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ABSTRACT An approach to physical mapping is analyzed
here. This procedure consists of fingerprinting random clones
with single-copy landmarks extracted randomly from a region
of interest. Results are presented in terms ofnumber of contigs
(sets of overlapping clones), number of isolated clones, average
length of a contig, and coverage of the genome by contigs larger
than a given size. (i) The expected results ofan ideal project are
presented. (ii) Certain problems that could influence progress
of the map (variability in clone insert length, double inserts,
etc.) are considered. (iii) An optimal project, which consists of
a 7-fold representative library fingerprinted with an average of
five sequence-tagged sites per clone, is analyzed. (iv) We
present strategical considerations for the proposed approach,
and a strategy that minimizes the number of laboratory tests
without significant information loss is proposed: clones are
arranged on a matrix and pooled according to rows and
columns. A fingerprint is determined for each pool, and
analysis allows retrieval of the positive clones. This method
reduces the number of laboratory tests done by a factor of 160.

Recent laboratory and analytical techniques support the
feasibility of constructing physical maps of complex ge-
nomes. The first step is to obtain a library of recombinant
clones covering the region of interest with sufficient redun-
dancy. Then information (a fingerprint) is extracted from
each clone. Fingerprints of each pair of clones are compared,
and overlap is declared when there is significant similarity.
Finally, this repeated process leads to the building of sets of
overlapping clones called contigs. The fingerprint can be a
simple restriction fragment pattern (1, 2), a restriction frag-
ment pattern containing repetitive sequences (3), a restriction
map (4, 5), or a hybridization pattern obtained with probes for
the ends ofclones (6) or with random oligonucleotides probes
(7). For fingerprinting clones, single-copy probes (SCPs)
have the advantage of supplying powerful information. In-
deed, two clones positive for the same SCP can be declared
to be overlapping without ambiguity. In fact, this valuable
information is available not only from hybridizations with
SCPs but also from PCRs with sequence-tagged sites (STSs).
The generic expression single-copy landmark (SCL) will be
used to designate any single-copy fingerprinting entity-e.g.,
SCPs or STSs.

In relation to other fingerprint types, SCLs have the
fundamental advantage of providing "a common language
between all types of mapping" (as mentioned for STSs by
Olson et al., ref. 8). SCLs permit unification of results from
very different approaches. Another advantage of STSs is that
they need not be stored as biological material. The informa-
tion resides in oligodeoxynucleotide sequences and proto-
cols, which can be stored in an available data base (8).

Our purpose is to present a physical mapping method based
on randomly selected SCLs (RSCL method) to evaluate the
optimal number ofclones and SCLs required for construction
of a useful map by calculating the expected results and to
elaborate a strategy that minimizes laboratory work.

Principles of a RSCL Mapping Project

One way of obtaining SCLs is to extract them randomly from
a region of interest (for example, a chromosome). Then the
SCLs have to be tested on recombinant clones from a library
covering at least the studied region. In this paper, the only
case examined is that of randomly selected clones. A clone
fingerprint consists of the SCLs it comprises. Two clones
sharing a SCL are overlapping without any doubt because by
definition a SCL appears only once in the genome. Thus, it
is easy to assemble clones within contigs and to order the
clones. Concomitantly, the assembly of SCLs within contigs
(i.e., sets oftwo or more adjacent SCLs) can be achieved due
to the close relation between the contigs of clones and the
contigs of SCLs.
To plan a RSCL mapping project, the number ofclones and

SCLs necessary for obtaining the desired map must be
evaluated. Several definable variables characterize the de-
gree of completeness of the resulting map. According to
Staden (9) and Lander and Waterman (10), any set of two or
more overlapping clones will be called a contig. The term
island will designate any resulting set of clones after analysis,
even a contig or an isolated clone. The next section presents
the formulae that describe the expected number of islands,
the expected length of an island, and the expected number of
isolated clones. [Lander and Waterman (10) have already
calculated these formulae on the assumption that the finger-
print scheme can detect overlap between two clones when-
ever they share a minimum fraction of their length. We did
not assume this; thus, our model should be more robust, but,
on the other hand, the model can be applied only to the RSCL
method.] Furthermore we introduce another variable that
characterizes degree of completeness of the map: the "cov-
erage." This last entity represents the percentage of the
genome covered with contigs of a length greater than a given
minimum size. For example, the coverage at the threshold of
3 megabases (Mb) is the proportion of the fingerprinted
genome covered with contigs >3 Mb. The Discussion de-
scribes the basis for using SCLs in a physical mapping
project. All mathematical proofs are deferred until the final
section.

Abbreviations: SCP, single-copy probe; STS, sequence-tagged site;
SCL, single-copy landmark; RSCL, randomly selected single-copy
landmark; YAC, yeast artificial chromosome; Mb, megabase pair;
CEPH, Centre d'Etude du Polymorphisme Humain.
*To whom reprint requests should be addressed.
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Mapping Results Expected With a SCL Strategy

Theoretical calculation of the expected results requires elab-
oration of a model that fits as closely as possible with the
phenomenon being described. This fit is not easy, and some
simplifying assumptions are necessary (the effects of these
assumptions will be discussed later): (i) All clones are se-
lected randomly from the genome. This assumption is prob-
ably not strictly true because of possible cloning bias. (ii) All
SCLs are selected randomly from the genome. Again, this
assumption is not strictly true due to cloning bias. For this
case SCLs and clones are assumed to be independently
distributed. (iii) All inserts are of equal size. This assumption
depends on the nature of the vector: it is almost true with
respect to cosmids or bacteriophages but not for yeast
artificial chromosomes (YACs). (iv) All inserts are unique
within any clone (i.e., a given clone cannot contain two
inserts from different origin). Practically all libraries have a
certain rate of double inserts (and even double YACs for
YAC libraries).
We define the following symbols: G, haploid genome

length in base pairs (bp); L, length of clone insert in bp; N,
number of clones from the region of interest; S, total number
of SCLs used; s = SL/G (average number of SCLs per clone
length); C = NL/G (redundancy of coverage of the library);
a = N/G (probability per bp of starting a clone); b = SIG
(probability per bp of starting a SCL). The following equa-
tions describe the expected results of a physical mapping
project based on the RSCL method.

Expected Results with Clones ofConstant Length. PROPOSITION
1. If the four assumptions, presented above, are true, then:

(i) The expected number of islands of clones is

N(ce-s - se-c)/(c - s).

(ii) The expected number of isolated clones is

N(e-s + se-(c+s) + (s/(c - s))2e-c((c - s - 1)e-s + e-c)).

(iii) The expected length of an island of clones is

L[(1/c) + (s(2c - s)e-c + c2(c - s - 1)e-s)/

(C(C - s)2)]/[(ce-s - se-c)/(c - s)].
(iv) The expected number of islands of SCLs is

S(ce-s - se-c)/(c - s).

(v) The expected number of isolated SCLs is

S(e-c + ce-(c+s) + (c/(c - s))2e-s((s - c - 1)e-c + e-s)).

(vi) The expected length of an island of SCLs is

L[(1/s) - (c(c + cs - 2s - s2)e-s+s2e-c)/(s(c - s)2)]/

[(ce-s - se-c)/(c - s)].
The formulae concern characteristics ofthe islands, but it is easy
to deduce characteristics of the contigs: for example, substract-
ing ii from i gives the expected number of contigs of clones.

Fig. 1 shows the expected number of contigs of clones as
a function of the library redundancy for different values of s,
the average number of SCLs per clone. First clones analyzed
in the project increase the number of contigs because most of
them create additional contigs; then clones begin to fall into
contigs or to close gaps between contigs and reduce the
number of contigs. When redundancy exceeds a particular
value, the number of contigs does not decrease significantly
because almost all junctions between contigs are impossible
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FIG. 1. Expected number of contigs as a function of redundancy
of the library for different s values, the average number of SCLs per
clone. Inserts are assumed to have a constant length L. Because the
vertical axis is graduated in GIL units, the ratio of genome size to
insert length, the value read on the graph has to be multiplied by GIL
to obtain the desired number in units of contigs. For example, for a
150-Mb human chromosome covered with 430-kb YACs, GIL = 349.
When c equals 7 [Centre d'IEtude de Polymorphisme Humain
(CEPH) YAC library] and s equals 5, graph value is 0.10, and the
effective 349 x 0.10 = 35 contigs.

due to the lack of SCLs. At this point, it is not profitable to
introduce additional clones. Fig. 2 shows the average length
of a contig of clones as a function of the redundancy for
different values of s. Because this number can be approxi-
mated by the ratio of the genome size and the number of
contigs, the curves in Fig. 2 present inverse variations with
regard to Fig. 1.
We now consider the expected results when the assump-

tions are not true.
Expected Results with a Nonuniform Clone and/or SCL

Distribution. Ifthe first and/or second assumptions are not true,
some parts of the genome are underrepresented, and progress
of the project is slower in these regions. Completion of the map
will then imply approaches other than a random strategy.

Expected Results with Clones of Variable Length. Ifthe third
assumption is not true (if the clone length is variable),
formulae in Proposition I will have to be corrected. The main
formulae are as follows:
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FIG. 2. Expected length of a contig as a function of redundancy
of the library for different s values, the average number of STSs per
clone. Inserts are assumed to have a constant length L. The vertical
axis is graduated in L units. When c equals 7 and s equals 5, the
average length of contigs will be 10.3 units of L-i.e., 4.4 Mb for the
CEPH YAC library [L = 430 kilobases (kb)].
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PROPOSITION 2. If clones are of variable length, with
average length L and length density function f(l), then:

(i) The expected number I, of islands of clones is

NJ f(l)[exp (i)e(L Jf()(" - I)dl)

J (L (L)(x-LJ) ]
+ J' (xPi exp(ij~x (J0f(lI')l'I - l')dl- )dlj dl.

(ii) The expected length of an island of clones is

[G + N )[exp ( exp ( f(l")(l" - l)dl) D(l)

+1 (js exp (_ sl ) exp ( MJff(l)l lI)dl ) D(1Y)

dl']dlJ/Ic,

where

D(l) L f(l")dI)

x exp (-jL ' (IN - l')dl" + (I - l')f f(l)dl di'

-(Llc)exP +Lf(I`)'dI` + I f(lI')dl")]

(iii) The expected number Is of islands of SCLs is

sf [L exp ( L) exp ( L f(I')(1' - I)dl') ]dl.

(iv) The expected length of an island ofSCLs is

[G - sJ x (-L exp (-L f(l')(l' - I)dl'd)]l/Is.

Expected Results with Libraries Containing Double Inserts.
If the fourth assumption is not true (i.e., if the library being
fingerprinted contains double inserts), the proportion p of the
double inserts has to be known to evaluate the effect on the
expected map (Figs. 3 and 4).
PROPOSITION 3. If 100p% of the clones contain double

inserts, the formulae of Proposition 2 can be used after
replacement ofthe measured values ofthe number ofclones
N, the average length L, the average number of SCLs per
clone s, and the clone length density function f(l) with new
values N', L', s', f' (1):

N' = N(1 + p),

L'= L/(1 + p),

s= s/(1 + p), and

fJ
f'(I) = (I - pWfOl + | pf(l')P(I', I)dl',

0e%a

o
m

-o
U

J -0.

o Co

00 _
c

.c
_--

redundancy

FIG. 3. Expected length of a contig as a function of redundancy
of the library for different values of s, the average number of STSs
per clone. Inserts are supposed to have a variable length with average
value L, and a rate of30o of double inserts is assumed in the library.
The length density function was determined from the CEPH YAC
library. The vertical axis is graduated in L units. Now the average
length of contigs when c equals 7 and s equals 5 is 8.8 units of -i.e.,
3.8 Mb for the CEPH YAC library (L = 430 kb).

where P(l', I) is the probability for a double insert of length
1' of containing an insert of length 1.

Discussion
Some general remarks can be made concerning the analysis
of the different formulae and figures: As with any fingerprint-
ing technique, the amount of work is inversely proportional
to the average insert length. A 5-fold representative library is
clearly minimal to construct a useful map (Figs. 1-4). On the
other hand, too much redundancy is not useful: above a given
redundancy (depending on the average number of SCLs per
clone, the insert length density function, and the percentage
ofdouble inserts), it is not interesting to introduce new clones
because they either fall into a contig or remain isolated but
rarely merge two islands (almost all possible links have
already been achieved). Note that the average number of
SCLs per clone has a very sensitive effect on the progress of
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FIG. 4. Expected length of a contig as a function of redundancy
ofthe library for different values ofthe percentage p ofdouble inserts
in the library. Average number of SCLs per clone, s, was 5. The
vertical axis is graduated in L units, the average insert length. For a
redundancy of 7, contigs are on average almost twice as large in a
library free of double inserts as in a library containing 30%o of double
inserts. The length density function used for calculations is that of the
CEPH YAC library, but curves for any library are available upon
request.
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the map and at least four SCLs per clone are required (Figs.
1-3). Variability of insert length in the library has an impor-
tant impact on results: Due to the large inserts, the average
contig length is greater with inserts of variable length than
with inserts of constant length, but, on the other hand, the
number of isolated clones is much higher because of small
clones (data not shown). Double inserts significantly slow
down the progress ofmap construction (Fig. 4). For example,
when redundancy is 7, it is equivalent to build a map with a
library free of double inserts and four SCLs per clone on
average or with a library containing 30% ofdouble inserts and
five and one-half SCLs per clone-i.e., with an additional
38% of SCLs. In addition, double inserts are the main source
of incorrect merges (a double insert can merge the respective
contigs of its two inserts), even if some of them can be
detected when they create inconsistency in the map. Thus,
double inserts must also be accounted for: their quantity has
to be estimated before starting the project.

All formulae are linear in N, the number of clones ana-
lyzed, and it would seem indifferent to map a whole genome
directly or to execute the project chromosome by chromo-
some. In fact, the two approaches are not equivalent; Lander
and Waterman (10) have already advanced several good
reasons in favor of subdivision. The main effect is the
reduction of the rate of false positives. Indeed, for a chro-
mosome-specific project, the SCLs will fingerprint the inserts
coming from the studied chromosome only, and, therefore,
all double inserts from two different chromosomes will be-
have as single inserts; then the percentage of problematic
double inserts is notably reduced.
When using a physical map to explore the region neigh-

boring a landmark, knowing the probability that a given locus
will be included within a contig larger than a given size is
useful. An equivalent way to evaluate this probability is to
find the proportion of the genome covered with contigs larger
than a given size. Fig. 5 shows this coverage of the genome
in function of this given size. The results confirm that four or
five SCLs per clone is a minimal value.
To summarize, the choice of the values of c and s depends

on the desired results but is also a compromise: values of c

that are too low would require a large number of SCLs. For
example, mapping a 150-Mb chromosome with the present
CEPH YAC library (ref. 11; 60,000 clones, average length 430
kb, redundancy 7) and 5 SCLs per clone (a total of 1750 SCLs)
would give 33 contigs ofmean length 3.8 Mb (Fig. 4, assuming
a rate of 30% for double inserts). Fifty-nine percent of the
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FIG. 5. Percentage of genome covered with contigs larger than a

given size, as a function of this given size, for different values of s,
the average number of STSs per clone, assuming a library containing
7 genome equivalents and 30% of double inserts. The horizontal axis
is graduated in units of L, the average insert length. For example,
when s equals 5, 69% of the genome is covered with contigs >5 L
units and 45% with contigs >10 L units.

chromosome would be covered by contigs >3 Mb, 11% by
contigs from 2 to 3 Mb, and 10% by contigs from 1 to 2 Mb,
leaving 16% of the chromosome unmapped (Fig. 5). Although
the map would not be complete, it can be used for many
purposes, and it will be more effective to consider nonran-
dom approaches to fill in persistent gaps.

Mathematical Proofs

This section contains all the mathematical proofs of the
propositions presented in Results and uses the same nota-
tions. Those readers essentially interested in applications
may prefer to omit these demonstrations. For all calculations,
the SCL length (typically 200-500 bp for STSs) was neglected
with regard to an insert length (-40 kb for cosmids, 100 kb
to >1 Mb for YACs). Moreover, the end effects were not
taken into account; this is justified when total fingerprinted
length is large compared with insert length.
Let us select an arbitrary direction on the genome-for

example, from left to right. A clone will begin at its left end
and finish at its right end. Note that the first assumption of
Mapping Results Expected with a SCL Strategy considers
that the number of clones beginning within a length of l bp
follows an exponential law with a parameter of cl/L and the
second assumption states that the number ofSCLs in a length
of I bp follows an exponential law with a parameter of sIlL.
ProofofProposition 1: To prove i, we must calculate the

probability for one clone of being at the right end of an
island-i.e., of being the last right clone of an island. This
situation occurs when a clone contains no SCL or when no
other clone begins after it and before its last SCL. The first
event has the probability exp(-s) (remember the exponential
law), and the second event is obtained by integrating [b
exp(-bl) exp(-a(L - 1))] from 0 to L (the first term of the
integrand expresses the probability for the last SCL of being
l bp from the end of the clone, the second one the probability
that no clone begins on the L - I bp before the last SCL). The
two events are incompatible, so summing them gives the
desired probability. Multiplying that probability by the num-
ber of clones gives the number of islands and demonstrates
i.
Now let us calculate the probability for one clone of

remaining isolated. This situation can happen in the absence
of SCL on the clone [probability exp(-s)] or when only one
SCL is present on the clone and there is no other clone on this
SCL [probability, s exp(-s) exp(-c)], or when several SCLs
are present on the clone, but there is no other clone on these
SCLs {note that the absence of another clone on the first and
last SCL is necessary and sufficient, so when l is the distance
between the last SCL and the end of the clone and 1' is the
distance between the first SCL and the beginning of the
clone, the probability of the event is obtained by integrating
b exp(-bl) [b exp(-bl') exp(-a(2L - l - I'))] from 0 to L for
land from 0 to L - I for l'}. Multiplying the sum ofthese three
probabilities by number of clones gives the number of iso-
lated clones and shows ii.
To evaluate the expected length of an island of clones,

substract from the total length of the genome G the gaps
between adjacent islands or add the overlap when the two
islands present an undetected common part. An equivalent
result is obtained by substracting the distance l from the
beginning of the last clone of an island to the beginning of the
first clone of the following island, minus one clone length L.
To calculate this distance, integrate all the possible distances
l (i.e., from 0 to oo), ponderated by their occurring probability
P(l/island end). This probability is evaluated with Bayes
formula: P(l/island end) = P(island end/1)P(l)/P(island end).
P(island end) has already been calculated (formula 1), P(l) =
a exp(-al) (no clone on a length 1, then a clone) and P(island
end/I) = exp(-b(L - l)) if I < L (no SCLs on the overlap
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between the two clones), I otherwise (if I > L, there is no
overlap, so therefore the end of the island is certain). If we
multiply this distance, minus L, by the number of contigs and
substract that product from G, we obtain the expected sum
of all island lengths. Dividing by the expected number of
islands approximates the expected length of an island. Com-
puter simulations (we generated, randomly, clones and SCLs
on the genome and analyzed the resulting maps) have shown
that the error introduced by this approximation was <2%.
Reasoning similar to the above, applied to SCLs, shows iv,

v, and vi. Note that any clone free of a SCL and included
within another clone was not considered an island.
ProofofProposition 2: Formulae of Proposition 2 are only

the generalization of those of Proposition 1. Reasoning is
essentially similar, and detailed information is available upon
request. Note simply that any clone free of SCLs and
included within another clone was not considered an island.
ProofofProposition 3: The following reasoning allows use

of the formulae of Proposition 2: it is considered that each
double insert is, in fact, two different single-insert clones.
Thus, it is trivial to calculate the new values of the number
of clones, the average length, the average number of SCLs
per clone, and the length density function. To evaluate P(l',
1) all base pairs of the double inserts were assumed to have
the same probability of being the one in which ligation had
occurred. The objection can be made that the observed
number of islands will be smaller than the calculated number
because double inserts create junctions between the respec-
tive islands of their two inserts. But (i) it would be dishonest
to consider two illegitimately merged islands as a single island
and (ii) these false junctions would be detected and elimi-
nated when they created inconsistancy in the map.

Calculation of the coverage. The coverage was calculated
according to the method given by Michiels et al. (12), and we
confirmed the results with computer simulations: the differ-
ence between the two methods is -=5%.

Conclusion and Perspectives

Finally, compare the performances of the RSCL strategy to
the other approaches to physical mapping. Methods based on
restriction fragment patterns provide poor information, and
so they require many clones (with a minimal detectable
overlap of 60%, a 12-fold representative library is needed to
obtain the same results as the project described above,
consisting of a library with a redundancy of 7, 30%o of double
inserts, and five SCLs per clone). Furthermore, with those
methods, false positives are a greater problem because (i) it
is more difficult to evaluate the rate of false positives and (ii)
a clone can inaccurately merge two contigs, even when a
clone is not a double insert, which is not possible with SCLs.
The other. methods presented in the Introduction seem inter-
esting, too, but the impressive arguments of the "common
language" and the "easy communicability" ensure a theoret-
ical advantage with SCLs. Furthermore, the physical map of
a precise region can be built with the RSCL strategy (needing
only selection of SCLs from the studied part of the genome)
but not with the other mapping strategies that assume clone
selection.
The question of technical feasibility of the SCL physical

mapping approach remains. The objection that complex
fingerprints are unusable in large-scale mapping projects
because these fingerprints would require too much work has
been presented. Indeed, mapping a 150-Mb chromosome
with the CEPH YAC library, for example (60,000 clones;
average insert length 430 kb; redundancy 7), and five SCLs
per clone would require 105 million tests (1750 SCLs tested
on 60,000 clones). With this number, a direct approach is
clearly impossible.

To bypass this problem, YACs can be grouped together in
"pools" on which each SCL will be tested. This clone-pooling
strategy is analogous to the method described by Evans and
Lewis (6): imagine that all clones (the N clones from the
library) are arranged in a two-dimensional matrix and pool
the clones according to rows and columns of the matrix (two
copies of the library are needed). Then test a given SCL on
each pool (now there are 2N'/2 tests instead ofN, a noticeable
reduction). A positive clone will render its row and column
positive, so all positive clones will be located at the inter-
section of a positive row and a positive column. But the
reverse is not true: an intersection of a row containing a
positive clone with a column containing a different positive
clone is not necessarily a positive clone. In fact, if P clones
are positive, then generally P rows and P columns are
positive (this is not always true because two positive clones
can be in the same row or column), and P2 intersections are
potentially positive (i.e., candidates) but only P intersections
are effectively positive. To recover the actually positive
clones, one or more additional matrices are needed. The new
matrices must be configured as differently as possible from
the previous one, so that a given illegitimate candidate from
a given matrix will probably not be retrieved as an illegitimate
candidate in another matrix and, thus, can be detected.
Obviously, the higher the number of positive clones, the
higher the number of matrices needed to eliminate all illegit-
imate candidates.

In fact, the clones can even be pooled in a three-
dimensional space or in any dimension. In a paper in prep-
aration, we describe how to choose the best pooling strategy
to obtain the desired map with a low error rate. The results
are encouraging: consider the above example (mapping a
150-Mb chromosome with the CEPH YAC library and using
1750 STSs) where 105 million tests were needed. When the
60,000 clones are pooled in four-dimensional space and 384
pools are used, 672,000 tests are needed, and only one false
positive would be expected in the map. With regard to the 105
million tests of the nonpooling approach, the amount ofwork
is divided by almost 160! In addition, this strategy can be used
for general library screening: only 192 pools (YACs being
arranged in a four-dimensional space) are needed to screen
the 60,000 clones of the CEPH YACs library. Each pool
would contain "4000 YACs, and analysis of the 192 results
would yield a mean of seven false positives for seven true
positives.

This work was supported in part by the Ministbre de la Recherche
et de la Technologie and the Association Frangaise contre les
Myopathies.
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