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Extended Description of the Imputation Method with State Space Reduction

Here, we describe the state space reduction that uses the similarity between
haplotypes in small genomic segments to reduce computational complexity. We
recommend first reading a description of the original minimac algorithm!. Consider a
reference panel with H haplotypes and a genomic segment bounded by markers P and Q.
Let U < H be the number of distinct haplotypes in the block. Label the original
haplotypes as Xj, X5, ..., Xy, and distinct unique haplotypes as Y;, Y5, ..., Yy. For example,
in Figure 1, the block B bounded by markers P=1 and Q=6 has U=3 distinct haplotypes.
Forward Equations
Let Ly(.) and Li(.) denote the left probabilities? for the original states and reduced
states at marker k2 (P < k < Q). Assuming we know Lp(X;), ..., Lp(Xy), equation (1)

allows us to obtain Lp(Y;) for each distinct haplotype.

L) = Y Le(X) &)
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In this reduced state space, we modify Baum-Welch’s forward equations3 to obtain Ly (.)

recursively fork =P+ 1,P + 2, ...,Q:
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In (2), O denotes the template switch probability between markers k and k+1
(analogous to a recombination fraction), Si,; the genotype in the study sample,
P(Sk+1]Y;) the genotype emission probabilities, and N; the number of haplotypes
matching Y; in the original state space (X2, N; = H). Once we obtain Lq(.) for all the
reduced states, we use them to calculate LQ(X]-) at the final block boundary, enabling us

to transition between blocks. To accomplish this, we split probability Ly(.) into two

parts, LgR(.) and Lg(. ), where LgR(.) denotes the left probability at marker Q when no



template switches occur between P and Q and Lg(.) the probabilities when at least one

switch occurs. This leads to equation (3) (where 1" is such that Y; = X;):

1 Lp(X;
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LNR() and LE(.) are defined as follows (for each k):
k-1
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Backward Equations

Similar equations can be derived for the right probabilities Ry(.) and Ry (.):
equation (6) transforms the right probabilities (Rq — Rq), (7) gives the modified
formulation for the Baum-Welch backward equations (Rq — Rp), and (8) transforms

back the right probabilities (Rp = Rp).
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Final Imputation Formula
Once we have the left and right probabilities for all the reduced states, the
posterior probabilities for a template including any allele of interest at marker k can be

calculated within the reduced state space as:

LER (YY) y RRR(Y)
Lp(Y)  Ro(Yy)

P(Y) = Z Lp(Xj)Ro (X)) | X
j=1,..H
ande:Yi

11
1
+ 1 [Ex O R (V) = LEHODRRE (V)]
1
Derivations of Formulations

Here, we prove that the formulations for the reduced state space HMM are

mathematically equivalent to the original HMM. First we prove equation (3) (Lo — Lq),

which states that the left probabilities of the original states can be extracted from the

left probabilities of the reduced states (the proof is similar for the right probabilities).

Claim: For any K such that (P < K < Q) and X such that X; =Y;

Lp(X;)
Lp(Y;)

Lk (X)) = Lg(YDx [i] + LR (Yy) [ (12)

N;
Proof:
We use mathematical induction to prove this claim. Proving it for K=P+1 is trivial
(follows easily from the general proof given below). To prove it for general K>P), we

show that the expression of LK(Xj) from equation (12) satisfies the actual recursion for
the forward equations in the original HMM1:
0 H
k-1
(%) = |11 = BcaTlags (%) + =2 e (06) | xP(S1%;) (13)
i=1

We first note that equation (4) can be re-written as follows:

LYR(Y) = LER (YDA = 0x_1)P(Sk|Y)



Accordingly, equation (5) becomes on substituting expression for £ (Y;) from equation

(2):

U
N;Og_
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Substituting the values of LE(Y;) and L¥R(Y;) from the above equations in the RHS of

equation (12) we get

p(X)
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The last step follows from the induction hypothesis (i.e. LK_l(X]-) =LR (YD) [Ni] +

Rep (YD) [%]) and from the identity ¥, Lx_;(X;) = ZjU:lLK_l(Y]-) which follows

from equation (1).
Next, we prove equation (11) which claims that the posterior probabilities obtained
from the reduced states would be numerically same as those obtained from the original

state space, proving that both HMMs are mathematically equivalent.

Claim: The posterior probability of each reduced state Y; is given as:
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Proof:
To prove this, we start from the LHS of the above equation:
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m3vcf Format Description

The m3vcf format is based on the VCF format (https://samtools.github.io/hts-
specs/VCFv4.2.pdf) and applies the idea of state space reduction to store large reference
panels using less disk space. m3vcf files save each genomic segment in series where
each segment has the list of bi- and multi-allelic variants in order along with the unique
haplotypes at these variants and a single line at the beginning of the block that describes
which individual maps to which unique haplotype.

Example

##fileformat=M3VCF

##version=1.1

##compression=block

##n_blocks=2

##n_haps=12

##n_markers=8

##<Note=This is NOT a VCF File and cannot be read by vcftools>

#CHROM POS 1D REF ALT QUAL FILTER INFO FORMAT Al A2 Bl B2 Cl1 C2 D1 D2 El E2 F1 F2
6 73924 <BLOCK:0-5> . . B1;VARIANTS=6;REPS=4 . 0o 1 3 0 0 0 1 0 3 1 0 3
6 73924 chr6:73924:D AAGAG A 0000

6 89919 chr6:89919 T G 0100

6 89921 <chr6:89921 c T 0000

6 89932 chr6:89932 A G 0000

6 89949 chr6:89949 G A 0122

6 100116 chr6:100116 C A 0001

6 100116 <BLOCK:5-7> . . B2;VARIANTS=3;REPS=2 . 0 1 0 0 0 0O 1 0 1 1 0 1
6 100116 chr6:100116 T A 00

6 132285 chr6:132285 T A 02

6 148689 chr6:148689 TAA T 01

Description

File meta-information starts with “##” and includes file format (fileformat),
version (version), compression method (compression), number of genomic segments
(n_blocks), number of haplotypes (n_haps), and number of markers (n_markers).

The header line starts with “#” and follows the VCF format definition.

The data lines define each genomic segment (denoted by <BLOCK:*-*>) followed
by the markers contained in this genomic segment (denoted by their original marker
IDs). In the example above, a reference panel of 6 samples (12 haplotypes) and 8
markers was reduced to two genomic segments (<BLOCK:0-5> and <BLOCK:5-7>). The
first block from marker 0 to 5 (6 variants) and the second one from marker 5 to 7 (3
variants). Note that two consecutive blocks must overlap at one common marker. The
INFO column stores the block number (Bx), the number of markers in a segment
(VARIANTS), and the number of unique haplotypes in that segment (REPS). The

following columns represent the unique label assigned to each sample in that block. The
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numbers for each sample represent the unique haplotype which resembles that genomic
segment. In the data lines followed by the block definition, the details of the variants are
stored along with the unique haplotypes in the FORMAT column. For example, for
the <BLOCK:0-5>, we have 4 unique haplotypes (given by the variable REPS) which are
the four sub-columns (of 0's and 1's) in the FORMAT column.

Source code to generate m3vcf files is included in minimac3
(http://genome.sph.umich.edu/wiki/Minimac3). Utilities to manipulate m3vcf files can

be found here: http://genome.sph.umich.edu/wiki/M3vcftools.

Tool Command Lines
Table 1 command line parameters used for each imputation tool.

minimac3 (Version 1.0.14):

Minimac3 --refHaps $REF.m3vcf.gz
--haps $GWAS.vcf.gz
--chr 20
--start $START
--end $END
--doseOutput
--vcfOutput
--window 1000000
--prefix SOUTPUT

minimac2 (RELEASE STAMP 2014-05-12):

minimac-fst --refHaps $REF.vcf.gz
--vcfReference
--haps $GWAS.hap
--snps $GWAS.snps
--em
--chr 20
--vcfstart $START
--vcfend $END
--vcfwindow 1000000
--prefix SOUTPUT
--rec $RECOM.rec
--erate $ERATE.erate
--rounds 0

IMPUTE2 (Version 2.3.1):

impute2 - known_haps_g $GWAS.hap.gz



-h $REF.hap.gz

-1 $REF.legend.gz

-m genetic_map_chr20_combined_b37.txt
-int $START $END

-Ne 2000

-k_hap 500000

-buffer 1000

-0 $OUTPUT

Beagle4.1 (RELEASE STAMP 22Feb 2016):

java -jar gt=$GWAS.vcf.gz
map= plink.chr20.GRCh37.map
ref=$REF.bref
window=23000
overlap=4000
nthreads=1
niterations=0
gprobs=true
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