TSH) stimulate respectively the secretion of glucocorticoids by the 243	  

adrenal cortex and the secretion of thyroid hormones by the thyroid gland. They also cause 244	  

respective changes in the mass dynamics of these glands (2011) which are potentially 245	  

analogous to the changes in beta cell functional mass dynamics in response to blood glucose 246	  

levels. Thus, the level of TSH is regulated by a slow and fast feedback from the thyroid gland 247	  

and the level of ACTH is regulated by a slow and fast feedback from the adrenal cortex. 248	  

These circuits have various clinical implications. The pathophysiology of Thyroid 249	  

Hormone Resistance Syndrome includes enlargement of the thyroid gland as well as higher 250	  

thyroid hormone levels, while TSH levels are normal (Beck-Peccoz and Chatterjee, 1994). A 251	  

similar pathophysiology in the ACTH-adrenal circuit occurs in Generalized Glucocorticoid 252	  

Resistance (Charmandari et al., 2008). Inability to close the TSH-thyroid feedback loop (for 253	  

instance, due to iodine deficiency) causes a significant enlargement of the thyroid, and the 254	  

same occurs for the adrenal cortex when ACTH levels cannot be lowered (2011). On the 255	  

other hand, large exogenous intake of the secreting hormone leads atrophy in the secreting 256	  

gland (Selye, 1940). These features are consistent with a DC mechanism.  257	  
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