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Introduction

We note that, to distinguish the two documents, alpha-numeric labels are used for

sections, tables, figures, and equations in this Appendix while numeric labels are used in

the main paper.

This document is organized as follows. In Section A, we provide a detailed description

of Markov chain Monte Carlo (MCMC) algorithms to implement our proposed Bayesian

framework. In Section B, we present the results from simulation studies under Scenarios

III and IV as well as those not presented in the main paper for Scenarios I and II. We also

provide the results from additional simulation studies where data are generated under a

factor-analytic covariance structure. In Section C, we provide supplementary results and a

visual assessment of convergence for the proposed MCMC scheme using trace plots for the

application presented in the main paper.
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A Computational Scheme

Let D denote a set of observations {Di=(yi, xi):i=1,. . . ,n}.

A.1 Unstructured Covariance Model

A.1.1 Updating βj and γj, for j = 1, . . . , q

At iteration t, we repeat the following random walk Metropolis-Hastings (MH) algorithm

for each j=1,. . . ,q: Let β
(t−1)
j and γ

(t−1)
j denote the sample values from the previous it-

eration in an MCMC chain. Note that γj=(γj,1,. . . ,γj,p)
> is the vector of latent variables

corresponding to βj.

i. We determine a proposal γ∗j by randomly selecting one of the following move types:

• add/delete : randomly choose one of the p elements in γ
(t−1)
j and change its value

from 1 to 0, or from 0 to 1.

• swap (only when p ≥ 2): randomly select a 1 and a 0 in γ
(t−1)
j , then switch their

values.

ii. Based on γ∗j , we generate (or determine) a proposal value β∗j as follows:

• If l-th element of γ
(t−1)
j is ‘added’, set β∗j=β

(t−1)
j except that β∗j,l is drawn from a

Normal proposal distribution, N (β
(t−1)
j,l , Vβ), where Vβ is the prespecified variance

of the proposal density.

• If l-th element of γ
(t−1)
j is ‘deleted’, set β∗j=β

(t−1)
j except that β∗j,l=0.

• If l-th element γ
(t−1)
j,l =0 is ‘swapped’ with m-th element γ

(t−1)
j,m =1, set β∗j=β

(t−1)
j

except that β∗j,l is drawn from N (β
(t−1)
j,l , Vβ) and β∗j,m=0.

iii. The acceptance probability for (β∗j , γ∗j ) in the MH step is computed as the product of

the likelihood ratio, prior ratio, proposal ratio. Let B(t−1) denote the p×q matrix whose

columns are β
(t−1)
1 ,. . . ,β

(t−1)
q . B∗ is the matrix B(t−1) with the j-th column replaced

by β∗j . The likelihood ratio is given by

likelihood ratio =

∏n
i=1 L(Di|β0, B

∗,Σ)∏n
i=1 L(Di|β0, B(t−1),Σ)

=
exp

[
−1

2

∑n
i=1

{
yi − β0 − (B∗)>xi

}>
Σ−1

{
yi − β0 − (B∗)>xi

}]
exp

[
−1

2

∑n
i=1 {yi − β0 − (B(t−1))>xi}>Σ−1 {yi − β0 − (B(t−1))>xi}

] .
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For “add” move (γ
(t−1)
j,l = 0, γ∗j,l = 1), the prior ratio and the proposal ratio are given

by

prior ratio =
π(β∗j,l|γ∗j,l,Σ)

π(β
(t−1)
j,l |γ

(t−1)
j,l ,Σ)

×
π(γ∗j,l|γ(−j),l,Σ)

π(γ
(t−1)
j,l |γ(−j),l,Σ)

=

1√
2πΣ(j,j)ν

2
j

exp
{
− 1

2Σ(j,j)ν
2
j
(β∗j,l)

2
}

1
× logit−1

(
ωl + η

∑
r 6=j

|cr,l|γr,l

)

×

{
1− logit−1

(
ωl + η

∑
r 6=j

|cr,l|γr,l

)}−1

,

proposal ratio =
P (delete)× 1/(g + 1)

P (add)× 1/(q − g)
×

q1(β∗j → β
(t−1)
j |γ∗j )

q1(β
(t−1)
j → β∗j |γ

(t−1)
j )

×
q2(γ∗j → γ

(t−1)
j )

q2(γ
(t−1)
j → γ∗j )

=
1/(g + 1)

1/(q − g)
× 1

1√
2πVβ

exp
{
− 1

2Vβ
(β∗j,l − β

(t−1)
j,l )2

} × 1,

where g is the number of non-zero values in γ
(t−1)
j . For “delete” move (γ

(t−1)
j,l = 1, γ∗j,l =

0), the prior ratio and the proposal ratio are given by

prior ratio =
1√

2πΣ(j,j)ν
2
j exp

{
− 1

2Σ(j,j)ν
2
j
(β

(t−1)
j,l )2

} ×{logit−1

(
ωl + η

∑
r 6=j

|cr,l|γr,l

)}−1

×

{
1− logit−1

(
ωl + η

∑
r 6=j

|cr,l|γr,l

)}
,

proposal ratio =
1/(q − g + 1)

1/g
×

1√
2πVβ

exp
{
− 1

2Vβ
(β

(t−1)
j,l − β∗j,l)2

}
1

× 1.

For the “swap” move (γ
(t−1)
j,l =0, γ

(t−1)
j,m =1), the prior ratio and the proposal ratio are
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given by

prior ratio =
exp

{
− 1

2Σ(j,j)ν
2
j
(β∗j,l)

2
}
× 1

1× exp
{
− 1

2Σ(j,j)ν
2
j
(β

(t−1)
j,m )2

} × logit−1

(
ωl + η

∑
r 6=j

|cr,l|γr,l

)

×

{
1− logit−1

(
ωl + η

∑
r 6=j

|cr,l|γr,l

)}−1

×

{
logit−1

(
ωm + η

∑
r 6=j

|cr,m|γr,m

)}−1

×

{
1− logit−1

(
ωm + η

∑
r 6=j

|cr,m|γr,m

)}
,

proposal ratio =
exp

{
− 1

2Vβ
(β

(t−1)
j,m − β∗j,m)2

}
exp

{
− 1

2Vβ
(β∗j,l − β

(t−1)
j,l )2

} × 1.

A.1.2 Updating β0

The full conditional posterior distribution of β0 can be obtained by

π(β0|β1, . . . ,βq,Σ,γ1, . . . ,γq, D)

∝
n∏
i=1

L(Di|β0,β1, . . . ,βq,Σ)π(β0)

∝ exp

{
−1

2

n∑
i=1

(yi − β0 −B>xi)>Σ−1(yi − β0 −B>xi)

}
× exp

{
− 1

2h0

(β0 − µ0)>(β0 − µ0)

}
.

Therefore, we sample β0 from a multivariate Normal density given by

Nq

((
nΣ−1 +

1

h0

Iq

)−1
{

Σ−1

(
n∑
i=1

yi −B>
n∑
i=1

xi

)
+

1

h0

µ0

}
,

(
nΣ−1 +

1

h0

Iq

)−1
)
.

A.1.3 Updating Σ

While the inverse-Wishart is a conjugate prior for the variance-covariance matrix of a mul-

tivariate Normal distribution, our proposed framework cannot exploit the prior-posterior

conjugacy because the Markov random field (MRF) prior for γj,k involves Σ. Therefore, we

update Σ using a random-walk MH step following Browne (2006). Letting Σ(t−1) denote

the sample of Σ at the previous iteration (t− 1), we draw the proposal value Σ∗ from

inverse-Wishart(ρ∗Σ(t−1), ρ∗ + q + 1),
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where ρ∗ is a tuning constant of the proposal density. The acceptance probability for Σ∗ is

computed as the product of the following likelihood ratio, prior ratio, and proposal ratio:

likelihood ratio =

∏n
i=1 L(Di|β0,β1, . . . ,βq,Σ

∗)∏n
i=1 L(Di|β0,β1, . . . ,βq,Σ(t−1))

∝
|Σ∗|−n2 exp

[
−1

2

∑n
i=1

{
yi − β0 −B>xi

}>
(Σ∗)−1

{
yi − β0 −B>xi

}]
|Σ(t−1)|−n2 exp

[
−1

2

∑n
i=1 {yi − β0 −B>xi}> (Σ(t−1))−1 {yi − β0 −B>xi}

] ,

prior ratio =
inverse-Wishart(Σ∗|Ψ0, ρ0)

inverse-Wishart(Σ(t−1)|Ψ0, ρ0)
×

q∏
j=1

p∏
k=1

π(γj,k|γ(−j),k,Σ
∗)

π(γ
(t−1)
j,k |γ(−j),k,Σ(t−1))

∝ |Σ∗|−
ρ0+q+1

2

|Σ(t−1)|−
ρ0+q+1

2

exp

[
−1

2
tr
{

Ψ0(Σ∗)−1
}

+
1

2
tr
{

Ψ0(Σ(t−1))−1
}]

×
q∏
j=1

p∏
k=1

 logit−1
(
ωk + η

∑
r 6=j |cr,k|γr,k

)
logit−1

(
ωk + η

∑
r 6=j |cr,k|γr,k

)

γj,k

×

1− logit−1
(
ωk + η

∑
r 6=j |cr,k|γr,k

)
1− logit−1

(
ωk + η

∑
r 6=j |cr,k|γr,k

)


1−γj,k

,

proposal ratio =
inverse-Wishart(Σ(t−1)|ρ∗Σ∗, ρ∗ + q + 1)

inverse-Wishart(Σ∗|ρ∗Σ(t−1), ρ∗ + q + 1)

∝ |Σ(t−1)|− 2ρ∗+3q+3
2

|Σ∗|− 2ρ∗+3q+3
2

exp

[
−ρ
∗

2
tr
{

Σ∗(Σ(t−1))−1
}

+
ρ∗

2
tr
{

Σ(t−1)(Σ∗)−1
}]

.
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A.2 Factor-analytic Model

A.2.1 Updating λ

The full conditional posterior distribution of λ is given by

π(λ|β0,β1, . . . ,βq, σ
2,γ1, . . . ,γq, D)

∝
n∏
i=1

L(Di|β0,β1, . . . ,βq,λ, σ
2)

q∏
j=1

p∏
k=1

π(γj,k|γ(−j),k,λ)π(λ|σ2)

∝ |Σλ|−n/2 exp

{
− 1

2σ2

n∑
i=1

(yi − β0 −B>xi)>Σ−1
λ (yi − β0 −B>xi)

}

×
q∏
j=1

p∏
k=1

logit−1

ωk + η
∑
r 6=j

|λjλr|√
λ2
j + 1

√
λ2
r + 1

γr,k


γj,k

×

1− logit−1

ωk + η
∑
r 6=j

|λjλr|√
λ2
j + 1

√
λ2
r + 1

γr,k


1−γj,k

× exp

{
− 1

2hλσ2
(λ− µλ)>(λ− µλ)

}
,

where Σλ=(λλ>+Iq). Since the full conditional does not have a standard form, we use the

following random walk MH algorithm:

i. We first randomly select j from {1, . . . , q}.

ii. The proposal value, λ∗j is drawn from a Normal proposal distribution, N (λ
(t−1)
j , Vλ),

where Vλ is the variance of the proposal density. Let λ∗ be the λ(t−1) with j-th element

replaced by λ∗j .

iii. we accept λ∗ with probability min(1, P(λ)), where

P(λ) =
π(λ∗|β0,β1, . . . ,βq, σ

2,γ1, . . . ,γq, D)

π(λ(t−1)|β0,β1, . . . ,βq, σ2,γ1, . . . ,γq, D)
.
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A.2.2 Updating σ2

The full conditional posterior distribution of σ2 is given by

π(σ2|β0,β1, . . . ,βq,λ,γ1, . . . ,γq, D)

∝
n∏
i=1

L(Di|β0,β1, . . . ,βq,λ, σ
2)

q∏
j=1

π(βj|γj, σ2)π(λ|σ2)π(σ2)

∝ (σ2)−
nq
2 exp

{
− 1

2σ2

n∑
i=1

(yi − β0 −B>xi)>Σ−1
λ (yi − β0 −B>xi)

}

×(σ2)−
pq
2 exp

{
− 1

2σ2

q∑
j=1

1

v2
j

β>j βj

}
(σ2)−

q
2 exp

{
− 1

2hλσ2
(λ− µλ)>(λ− µλ)

}
×(σ2)−

ν0
2
−1 exp

(
−ν0σ

2
0

2σ2

)
.

Therefore, we sample σ2 from an inverse-Gamma distribution given by

IG

(
nq + pq + q + ν0

2
,

1

2

{ n∑
i=1

(yi − β0 −B>xi)>Σ−1
λ (yi − β0 −B>xi)

+

q∑
j=1

1

v2
j

β>j βj +
1

hλ
(λ− µλ)>(λ− µλ) + ν0σ

2
0

})

A.2.3 Updating β0

The full conditional posterior distribution of β0 is the same as the one given in Section

A.1.2, considering that Σ=σ2(λλ>+Iq) for factor-analytic model.

A.2.4 Updating βj and γj

The random walk MH step to update βj and γj is the same as the one given in Section

A.1.1, considering that Σ=σ2(λλ>+Iq) for factor-analytic model.
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B Simulation Studies

B.1 Additional Results from Scenarios I and II

Table B.1 and Table B.2 provide the results related to covariate x2 for our proposed Bayesian

method under Scenario I and II when Cor(x1, x2)=0.3. The results are generally consistent

with the conclusions we drew for x1 in the main paper: our proposed MRF prior has a

better capability to detect the true association by yielding higher inclusion probabilities

without increasing the probability of false discoveries. We also provide the results when

Cor(x1, x2)=0.6 in Tables B.3-B.6.
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Table B.1: Results from simulation studies with 100 replications using unstructured models

with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior for

γk under Scenarios I and II where the correlation between x1 and x2 equals 0.3. The medians

of the posterior means (PM) and posterior standard deviations (SD) of βj,2 (conditioning

on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior probabilities

of inclusion) are provided. We also present the average width (WI) of the 95% highest

posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the HPD

intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.04 (0.03) 0.02 0.02 0.18 0.05 (0.04) 0.20 0.08 0.60

2 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.00 (0.04) 0.13 0.06 1.00

3 0.15 0.15 (0.03) 0.99 0.13 0.80 0.15 (0.03) 0.99 0.14 0.85

4 0.00 -0.01 (0.04) 0.01 0.01 1.00 -0.00 (0.04) 0.05 0.04 1.00

I 5 0.25 0.23 (0.03) 1.00 0.14 0.87 0.24 (0.04) 1.00 0.15 0.90

6 0.10 0.08 (0.05) 0.06 0.07 0.34 0.09 (0.05) 0.19 0.11 0.57

7 0.20 0.19 (0.05) 0.93 0.20 0.81 0.19 (0.05) 0.97 0.20 0.88

8 0.00 -0.04 (0.05) 0.02 0.02 1.00 -0.01 (0.05) 0.06 0.04 1.00

9 0.00 -0.02 (0.05) 0.02 0.02 1.00 -0.02 (0.05) 0.06 0.04 1.00

10 0.00 -0.02 (0.05) 0.02 0.01 1.00 -0.01 (0.05) 0.06 0.04 1.00

1 0.00 0.00 (0.03) 0.01 0.01 1.00 -0.00 (0.04) 0.08 0.04 1.00

2 0.00 -0.00 (0.03) 0.01 0.01 1.00 0.01 (0.04) 0.08 0.04 1.00

3 0.00 0.00 (0.03) 0.01 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

4 0.00 -0.00 (0.03) 0.01 0.01 1.00 -0.00 (0.04) 0.07 0.04 1.00

II 5 0.00 -0.00 (0.03) 0.01 0.01 1.00 -0.01 (0.04) 0.08 0.04 1.00

6 0.00 -0.00 (0.04) 0.02 0.01 1.00 0.00 (0.05) 0.04 0.02 1.00

7 0.00 0.01 (0.04) 0.02 0.01 1.00 0.00 (0.05) 0.04 0.03 1.00

8 0.00 -0.01 (0.04) 0.02 0.02 1.00 -0.00 (0.05) 0.05 0.03 1.00

9 0.00 -0.00 (0.05) 0.02 0.01 1.00 -0.00 (0.05) 0.04 0.03 1.00

10 0.00 0.00 (0.05) 0.02 0.01 1.00 0.01 (0.05) 0.05 0.03 1.00
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Table B.2: Results from simulation studies with 100 replications using factor-analytic mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios I and II where the correlation between x1 and x2 equals 0.3. The

medians of the posterior means (PM) and posterior standard deviations (SD) of βj,2 (con-

ditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior prob-

abilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.02 (0.05) 0.02 0.01 0.06 0.04 (0.05) 0.12 0.08 0.54

2 0.00 -0.02 (0.05) 0.02 0.01 1.00 -0.01 (0.05) 0.10 0.06 1.00

3 0.15 0.16 (0.04) 0.66 0.18 0.78 0.16 (0.05) 0.74 0.18 0.81

4 0.00 -0.01 (0.05) 0.01 0.01 1.00 -0.00 (0.05) 0.05 0.04 1.00

I 5 0.25 0.23 (0.05) 1.00 0.21 0.85 0.24 (0.05) 1.00 0.21 0.91

6 0.10 0.08 (0.04) 0.10 0.08 0.43 0.08 (0.04) 0.23 0.11 0.60

7 0.20 0.18 (0.04) 1.00 0.17 0.84 0.19 (0.04) 1.00 0.17 0.89

8 0.00 -0.03 (0.04) 0.02 0.03 1.00 -0.02 (0.04) 0.08 0.05 1.00

9 0.00 -0.03 (0.04) 0.02 0.03 1.00 -0.02 (0.04) 0.06 0.05 1.00

10 0.00 -0.02 (0.04) 0.02 0.02 1.00 -0.01 (0.04) 0.06 0.04 1.00

1 0.00 0.00 (0.04) 0.02 0.00 1.00 -0.00 (0.05) 0.06 0.03 1.00

2 0.00 0.00 (0.04) 0.02 0.00 1.00 0.00 (0.05) 0.06 0.03 1.00

3 0.00 0.00 (0.04) 0.02 0.00 1.00 0.00 (0.05) 0.06 0.03 1.00

4 0.00 0.00 (0.04) 0.02 0.00 1.00 -0.00 (0.05) 0.06 0.03 1.00

II 5 0.00 0.00 (0.04) 0.02 0.00 1.00 -0.00 (0.05) 0.06 0.04 1.00

6 0.00 0.00 (0.04) 0.02 0.02 1.00 0.00 (0.04) 0.04 0.03 1.00

7 0.00 0.01 (0.04) 0.02 0.01 1.00 0.01 (0.04) 0.04 0.03 1.00

8 0.00 -0.00 (0.04) 0.02 0.02 1.00 -0.00 (0.04) 0.05 0.04 1.00

9 0.00 0.00 (0.04) 0.02 0.02 1.00 -0.00 (0.04) 0.05 0.03 1.00

10 0.00 0.01 (0.04) 0.02 0.02 1.00 0.00 (0.04) 0.05 0.03 1.00
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Table B.3: Results from simulation studies with 100 replications using unstructured models

with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior for

γk under Scenarios I and II where the correlation between x1 and x2 equals 0.6. The medians

of the posterior means (PM) and posterior standard deviations (SD) of βj,1 (conditioning

on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior probabilities

of inclusion) are provided. We also present the average width (WI) of the 95% highest

posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the HPD

intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 -0.03 (0.04) 0.03 0.04 0.06 0.03 (0.04) 0.28 0.11 0.51

2 0.10 0.02 (0.04) 0.02 0.04 0.15 0.08 (0.04) 0.36 0.12 0.61

3 0.15 0.10 (0.04) 0.08 0.09 0.37 0.13 (0.04) 0.71 0.14 0.61

4 0.20 0.13 (0.03) 0.86 0.13 0.38 0.16 (0.04) 0.99 0.17 0.70

I 5 0.25 0.18 (0.04) 0.99 0.16 0.50 0.21 (0.04) 1.00 0.18 0.71

6 0.00 0.01 (0.05) 0.02 0.01 1.00 0.02 (0.05) 0.06 0.03 1.00

7 0.00 -0.02 (0.05) 0.01 0.01 1.00 -0.01 (0.05) 0.02 0.02 1.00

8 0.00 -0.03 (0.05) 0.02 0.02 1.00 -0.01 (0.05) 0.06 0.05 1.00

9 0.00 -0.03 (0.05) 0.02 0.02 1.00 -0.01 (0.05) 0.06 0.04 1.00

10 0.00 -0.04 (0.05) 0.02 0.02 1.00 -0.02 (0.05) 0.07 0.05 1.00

1 0.00 0.00 (0.03) 0.01 0.01 1.00 0.00 (0.04) 0.07 0.04 1.00

2 0.00 0.00 (0.03) 0.01 0.01 1.00 0.01 (0.04) 0.07 0.04 1.00

3 0.00 0.00 (0.03) 0.01 0.01 1.00 0.00 (0.04) 0.07 0.04 1.00

4 0.00 -0.00 (0.03) 0.01 0.01 1.00 0.00 (0.04) 0.07 0.04 1.00

II 5 0.00 0.01 (0.03) 0.01 0.00 1.00 0.00 (0.04) 0.07 0.04 1.00

6 0.00 0.01 (0.04) 0.02 0.01 1.00 0.00 (0.04) 0.04 0.02 1.00

7 0.00 -0.01 (0.04) 0.02 0.02 1.00 -0.00 (0.04) 0.05 0.03 1.00

8 0.00 0.01 (0.04) 0.02 0.01 1.00 0.02 (0.05) 0.05 0.03 1.00

9 0.00 0.00 (0.05) 0.02 0.01 1.00 0.00 (0.05) 0.04 0.02 1.00

10 0.00 -0.01 (0.05) 0.02 0.01 1.00 -0.01 (0.05) 0.04 0.02 1.00
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Table B.4: Results from simulation studies with 100 replications using factor-analytic mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios I and II where the correlation between x1 and x2 equals 0.6. The

medians of the posterior means (PM) and posterior standard deviations (SD) of βj,1 (con-

ditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior prob-

abilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.01 (0.05) 0.03 0.02 0.13 0.04 (0.05) 0.12 0.09 0.52

2 0.10 0.04 (0.05) 0.03 0.04 0.14 0.07 (0.05) 0.14 0.10 0.49

3 0.15 0.17 (0.05) 0.26 0.16 0.67 0.18 (0.06) 0.42 0.18 0.69

4 0.20 0.14 (0.05) 0.59 0.19 0.54 0.16 (0.05) 0.81 0.20 0.69

I 5 0.25 0.23 (0.06) 0.69 0.25 0.69 0.24 (0.06) 0.88 0.26 0.72

6 0.00 0.01 (0.05) 0.02 0.01 1.00 0.02 (0.05) 0.06 0.04 1.00

7 0.00 -0.01 (0.06) 0.01 0.02 1.00 -0.01 (0.06) 0.02 0.03 1.00

8 0.00 -0.04 (0.04) 0.03 0.03 1.00 -0.03 (0.04) 0.07 0.05 1.00

9 0.00 -0.04 (0.04) 0.03 0.03 1.00 -0.02 (0.04) 0.06 0.04 1.00

10 0.00 -0.04 (0.04) 0.03 0.04 1.00 -0.03 (0.04) 0.06 0.05 1.00

1 0.00 -0.00 (0.04) 0.02 0.00 1.00 0.00 (0.05) 0.06 0.03 1.00

2 0.00 0.00 (0.04) 0.02 0.00 1.00 0.00 (0.05) 0.06 0.03 1.00

3 0.00 0.00 (0.04) 0.02 0.00 1.00 0.00 (0.05) 0.06 0.03 1.00

4 0.00 0.01 (0.04) 0.02 0.00 1.00 0.01 (0.05) 0.06 0.03 1.00

II 5 0.00 0.01 (0.04) 0.02 0.00 1.00 0.01 (0.05) 0.06 0.03 1.00

6 0.00 0.00 (0.04) 0.02 0.01 1.00 0.01 (0.04) 0.05 0.03 1.00

7 0.00 0.00 (0.04) 0.02 0.01 1.00 0.00 (0.04) 0.05 0.03 1.00

8 0.00 0.01 (0.04) 0.02 0.02 1.00 0.01 (0.04) 0.05 0.03 1.00

9 0.00 0.01 (0.04) 0.02 0.01 1.00 0.00 (0.04) 0.05 0.03 1.00

10 0.00 -0.01 (0.04) 0.02 0.02 1.00 -0.00 (0.04) 0.05 0.03 1.00
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Table B.5: Results from simulation studies with 100 replications using unstructured models

with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior for

γk under Scenarios I and II where the correlation between x1 and x2 equals 0.6. The medians

of the posterior means (PM) and posterior standard deviations (SD) of βj,2 (conditioning

on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior probabilities

of inclusion) are provided. We also present the average width (WI) of the 95% highest

posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the HPD

intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.04 (0.03) 0.02 0.02 0.18 0.05 (0.04) 0.20 0.08 0.60

2 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.00 (0.04) 0.13 0.06 1.00

3 0.15 0.15 (0.03) 0.99 0.13 0.80 0.15 (0.03) 0.99 0.14 0.85

4 0.00 -0.01 (0.04) 0.01 0.01 1.00 -0.00 (0.04) 0.05 0.04 1.00

I 5 0.25 0.23 (0.03) 1.00 0.14 0.87 0.24 (0.04) 1.00 0.15 0.90

6 0.10 0.08 (0.05) 0.06 0.07 0.34 0.09 (0.05) 0.19 0.11 0.57

7 0.20 0.19 (0.05) 0.93 0.20 0.81 0.19 (0.05) 0.97 0.20 0.88

8 0.00 -0.04 (0.05) 0.02 0.02 1.00 -0.01 (0.05) 0.06 0.04 1.00

9 0.00 -0.02 (0.05) 0.02 0.02 1.00 -0.02 (0.05) 0.06 0.04 1.00

10 0.00 -0.02 (0.05) 0.02 0.01 1.00 -0.01 (0.05) 0.06 0.04 1.00

1 0.00 0.00 (0.03) 0.01 0.01 1.00 -0.00 (0.04) 0.08 0.04 1.00

2 0.00 -0.00 (0.03) 0.01 0.01 1.00 0.01 (0.04) 0.08 0.04 1.00

3 0.00 0.00 (0.03) 0.01 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

4 0.00 -0.00 (0.03) 0.01 0.01 1.00 -0.00 (0.04) 0.07 0.04 1.00

II 5 0.00 -0.00 (0.03) 0.01 0.01 1.00 -0.01 (0.04) 0.08 0.04 1.00

6 0.00 -0.00 (0.04) 0.02 0.01 1.00 0.00 (0.05) 0.04 0.02 1.00

7 0.00 0.01 (0.04) 0.02 0.01 1.00 0.00 (0.05) 0.04 0.03 1.00

8 0.00 -0.01 (0.04) 0.02 0.02 1.00 -0.00 (0.05) 0.05 0.03 1.00

9 0.00 -0.00 (0.05) 0.02 0.01 1.00 -0.00 (0.05) 0.04 0.03 1.00

10 0.00 0.00 (0.05) 0.02 0.01 1.00 0.01 (0.05) 0.05 0.03 1.00

14



Table B.6: Results from simulation studies with 100 replications using factor-analytic mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios I and II where the correlation between x1 and x2 equals 0.6. The

medians of the posterior means (PM) and posterior standard deviations (SD) of βj,2 (con-

ditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior prob-

abilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.02 (0.05) 0.02 0.02 0.11 0.05 (0.05) 0.11 0.08 0.58

2 0.00 0.00 (0.05) 0.02 0.01 1.00 0.01 (0.05) 0.09 0.06 1.00

3 0.15 0.18 (0.05) 0.62 0.19 0.78 0.18 (0.05) 0.62 0.19 0.80

4 0.00 0.03 (0.06) 0.02 0.02 1.00 0.04 (0.06) 0.07 0.07 1.00

I 5 0.25 0.27 (0.06) 0.97 0.26 0.78 0.26 (0.06) 0.98 0.26 0.80

6 0.10 0.08 (0.04) 0.08 0.08 0.39 0.09 (0.04) 0.24 0.11 0.55

7 0.20 0.17 (0.04) 0.98 0.18 0.82 0.18 (0.04) 1.00 0.18 0.88

8 0.00 -0.04 (0.04) 0.03 0.04 1.00 -0.02 (0.04) 0.06 0.05 1.00

9 0.00 -0.04 (0.04) 0.02 0.03 1.00 -0.02 (0.04) 0.07 0.04 1.00

10 0.00 -0.03 (0.04) 0.02 0.03 1.00 -0.02 (0.04) 0.06 0.04 1.00

1 0.00 -0.00 (0.04) 0.02 0.00 1.00 -0.00 (0.05) 0.06 0.03 1.00

2 0.00 0.00 (0.04) 0.02 0.00 1.00 0.00 (0.05) 0.06 0.03 1.00

3 0.00 -0.00 (0.04) 0.02 0.00 1.00 0.00 (0.05) 0.06 0.03 1.00

4 0.00 -0.00 (0.04) 0.02 0.00 1.00 0.00 (0.05) 0.06 0.03 1.00

II 5 0.00 0.01 (0.04) 0.02 0.00 1.00 0.01 (0.05) 0.06 0.03 1.00

6 0.00 0.00 (0.04) 0.02 0.02 1.00 -0.00 (0.04) 0.05 0.04 1.00

7 0.00 0.00 (0.04) 0.02 0.01 1.00 0.00 (0.04) 0.04 0.02 1.00

8 0.00 0.01 (0.04) 0.02 0.02 1.00 0.01 (0.04) 0.05 0.03 1.00

9 0.00 -0.00 (0.04) 0.02 0.01 1.00 -0.00 (0.04) 0.05 0.03 1.00

10 0.00 -0.00 (0.04) 0.02 0.02 1.00 -0.00 (0.04) 0.05 0.03 1.00
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B.2 Results from Scenarios III and IV

Tables B.7-B.10 provide the results for our proposed Bayesian method under Scenario III

and IV when Cor(x1, x2)=0.3 and Tables B.11-B.14 present those when Cor(x1, x2)=0.6: in

Scenario III, outcomes associated with x1 are moderately correlated and the other outcomes

are slightly correlated; in Scenario IV, outcomes associated with x1 are weakly correlated

while the remaining ones are highly correlated. For a more detailed description of the

simulation settings, we refer to Section 3.1 of the main paper.

Since the results are almost the same between Cor(x1, x2)=0.3 and 0.6, we mainly

discuss the results for covariate x1 and for Cor(x1, x2)=0.3 presented in Table B.7 and

Table B.8 in this document. First, we compare the unstructured model with independent

Bernoulli (IB) prior to the unstructured model with MRF prior to examine the performance

of the proposed MRF prior when the model is correctly specified. In Scenario III, we can see

that the estimates of βj,1, conditioning on γj,1 and the associated posterior uncertainties,

measured by SD and WI are quite similar between IB and MRF priors. However, our

proposed framework yields higher inclusion probabilities for smaller effects (γ̂j,1=0.15, 0.46,

0.88 for j=1,. . . ,3) compared to IB prior (γ̂j,1=0.02, 0.10, 0.70 for j=1,. . . ,3). In Scenario

IV, the estimates of βj,1 and the associated uncertainties appear to be similar between the

two priors while we could see a slight increase in the estimated inclusion probabilities for

the MRF prior (e.g. γ3,1=0.46 for IB prior and 0.54 for the MRF prior). This is because in

Scenario IV the correlation between outcomes relevant to x1 is relatively weak (=0.20) so

the MRF prior can borrow only little amount of strength to improve the power to detect

subtle effects.

The factor-analytic model with the MRF prior is compared with the unstructured model

with the MRF prior to investigate if model misspecification could affect the performance

of the MRF prior. In Scenario IV, we see that the estimated inclusion probabilities are

generally a bit higher for the factor-analytic model. This indicates that although the model

is misspecified, presumably the gain in parsimony outweighs the amount of misspecification

for the factor-analytic model. In fact, the degree of misspecification is particularly small in

Scenario III because the true correlation matrix for outcomes is very close to the correlation

matrix from a factor-analytic model with λ=(0.8, 0.8, 0.8, 0.8, 0.8, 0.2,. . . , 0.2)>.

From Scenarios I-IV, we can see that our proposed MRF prior shows better performance

than the IB prior whether or not the covariance structure is correctly specified.
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Table B.7: Results from simulation studies with 100 replications using unstructured models

with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios III and IV where the correlation between x1 and x2 equals 0.3.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,1

(conditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.04 (0.04) 0.02 0.02 0.20 0.05 (0.04) 0.15 0.09 0.65

2 0.10 0.08 (0.04) 0.10 0.08 0.45 0.09 (0.04) 0.46 0.13 0.70

3 0.15 0.16 (0.04) 0.70 0.14 0.60 0.16 (0.04) 0.88 0.16 0.72

4 0.20 0.17 (0.04) 0.98 0.17 0.75 0.18 (0.04) 1.00 0.18 0.85

III 5 0.25 0.25 (0.04) 1.00 0.19 0.86 0.25 (0.05) 1.00 0.19 0.91

6 0.00 -0.02 (0.05) 0.02 0.02 1.00 -0.00 (0.05) 0.08 0.06 1.00

7 0.00 -0.04 (0.05) 0.01 0.02 1.00 -0.02 (0.06) 0.03 0.03 1.00

8 0.00 -0.06 (0.05) 0.03 0.05 1.00 -0.03 (0.05) 0.09 0.08 1.00

9 0.00 -0.06 (0.05) 0.03 0.05 1.00 -0.02 (0.05) 0.08 0.08 1.00

10 0.00 -0.07 (0.05) 0.03 0.06 1.00 -0.04 (0.05) 0.10 0.09 1.00

1 0.05 0.05 (0.04) 0.02 0.03 0.24 0.05 (0.04) 0.05 0.05 0.36

2 0.10 0.10 (0.04) 0.11 0.10 0.50 0.10 (0.04) 0.22 0.12 0.59

3 0.15 0.16 (0.05) 0.46 0.15 0.57 0.16 (0.05) 0.54 0.16 0.57

4 0.20 0.18 (0.05) 0.97 0.19 0.76 0.19 (0.05) 0.98 0.19 0.78

IV 5 0.25 0.26 (0.05) 1.00 0.22 0.86 0.25 (0.05) 1.00 0.21 0.88

6 0.00 0.02 (0.03) 0.01 0.00 1.00 0.01 (0.04) 0.02 0.01 1.00

7 0.00 -0.00 (0.03) 0.00 0.00 1.00 -0.00 (0.04) 0.01 0.00 1.00

8 0.00 -0.01 (0.03) 0.01 0.00 1.00 -0.00 (0.03) 0.03 0.02 1.00

9 0.00 -0.01 (0.03) 0.01 0.01 1.00 -0.00 (0.04) 0.03 0.02 1.00

10 0.00 -0.02 (0.03) 0.01 0.01 1.00 -0.01 (0.04) 0.04 0.02 1.00
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Table B.8: Results from simulation studies with 100 replications using factor-analytic mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios III and IV where the correlation between x1 and x2 equals 0.3.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,1

(conditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.01 (0.05) 0.02 0.01 0.07 0.04 (0.05) 0.12 0.09 0.59

2 0.10 0.07 (0.05) 0.04 0.05 0.24 0.09 (0.05) 0.26 0.13 0.66

3 0.15 0.14 (0.05) 0.20 0.14 0.54 0.16 (0.05) 0.50 0.17 0.68

4 0.20 0.16 (0.05) 0.76 0.19 0.68 0.17 (0.05) 0.94 0.20 0.82

III 5 0.25 0.22 (0.05) 0.96 0.23 0.82 0.24 (0.05) 0.99 0.22 0.86

6 0.00 -0.00 (0.05) 0.02 0.01 1.00 0.01 (0.05) 0.07 0.05 1.00

7 0.00 -0.02 (0.05) 0.01 0.01 1.00 -0.02 (0.05) 0.02 0.03 1.00

8 0.00 -0.03 (0.05) 0.02 0.03 1.00 -0.01 (0.05) 0.07 0.06 1.00

9 0.00 -0.03 (0.04) 0.02 0.03 1.00 -0.01 (0.05) 0.08 0.06 1.00

10 0.00 -0.04 (0.05) 0.03 0.03 1.00 -0.02 (0.05) 0.08 0.06 1.00

1 0.05 0.06 (0.04) 0.04 0.05 0.36 0.06 (0.04) 0.07 0.07 0.46

2 0.10 0.10 (0.04) 0.25 0.11 0.58 0.10 (0.04) 0.40 0.12 0.64

3 0.15 0.16 (0.04) 0.74 0.14 0.59 0.16 (0.04) 0.76 0.15 0.58

4 0.20 0.19 (0.04) 1.00 0.17 0.81 0.19 (0.04) 1.00 0.17 0.82

IV 5 0.25 0.26 (0.04) 1.00 0.17 0.83 0.26 (0.04) 1.00 0.17 0.84

6 0.00 0.01 (0.04) 0.02 0.00 1.00 0.02 (0.05) 0.06 0.03 1.00

7 0.00 -0.00 (0.05) 0.00 0.00 1.00 -0.00 (0.05) 0.02 0.01 1.00

8 0.00 -0.02 (0.04) 0.02 0.00 1.00 -0.02 (0.04) 0.07 0.04 1.00

9 0.00 -0.02 (0.04) 0.02 0.01 1.00 -0.02 (0.04) 0.07 0.04 1.00

10 0.00 -0.03 (0.04) 0.02 0.01 1.00 -0.02 (0.04) 0.07 0.04 1.00
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Table B.9: Results from simulation studies with 100 replications using unstructured models

with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios III and IV where the correlation between x1 and x2 equals 0.3.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,2

(conditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.03 (0.04) 0.02 0.02 0.15 0.04 (0.04) 0.09 0.07 0.46

2 0.00 -0.01 (0.04) 0.02 0.01 1.00 -0.01 (0.04) 0.06 0.04 1.00

3 0.15 0.14 (0.04) 0.32 0.13 0.56 0.14 (0.04) 0.53 0.15 0.60

4 0.00 -0.03 (0.04) 0.00 0.01 1.00 -0.02 (0.05) 0.02 0.02 1.00

III 5 0.25 0.22 (0.04) 0.99 0.20 0.76 0.22 (0.04) 0.99 0.20 0.80

6 0.10 0.07 (0.05) 0.04 0.05 0.26 0.08 (0.05) 0.11 0.09 0.45

7 0.20 0.18 (0.05) 0.91 0.20 0.78 0.19 (0.05) 0.96 0.20 0.84

8 0.00 -0.03 (0.05) 0.02 0.02 1.00 -0.02 (0.05) 0.05 0.04 1.00

9 0.00 -0.03 (0.05) 0.02 0.03 1.00 -0.02 (0.05) 0.05 0.04 1.00

10 0.00 -0.03 (0.05) 0.02 0.02 1.00 -0.01 (0.05) 0.05 0.03 1.00

1 0.05 0.06 (0.04) 0.03 0.04 0.26 0.06 (0.04) 0.12 0.08 0.59

2 0.00 0.02 (0.05) 0.02 0.02 1.00 0.02 (0.05) 0.06 0.04 1.00

3 0.15 0.16 (0.05) 0.57 0.16 0.55 0.17 (0.05) 0.70 0.17 0.62

4 0.00 0.00 (0.05) 0.00 0.01 1.00 0.00 (0.05) 0.02 0.02 1.00

IV 5 0.25 0.24 (0.05) 0.98 0.22 0.82 0.24 (0.05) 1.00 0.22 0.82

6 0.10 0.10 (0.03) 0.34 0.10 0.62 0.09 (0.04) 0.73 0.14 0.83

7 0.20 0.19 (0.03) 1.00 0.14 0.96 0.19 (0.04) 1.00 0.15 0.95

8 0.00 -0.03 (0.04) 0.02 0.02 1.00 -0.03 (0.04) 0.21 0.10 1.00

9 0.00 -0.03 (0.04) 0.02 0.02 1.00 -0.03 (0.04) 0.20 0.10 1.00

10 0.00 -0.03 (0.04) 0.02 0.02 1.00 -0.02 (0.04) 0.20 0.10 1.00
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Table B.10: Results from simulation studies with 100 replications using factor-analytic

models with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios III and IV where the correlation between x1 and x2 equals

0.3. The medians of the posterior means (PM) and posterior standard deviations (SD) of

βj,2 (conditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.03 (0.05) 0.02 0.02 0.13 0.04 (0.05) 0.11 0.08 0.55

2 0.00 -0.01 (0.05) 0.02 0.01 1.00 0.00 (0.05) 0.09 0.06 1.00

3 0.15 0.16 (0.05) 0.64 0.17 0.70 0.16 (0.05) 0.64 0.18 0.68

4 0.00 -0.01 (0.05) 0.01 0.01 1.00 0.00 (0.06) 0.04 0.03 1.00

III 5 0.25 0.23 (0.05) 0.98 0.22 0.81 0.23 (0.05) 0.99 0.22 0.85

6 0.10 0.07 (0.04) 0.07 0.07 0.32 0.08 (0.05) 0.20 0.11 0.58

7 0.20 0.18 (0.04) 0.98 0.19 0.84 0.19 (0.04) 1.00 0.19 0.88

8 0.00 -0.03 (0.05) 0.02 0.03 1.00 -0.01 (0.05) 0.08 0.06 1.00

9 0.00 -0.03 (0.04) 0.02 0.02 1.00 -0.02 (0.05) 0.06 0.05 1.00

10 0.00 -0.02 (0.05) 0.02 0.02 1.00 -0.01 (0.05) 0.06 0.04 1.00

1 0.05 0.05 (0.04) 0.03 0.04 0.28 0.05 (0.04) 0.10 0.07 0.52

2 0.00 0.02 (0.04) 0.02 0.02 1.00 0.02 (0.04) 0.06 0.04 1.00

3 0.15 0.16 (0.04) 0.71 0.14 0.56 0.16 (0.04) 0.84 0.16 0.63

4 0.00 -0.01 (0.04) 0.00 0.01 1.00 0.00 (0.04) 0.01 0.02 1.00

IV 5 0.25 0.23 (0.04) 1.00 0.18 0.81 0.23 (0.04) 1.00 0.18 0.85

6 0.10 0.08 (0.04) 0.10 0.08 0.43 0.09 (0.05) 0.30 0.14 0.77

7 0.20 0.18 (0.04) 0.98 0.19 0.93 0.18 (0.05) 0.99 0.19 0.93

8 0.00 -0.04 (0.05) 0.02 0.03 1.00 -0.03 (0.05) 0.13 0.09 1.00

9 0.00 -0.04 (0.05) 0.02 0.03 1.00 -0.03 (0.05) 0.12 0.08 1.00

10 0.00 -0.04 (0.05) 0.03 0.02 1.00 -0.02 (0.05) 0.13 0.09 1.00
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Table B.11: Results from simulation studies with 100 replications using unstructured mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios III and IV where the correlation between x1 and x2 equals 0.6.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,1

(conditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.04 (0.04) 0.02 0.02 0.20 0.05 (0.04) 0.15 0.09 0.65

2 0.10 0.08 (0.04) 0.10 0.08 0.45 0.09 (0.04) 0.46 0.13 0.70

3 0.15 0.16 (0.04) 0.70 0.14 0.60 0.16 (0.04) 0.88 0.16 0.72

4 0.20 0.17 (0.04) 0.98 0.17 0.75 0.18 (0.04) 1.00 0.18 0.85

III 5 0.25 0.25 (0.04) 1.00 0.19 0.86 0.25 (0.05) 1.00 0.19 0.91

6 0.00 -0.02 (0.05) 0.02 0.02 1.00 -0.00 (0.05) 0.08 0.06 1.00

7 0.00 -0.04 (0.05) 0.01 0.02 1.00 -0.02 (0.06) 0.03 0.03 1.00

8 0.00 -0.06 (0.05) 0.03 0.05 1.00 -0.03 (0.05) 0.09 0.08 1.00

9 0.00 -0.06 (0.05) 0.03 0.05 1.00 -0.02 (0.05) 0.08 0.08 1.00

10 0.00 -0.07 (0.05) 0.03 0.06 1.00 -0.04 (0.05) 0.10 0.09 1.00

1 0.05 0.05 (0.04) 0.02 0.03 0.24 0.05 (0.04) 0.05 0.05 0.36

2 0.10 0.10 (0.04) 0.11 0.10 0.50 0.10 (0.04) 0.22 0.12 0.59

3 0.15 0.16 (0.05) 0.46 0.15 0.57 0.16 (0.05) 0.54 0.16 0.57

4 0.20 0.18 (0.05) 0.97 0.19 0.76 0.19 (0.05) 0.98 0.19 0.78

IV 5 0.25 0.26 (0.05) 1.00 0.22 0.86 0.25 (0.05) 1.00 0.21 0.88

6 0.00 0.02 (0.03) 0.01 0.00 1.00 0.01 (0.04) 0.02 0.01 1.00

7 0.00 -0.00 (0.03) 0.00 0.00 1.00 -0.00 (0.04) 0.01 0.00 1.00

8 0.00 -0.01 (0.03) 0.01 0.00 1.00 -0.00 (0.03) 0.03 0.02 1.00

9 0.00 -0.01 (0.03) 0.01 0.01 1.00 -0.00 (0.04) 0.03 0.02 1.00

10 0.00 -0.02 (0.03) 0.01 0.01 1.00 -0.01 (0.04) 0.04 0.02 1.00
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Table B.12: Results from simulation studies with 100 replications using factor-analytic

models with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios III and IV where the correlation between x1 and x2 equals

0.6. The medians of the posterior means (PM) and posterior standard deviations (SD) of

βj,1 (conditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.04 (0.05) 0.03 0.02 0.13 0.06 (0.05) 0.15 0.10 0.61

2 0.10 0.07 (0.05) 0.04 0.04 0.22 0.08 (0.05) 0.17 0.12 0.54

3 0.15 0.18 (0.05) 0.42 0.18 0.66 0.20 (0.06) 0.49 0.19 0.65

4 0.20 0.16 (0.05) 0.74 0.20 0.68 0.18 (0.05) 0.88 0.21 0.80

III 5 0.25 0.26 (0.06) 0.82 0.26 0.71 0.26 (0.06) 0.95 0.27 0.77

6 0.00 0.02 (0.05) 0.02 0.01 1.00 0.03 (0.05) 0.07 0.05 1.00

7 0.00 0.01 (0.06) 0.01 0.02 1.00 0.02 (0.06) 0.02 0.04 1.00

8 0.00 -0.03 (0.05) 0.03 0.03 1.00 -0.02 (0.05) 0.07 0.06 1.00

9 0.00 -0.03 (0.05) 0.03 0.02 1.00 -0.02 (0.05) 0.07 0.05 1.00

10 0.00 -0.04 (0.05) 0.02 0.04 1.00 -0.03 (0.05) 0.07 0.05 1.00

1 0.05 0.06 (0.04) 0.04 0.06 0.42 0.06 (0.04) 0.09 0.08 0.50

2 0.10 0.09 (0.04) 0.14 0.10 0.51 0.09 (0.04) 0.26 0.11 0.61

3 0.15 0.20 (0.05) 0.72 0.16 0.52 0.20 (0.05) 0.74 0.17 0.52

4 0.20 0.20 (0.04) 1.00 0.17 0.82 0.20 (0.04) 1.00 0.17 0.83

IV 5 0.25 0.27 (0.05) 1.00 0.21 0.71 0.27 (0.05) 1.00 0.21 0.74

6 0.00 0.04 (0.04) 0.02 0.01 1.00 0.03 (0.05) 0.06 0.04 1.00

7 0.00 0.03 (0.06) 0.01 0.01 1.00 0.03 (0.06) 0.02 0.02 1.00

8 0.00 -0.03 (0.04) 0.02 0.01 1.00 -0.02 (0.05) 0.07 0.04 1.00

9 0.00 -0.03 (0.04) 0.02 0.01 1.00 -0.02 (0.05) 0.07 0.04 1.00

10 0.00 -0.03 (0.04) 0.02 0.01 1.00 -0.02 (0.05) 0.07 0.04 1.00
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Table B.13: Results from simulation studies with 100 replications using unstructured mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios III and IV where the correlation between x1 and x2 equals 0.6.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,2

(conditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.03 (0.04) 0.02 0.02 0.15 0.04 (0.04) 0.09 0.07 0.46

2 0.00 -0.01 (0.04) 0.02 0.01 1.00 -0.01 (0.04) 0.06 0.04 1.00

3 0.15 0.14 (0.04) 0.32 0.13 0.56 0.14 (0.04) 0.53 0.15 0.60

4 0.00 -0.03 (0.04) 0.00 0.01 1.00 -0.02 (0.05) 0.02 0.02 1.00

III 5 0.25 0.22 (0.04) 0.99 0.20 0.76 0.22 (0.04) 0.99 0.20 0.80

6 0.10 0.07 (0.05) 0.04 0.05 0.26 0.08 (0.05) 0.11 0.09 0.45

7 0.20 0.18 (0.05) 0.91 0.20 0.78 0.19 (0.05) 0.96 0.20 0.84

8 0.00 -0.03 (0.05) 0.02 0.02 1.00 -0.02 (0.05) 0.05 0.04 1.00

9 0.00 -0.03 (0.05) 0.02 0.03 1.00 -0.02 (0.05) 0.05 0.04 1.00

10 0.00 -0.03 (0.05) 0.02 0.02 1.00 -0.01 (0.05) 0.05 0.03 1.00

1 0.05 0.06 (0.04) 0.03 0.04 0.26 0.06 (0.04) 0.12 0.08 0.59

2 0.00 0.02 (0.05) 0.02 0.02 1.00 0.02 (0.05) 0.06 0.04 1.00

3 0.15 0.16 (0.05) 0.57 0.16 0.55 0.17 (0.05) 0.70 0.17 0.62

4 0.00 0.00 (0.05) 0.00 0.01 1.00 0.00 (0.05) 0.02 0.02 1.00

IV 5 0.25 0.24 (0.05) 0.98 0.22 0.82 0.24 (0.05) 1.00 0.22 0.82

6 0.10 0.10 (0.03) 0.34 0.10 0.62 0.09 (0.04) 0.73 0.14 0.83

7 0.20 0.19 (0.03) 1.00 0.14 0.96 0.19 (0.04) 1.00 0.15 0.95

8 0.00 -0.03 (0.04) 0.02 0.02 1.00 -0.03 (0.04) 0.21 0.10 1.00

9 0.00 -0.03 (0.04) 0.02 0.02 1.00 -0.03 (0.04) 0.20 0.10 1.00

10 0.00 -0.03 (0.04) 0.02 0.02 1.00 -0.02 (0.04) 0.20 0.10 1.00
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Table B.14: Results from simulation studies with 100 replications using factor-analytic

models with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios III and IV where the correlation between x1 and x2 equals

0.6. The medians of the posterior means (PM) and posterior standard deviations (SD) of

βj,2 (conditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.04 (0.05) 0.02 0.02 0.14 0.05 (0.05) 0.11 0.08 0.56

2 0.00 0.02 (0.05) 0.02 0.01 1.00 0.03 (0.05) 0.08 0.06 1.00

3 0.15 0.18 (0.05) 0.52 0.18 0.69 0.19 (0.06) 0.57 0.18 0.73

4 0.00 0.03 (0.06) 0.02 0.02 1.00 0.04 (0.07) 0.05 0.06 1.00

III 5 0.25 0.27 (0.06) 0.96 0.25 0.66 0.26 (0.06) 0.97 0.26 0.71

6 0.10 0.08 (0.05) 0.07 0.08 0.44 0.10 (0.05) 0.22 0.11 0.56

7 0.20 0.18 (0.05) 0.94 0.19 0.79 0.18 (0.05) 0.98 0.19 0.86

8 0.00 -0.04 (0.05) 0.02 0.03 1.00 -0.02 (0.05) 0.06 0.05 1.00

9 0.00 -0.04 (0.05) 0.02 0.02 1.00 -0.02 (0.05) 0.06 0.04 1.00

10 0.00 -0.03 (0.05) 0.02 0.03 1.00 -0.01 (0.05) 0.06 0.04 1.00

1 0.05 0.06 (0.04) 0.04 0.05 0.33 0.06 (0.04) 0.10 0.08 0.55

2 0.00 0.04 (0.04) 0.02 0.03 1.00 0.04 (0.04) 0.07 0.05 1.00

3 0.15 0.19 (0.05) 0.41 0.15 0.50 0.19 (0.05) 0.59 0.16 0.53

4 0.00 -0.01 (0.05) 0.00 0.02 1.00 0.00 (0.05) 0.02 0.03 1.00

IV 5 0.25 0.25 (0.05) 1.00 0.22 0.72 0.25 (0.05) 1.00 0.22 0.73

6 0.10 0.09 (0.04) 0.11 0.09 0.48 0.09 (0.05) 0.32 0.13 0.71

7 0.20 0.18 (0.04) 0.96 0.20 0.90 0.18 (0.05) 0.98 0.20 0.93

8 0.00 -0.04 (0.05) 0.03 0.03 1.00 -0.03 (0.05) 0.11 0.08 1.00

9 0.00 -0.04 (0.05) 0.03 0.03 1.00 -0.03 (0.05) 0.11 0.08 1.00

10 0.00 -0.04 (0.05) 0.03 0.03 1.00 -0.03 (0.05) 0.10 0.08 1.00
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B.3 Additional Simulation Studies

We conduct additional simulation studies where data are generated under a factor-analytic

covariance structure. The outline of the correlation between outcomes in Scenarios I
′
-IV

′
is

the same as that of Scenarios I-IV: in Scenario I
′

the relevant outcomes associated with the

covariate x1 are highly correlated but others are moderately correlated; in Scenario II
′

the

outcomes have the same correlation as in Scenario I
′

but none of them are associated with

any of the covariates; in Scenario III
′
the relevant outcomes associated with the covariate x1

are moderately correlated and irrelevant outcomes are slightly correlated; in Scenario IV
′

the relevant outcomes associated with x1 are moderately correlated while irrelevant ones are

highly correlated. Two continuous covariates are generated from N (0, 4) assuming Cor(x1,

x2)=0.3 and 0.6, and the intercepts β0 are set to values in the range of (-1, 1). In Scenarios

I
′
, III

′
and IV

′
, the effects of the covariate on the responses are assumed to be

B =

(
0.05 0.10 0.15 0.20 0.25 0 0 0 0 0

0.05 0 0.15 0 0.25 0.10 0.20 0 0 0

)

while Scenario II
′
considers a emphnull case by setting all elements of B to zero. Samples of

size n=100 with q=10 responses and p=2 covariates are generated under the factor-analytic

model with σ2=0.3 and

I
′
. λ=(1.5, 1.5, 1.5, 1.5, 1.5, 0.5,. . . , 0.5)>,

II
′
. λ=(1.5, 1.5, 1.5, 1.5, 1.5, 0.5,. . . , 0.5)>,

III
′
. λ=(0.8, 0.8, 0.8, 0.8, 0.8, 0.2,. . . , 0.2)>,

IV
′
. λ=(0.5, 0.5, 0.5, 0.5, 0.5, 1.0,. . . , 1.0)>.

Then the resulting correlation matrix can be presented as follows:

1 c1 c1 c1 c1 c3 c3 c3 c3 c3

c1 1 c1 c1 c1 c3 c3 c3 c3 c3

c1 c1 1 c1 c1 c3 c3 c3 c3 c3

c1 c1 c1 1 c1 c3 c3 c3 c3 c3

c1 c1 c1 c1 1 c3 c3 c3 c3 c3

c3 c3 c3 c3 c3 1 c2 c2 c2 c2

c3 c3 c3 c3 c3 c2 1 c2 c2 c2

c3 c3 c3 c3 c3 c2 c2 1 c2 c2

c3 c3 c3 c3 c3 c2 c2 c2 1 c2

c3 c3 c3 c3 c3 c2 c2 c2 c2 1



,
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where the pairwise correlations (c1, c2, c3) are (0.69, 0.20, 0.37) in Scenarios I
′

and II
′

and

(0.39, 0.04, 0.12) and (0.20, 0.50, 0.32) in Scenario III
′

and IV
′
, respectively.

In order to investigate the performance of the MRF prior, we implemented a factor-

analytic model with the conventional IB prior as well as the model with MRF prior and

present the results in Tables B.15-B.30. We also provide the results from the unstruc-

tured model with MRF prior. The results from Scenarios I
′
-IV

′
shown in Tables B.15-B.30

are generally consistent with the conclusions we drew in Scenarios I-IV: contrary to the

conventional IB prior, our proposed MRF prior not only has more power to detect real ef-

fects by yielding higher inclusion probabilities but also avoids the inclusion of non-relevant

associations.
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Table B.15: Results from simulation studies with 100 replications using unstructured mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios I
′

and II
′

where the correlation between x1 and x2 equals 0.3.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,1

(conditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 -0.00 (0.03) 0.02 0.02 0.08 0.03 (0.04) 0.15 0.08 0.50

2 0.10 0.05 (0.03) 0.04 0.05 0.37 0.08 (0.04) 0.38 0.10 0.53

3 0.15 0.12 (0.03) 0.14 0.09 0.42 0.13 (0.04) 0.74 0.12 0.61

4 0.20 0.14 (0.03) 0.97 0.14 0.50 0.16 (0.04) 1.00 0.15 0.74

I
′

5 0.25 0.18 (0.04) 1.00 0.15 0.55 0.20 (0.04) 1.00 0.16 0.71

6 0.00 -0.01 (0.03) 0.01 0.00 1.00 0.01 (0.03) 0.03 0.01 1.00

7 0.00 -0.03 (0.03) 0.00 0.00 1.00 -0.01 (0.03) 0.01 0.00 1.00

8 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.07 0.03 1.00

9 0.00 -0.03 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.07 0.03 1.00

10 0.00 -0.03 (0.03) 0.02 0.01 1.00 -0.02 (0.03) 0.07 0.02 1.00

1 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.04) 0.08 0.04 1.00

2 0.00 0.01 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.07 0.04 1.00

3 0.00 -0.00 (0.03) 0.02 0.00 1.00 -0.00 (0.04) 0.08 0.04 1.00

4 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.07 0.04 1.00

II
′

5 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

6 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.04 0.01 1.00

7 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.05 0.02 1.00

8 0.00 -0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.05 0.02 1.00

9 0.00 -0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.05 0.02 1.00

10 0.00 0.01 (0.03) 0.02 0.00 1.00 0.01 (0.03) 0.04 0.01 1.00
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Table B.16: Results from simulation studies with 100 replications using factor-analytic

models with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios I
′

and II
′

where the correlation between x1 and x2 equals 0.3.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,1

(conditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 -0.01 (0.04) 0.04 0.03 0.13 0.02 (0.04) 0.19 0.09 0.55

2 0.10 0.05 (0.04) 0.06 0.06 0.32 0.07 (0.04) 0.41 0.12 0.66

3 0.15 0.12 (0.04) 0.26 0.11 0.50 0.13 (0.04) 0.79 0.14 0.63

4 0.20 0.14 (0.04) 0.98 0.15 0.63 0.16 (0.04) 1.00 0.16 0.79

I
′

5 0.25 0.19 (0.04) 1.00 0.16 0.55 0.22 (0.04) 1.00 0.16 0.76

6 0.00 -0.01 (0.03) 0.01 0.00 1.00 0.01 (0.03) 0.02 0.01 1.00

7 0.00 -0.02 (0.03) 0.00 0.00 1.00 -0.01 (0.03) 0.01 0.00 1.00

8 0.00 -0.02 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.07 0.03 1.00

9 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.06 0.03 1.00

10 0.00 -0.02 (0.03) 0.03 0.00 1.00 -0.02 (0.03) 0.06 0.02 1.00

1 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.04) 0.08 0.04 1.00

2 0.00 0.01 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.07 0.04 1.00

3 0.00 -0.00 (0.03) 0.02 0.00 1.00 -0.00 (0.04) 0.08 0.04 1.00

4 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.07 0.04 1.00

II
′

5 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

6 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.04 0.01 1.00

7 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.05 0.02 1.00

8 0.00 -0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.05 0.02 1.00

9 0.00 -0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.05 0.02 1.00

10 0.00 0.01 (0.03) 0.02 0.00 1.00 0.01 (0.03) 0.04 0.01 1.00
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Table B.17: Results from simulation studies with 100 replications using unstructured mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios I
′

and II
′

where the correlation between x1 and x2 equals 0.3.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,2

(conditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.04 (0.03) 0.03 0.03 0.21 0.05 (0.03) 0.29 0.09 0.68

2 0.00 -0.00 (0.03) 0.01 0.00 1.00 0.01 (0.04) 0.11 0.05 1.00

3 0.15 0.15 (0.03) 0.99 0.13 0.76 0.16 (0.03) 1.00 0.13 0.79

4 0.00 -0.02 (0.03) 0.00 0.00 1.00 -0.00 (0.04) 0.05 0.02 1.00

I
′

5 0.25 0.23 (0.03) 1.00 0.14 0.89 0.24 (0.04) 1.00 0.14 0.97

6 0.10 0.09 (0.03) 0.60 0.09 0.61 0.09 (0.03) 0.91 0.11 0.71

7 0.20 0.20 (0.03) 1.00 0.11 0.89 0.20 (0.03) 1.00 0.11 0.92

8 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.06 0.02 1.00

9 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.01 (0.03) 0.07 0.02 1.00

10 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.06 0.02 1.00

1 0.00 -0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

2 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.09 0.05 1.00

3 0.00 0.00 (0.03) 0.02 0.01 1.00 0.01 (0.04) 0.08 0.04 1.00

4 0.00 -0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

II
′

5 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

6 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.04 0.02 1.00

7 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.05 0.02 1.00

8 0.00 0.00 (0.03) 0.02 0.01 1.00 0.01 (0.03) 0.06 0.02 1.00

9 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.04 0.02 1.00

10 0.00 0.00 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.04 0.01 1.00
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Table B.18: Results from simulation studies with 100 replications using factor-analytic

models with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios I
′

and II
′

where the correlation between x1 and x2 equals 0.3.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,2

(conditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.05 (0.03) 0.05 0.04 0.26 0.06 (0.04) 0.30 0.10 0.79

2 0.00 -0.02 (0.04) 0.03 0.00 1.00 0.00 (0.04) 0.16 0.07 1.00

3 0.15 0.16 (0.03) 0.98 0.14 0.82 0.16 (0.04) 1.00 0.14 0.82

4 0.00 -0.03 (0.04) 0.00 0.00 1.00 -0.01 (0.04) 0.06 0.03 1.00

I
′

5 0.25 0.23 (0.03) 1.00 0.14 0.95 0.24 (0.04) 1.00 0.14 0.97

6 0.10 0.10 (0.03) 0.78 0.10 0.63 0.10 (0.03) 0.91 0.12 0.74

7 0.20 0.20 (0.03) 1.00 0.11 0.92 0.20 (0.03) 1.00 0.11 0.89

8 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.07 0.02 1.00

9 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.01 (0.03) 0.07 0.02 1.00

10 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.06 0.02 1.00

1 0.00 -0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

2 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.09 0.05 1.00

3 0.00 0.00 (0.03) 0.02 0.01 1.00 0.01 (0.04) 0.08 0.04 1.00

4 0.00 -0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

II
′

5 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

6 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.04 0.02 1.00

7 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.05 0.02 1.00

8 0.00 0.00 (0.03) 0.02 0.01 1.00 0.01 (0.03) 0.06 0.02 1.00

9 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.04 0.02 1.00

10 0.00 0.00 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.04 0.01 1.00
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Table B.19: Results from simulation studies with 100 replications using unstructured mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios III
′

and IV
′

where the correlation between x1 and x2 equals 0.3.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,1

(conditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.04 (0.04) 0.03 0.05 0.36 0.06 (0.03) 0.43 0.09 0.64

2 0.10 0.09 (0.03) 0.41 0.09 0.54 0.10 (0.03) 0.95 0.12 0.82

3 0.15 0.14 (0.03) 0.80 0.14 0.77 0.16 (0.03) 1.00 0.13 0.87

4 0.20 0.17 (0.03) 1.00 0.14 0.79 0.19 (0.03) 1.00 0.13 0.92

III
′

5 0.25 0.22 (0.03) 1.00 0.14 0.79 0.24 (0.03) 1.00 0.13 0.85

6 0.00 -0.01 (0.03) 0.01 0.00 1.00 0.00 (0.03) 0.03 0.01 1.00

7 0.00 -0.01 (0.03) 0.00 0.00 1.00 -0.00 (0.03) 0.01 0.00 1.00

8 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.07 0.03 1.00

9 0.00 -0.01 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.10 0.04 1.00

10 0.00 -0.00 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.07 0.03 1.00

1 0.05 0.06 (0.03) 0.08 0.06 0.47 0.06 (0.03) 0.13 0.07 0.58

2 0.10 0.11 (0.03) 0.94 0.12 0.85 0.11 (0.03) 0.95 0.12 0.88

3 0.15 0.15 (0.03) 1.00 0.13 0.87 0.15 (0.03) 1.00 0.13 0.85

4 0.20 0.19 (0.03) 1.00 0.11 0.90 0.19 (0.03) 1.00 0.11 0.90

IV
′

5 0.25 0.25 (0.03) 1.00 0.12 0.93 0.25 (0.03) 1.00 0.12 0.93

6 0.00 -0.00 (0.03) 0.01 0.00 1.00 -0.00 (0.04) 0.04 0.02 1.00

7 0.00 0.00 (0.03) 0.00 0.00 1.00 0.00 (0.03) 0.03 0.01 1.00

8 0.00 -0.00 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.10 0.04 1.00

9 0.00 -0.00 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.10 0.04 1.00

10 0.00 0.00 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.10 0.04 1.00
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Table B.20: Results from simulation studies with 100 replications using factor-analytic

models with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios III
′

and IV
′

where the correlation between x1 and x2 equals

0.3. The medians of the posterior means (PM) and posterior standard deviations (SD) of

βj,1 (conditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.03 (0.04) 0.03 0.04 0.36 0.06 (0.04) 0.69 0.12 0.79

2 0.10 0.08 (0.04) 0.16 0.09 0.51 0.10 (0.04) 0.96 0.14 0.87

3 0.15 0.14 (0.04) 0.66 0.14 0.72 0.15 (0.04) 1.00 0.14 0.87

4 0.20 0.16 (0.04) 0.99 0.15 0.79 0.19 (0.04) 1.00 0.14 0.92

III
′

5 0.25 0.21 (0.04) 1.00 0.15 0.82 0.24 (0.04) 1.00 0.14 0.92

6 0.00 -0.00 (0.03) 0.01 0.00 1.00 0.00 (0.03) 0.03 0.01 1.00

7 0.00 -0.01 (0.03) 0.00 0.00 1.00 0.00 (0.03) 0.01 0.00 1.00

8 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.08 0.03 1.00

9 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.08 0.03 1.00

10 0.00 -0.01 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.05 0.02 1.00

1 0.05 0.06 (0.03) 0.08 0.06 0.47 0.06 (0.03) 0.13 0.07 0.58

2 0.10 0.11 (0.03) 0.94 0.12 0.85 0.11 (0.03) 0.95 0.12 0.88

3 0.15 0.15 (0.03) 1.00 0.13 0.87 0.15 (0.03) 1.00 0.13 0.85

4 0.20 0.19 (0.03) 1.00 0.11 0.90 0.19 (0.03) 1.00 0.11 0.90

IV
′

5 0.25 0.25 (0.03) 1.00 0.12 0.93 0.25 (0.03) 1.00 0.12 0.93

6 0.00 -0.00 (0.03) 0.01 0.00 1.00 -0.00 (0.04) 0.04 0.02 1.00

7 0.00 0.00 (0.03) 0.00 0.00 1.00 0.00 (0.03) 0.03 0.01 1.00

8 0.00 -0.00 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.10 0.04 1.00

9 0.00 -0.00 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.10 0.04 1.00

10 0.00 0.00 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.10 0.04 1.00
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Table B.21: Results from simulation studies with 100 replications using unstructured mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios III
′

and IV
′

where the correlation between x1 and x2 equals 0.3.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,2

(conditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.06 (0.03) 0.07 0.04 0.33 0.06 (0.03) 0.28 0.08 0.56

2 0.00 0.00 (0.03) 0.01 0.00 1.00 0.01 (0.03) 0.08 0.03 1.00

3 0.15 0.16 (0.03) 1.00 0.13 0.85 0.16 (0.03) 1.00 0.12 0.87

4 0.00 -0.01 (0.03) 0.00 0.00 1.00 -0.00 (0.03) 0.04 0.01 1.00

III
′

5 0.25 0.25 (0.03) 1.00 0.12 0.92 0.26 (0.03) 1.00 0.12 0.92

6 0.10 0.10 (0.03) 0.89 0.10 0.72 0.10 (0.03) 0.98 0.11 0.74

7 0.20 0.19 (0.03) 1.00 0.11 0.92 0.20 (0.03) 1.00 0.11 0.92

8 0.00 0.02 (0.03) 0.02 0.01 1.00 0.02 (0.03) 0.09 0.04 1.00

9 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.07 0.03 1.00

10 0.00 -0.00 (0.03) 0.02 0.00 1.00 0.01 (0.03) 0.06 0.02 1.00

1 0.05 0.07 (0.03) 0.10 0.06 0.48 0.07 (0.03) 0.28 0.08 0.62

2 0.00 0.01 (0.03) 0.01 0.00 1.00 0.00 (0.03) 0.03 0.01 1.00

3 0.15 0.15 (0.03) 1.00 0.13 0.85 0.16 (0.03) 1.00 0.12 0.88

4 0.00 -0.01 (0.03) 0.00 0.00 1.00 -0.00 (0.03) 0.01 0.00 1.00

IV
′

5 0.25 0.25 (0.03) 1.00 0.12 0.98 0.25 (0.03) 1.00 0.12 0.97

6 0.10 0.10 (0.03) 0.83 0.11 0.75 0.10 (0.03) 0.96 0.13 0.82

7 0.20 0.20 (0.03) 1.00 0.12 0.92 0.20 (0.03) 1.00 0.13 0.93

8 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.00 (0.04) 0.18 0.08 1.00

9 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.20 0.08 1.00

10 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.00 (0.04) 0.18 0.07 1.00
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Table B.22: Results from simulation studies with 100 replications using factor-analytic

models with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios III
′

and IV
′

where the correlation between x1 and x2 equals

0.3. The medians of the posterior means (PM) and posterior standard deviations (SD) of

βj,2 (conditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.06 (0.03) 0.08 0.05 0.49 0.06 (0.03) 0.35 0.10 0.82

2 0.00 0.00 (0.03) 0.02 0.00 1.00 0.01 (0.04) 0.19 0.07 1.00

3 0.15 0.16 (0.03) 1.00 0.14 0.87 0.16 (0.03) 1.00 0.14 0.92

4 0.00 -0.01 (0.04) 0.00 0.00 1.00 -0.00 (0.04) 0.12 0.06 1.00

III
′

5 0.25 0.24 (0.03) 1.00 0.13 0.95 0.25 (0.03) 1.00 0.13 0.97

6 0.10 0.10 (0.03) 0.86 0.10 0.72 0.10 (0.03) 0.96 0.11 0.77

7 0.20 0.19 (0.03) 1.00 0.11 0.90 0.20 (0.03) 1.00 0.11 0.90

8 0.00 0.02 (0.03) 0.02 0.01 1.00 0.02 (0.03) 0.06 0.03 1.00

9 0.00 -0.01 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.06 0.02 1.00

10 0.00 0.00 (0.03) 0.02 0.00 1.00 0.01 (0.03) 0.04 0.01 1.00

1 0.05 0.07 (0.03) 0.10 0.06 0.48 0.07 (0.03) 0.28 0.08 0.62

2 0.00 0.01 (0.03) 0.01 0.00 1.00 0.00 (0.03) 0.03 0.01 1.00

3 0.15 0.15 (0.03) 1.00 0.13 0.85 0.16 (0.03) 1.00 0.12 0.88

4 0.00 -0.01 (0.03) 0.00 0.00 1.00 -0.00 (0.03) 0.01 0.00 1.00

IV
′

5 0.25 0.25 (0.03) 1.00 0.12 0.98 0.25 (0.03) 1.00 0.12 0.97

6 0.10 0.10 (0.03) 0.83 0.11 0.75 0.10 (0.03) 0.96 0.13 0.82

7 0.20 0.20 (0.03) 1.00 0.12 0.92 0.20 (0.03) 1.00 0.13 0.93

8 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.00 (0.04) 0.18 0.08 1.00

9 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.20 0.08 1.00

10 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.00 (0.04) 0.18 0.07 1.00
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Table B.23: Results from simulation studies with 100 replications using unstructured mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios I
′

and II
′

where the correlation between x1 and x2 equals 0.6.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,1

(conditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 -0.01 (0.04) 0.02 0.03 0.08 0.03 (0.04) 0.16 0.09 0.46

2 0.10 0.04 (0.04) 0.03 0.03 0.14 0.06 (0.04) 0.18 0.10 0.46

3 0.15 0.12 (0.04) 0.11 0.10 0.43 0.13 (0.04) 0.34 0.14 0.57

4 0.20 0.14 (0.03) 0.93 0.14 0.35 0.16 (0.04) 0.98 0.16 0.70

I
′

5 0.25 0.18 (0.04) 0.94 0.17 0.51 0.21 (0.04) 1.00 0.18 0.73

6 0.00 0.02 (0.04) 0.02 0.01 1.00 0.03 (0.04) 0.04 0.03 1.00

7 0.00 -0.03 (0.04) 0.00 0.00 1.00 -0.01 (0.04) 0.01 0.00 1.00

8 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.06 0.02 1.00

9 0.00 -0.03 (0.03) 0.02 0.01 1.00 -0.02 (0.03) 0.07 0.03 1.00

10 0.00 -0.03 (0.03) 0.02 0.01 1.00 -0.02 (0.03) 0.06 0.02 1.00

1 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.04) 0.07 0.04 1.00

2 0.00 0.01 (0.03) 0.02 0.00 1.00 0.01 (0.04) 0.08 0.04 1.00

3 0.00 -0.00 (0.03) 0.02 0.00 1.00 -0.00 (0.04) 0.08 0.04 1.00

4 0.00 0.00 (0.03) 0.02 0.00 1.00 0.00 (0.04) 0.08 0.04 1.00

II
′

5 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.07 0.04 1.00

6 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.04 0.01 1.00

7 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.04 0.02 1.00

8 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.04 0.02 1.00

9 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.05 0.02 1.00

10 0.00 0.01 (0.03) 0.02 0.00 1.00 0.01 (0.03) 0.05 0.01 1.00
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Table B.24: Results from simulation studies with 100 replications using factor-analytic

models with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios I
′

and II
′

where the correlation between x1 and x2 equals 0.6.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,1

(conditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 -0.00 (0.04) 0.04 0.04 0.14 0.03 (0.05) 0.21 0.11 0.51

2 0.10 0.04 (0.04) 0.04 0.04 0.24 0.06 (0.04) 0.27 0.11 0.51

3 0.15 0.13 (0.04) 0.13 0.12 0.54 0.13 (0.05) 0.43 0.15 0.57

4 0.20 0.14 (0.04) 0.97 0.15 0.54 0.16 (0.04) 0.98 0.18 0.76

I
′

5 0.25 0.19 (0.04) 0.98 0.19 0.65 0.21 (0.05) 1.00 0.19 0.76

6 0.00 0.02 (0.03) 0.02 0.01 1.00 0.02 (0.04) 0.04 0.03 1.00

7 0.00 -0.02 (0.04) 0.00 0.00 1.00 -0.01 (0.04) 0.01 0.00 1.00

8 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.06 0.02 1.00

9 0.00 -0.03 (0.03) 0.03 0.01 1.00 -0.01 (0.03) 0.07 0.02 1.00

10 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.02 (0.03) 0.06 0.02 1.00

1 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.04) 0.07 0.04 1.00

2 0.00 0.01 (0.03) 0.02 0.00 1.00 0.01 (0.04) 0.08 0.04 1.00

3 0.00 -0.00 (0.03) 0.02 0.00 1.00 -0.00 (0.04) 0.08 0.04 1.00

4 0.00 0.00 (0.03) 0.02 0.00 1.00 0.00 (0.04) 0.08 0.04 1.00

II
′

5 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.07 0.04 1.00

6 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.04 0.01 1.00

7 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.04 0.02 1.00

8 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.04 0.02 1.00

9 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.05 0.02 1.00

10 0.00 0.01 (0.03) 0.02 0.00 1.00 0.01 (0.03) 0.05 0.01 1.00
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Table B.25: Results from simulation studies with 100 replications using unstructured mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios I
′

and II
′

where the correlation between x1 and x2 equals 0.6.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,2

(conditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.04 (0.03) 0.02 0.03 0.16 0.05 (0.04) 0.19 0.08 0.59

2 0.00 0.01 (0.04) 0.02 0.00 1.00 0.01 (0.04) 0.10 0.06 1.00

3 0.15 0.17 (0.04) 0.94 0.15 0.73 0.16 (0.04) 0.98 0.15 0.73

4 0.00 0.03 (0.04) 0.01 0.00 1.00 0.04 (0.05) 0.07 0.04 1.00

I
′

5 0.25 0.26 (0.04) 1.00 0.16 0.81 0.26 (0.04) 1.00 0.17 0.78

6 0.10 0.08 (0.03) 0.39 0.09 0.57 0.09 (0.03) 0.72 0.11 0.68

7 0.20 0.19 (0.03) 1.00 0.11 0.89 0.19 (0.03) 1.00 0.12 0.89

8 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.05 0.01 1.00

9 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.01 (0.03) 0.06 0.02 1.00

10 0.00 -0.02 (0.03) 0.02 0.00 1.00 -0.01 (0.03) 0.06 0.02 1.00

1 0.00 -0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

2 0.00 0.00 (0.03) 0.02 0.00 1.00 0.00 (0.04) 0.08 0.04 1.00

3 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

4 0.00 -0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

II
′

5 0.00 -0.00 (0.03) 0.02 0.00 1.00 -0.00 (0.04) 0.08 0.04 1.00

6 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.04 0.02 1.00

7 0.00 0.00 (0.03) 0.02 0.01 1.00 0.01 (0.03) 0.05 0.02 1.00

8 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.05 0.02 1.00

9 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.04 0.02 1.00

10 0.00 0.00 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.04 0.01 1.00
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Table B.26: Results from simulation studies with 100 replications using factor-analytic

models with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios I
′

and II
′

where the correlation between x1 and x2 equals 0.6.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,2

(conditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.04 (0.04) 0.03 0.04 0.22 0.06 (0.04) 0.21 0.10 0.70

2 0.00 -0.00 (0.04) 0.03 0.01 1.00 0.01 (0.04) 0.17 0.09 1.00

3 0.15 0.17 (0.04) 0.94 0.16 0.76 0.17 (0.04) 0.97 0.17 0.73

4 0.00 0.02 (0.05) 0.01 0.00 1.00 0.02 (0.06) 0.07 0.06 1.00

I
′

5 0.25 0.25 (0.04) 1.00 0.18 0.92 0.26 (0.05) 1.00 0.18 0.95

6 0.10 0.08 (0.03) 0.43 0.09 0.65 0.09 (0.03) 0.75 0.11 0.76

7 0.20 0.19 (0.03) 1.00 0.11 0.89 0.20 (0.03) 1.00 0.12 0.95

8 0.00 -0.00 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.06 0.02 1.00

9 0.00 -0.02 (0.03) 0.02 0.00 1.00 -0.01 (0.03) 0.07 0.02 1.00

10 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.01 (0.03) 0.06 0.02 1.00

1 0.00 -0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

2 0.00 0.00 (0.03) 0.02 0.00 1.00 0.00 (0.04) 0.08 0.04 1.00

3 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

4 0.00 -0.00 (0.03) 0.02 0.01 1.00 0.00 (0.04) 0.08 0.04 1.00

II
′

5 0.00 -0.00 (0.03) 0.02 0.00 1.00 -0.00 (0.04) 0.08 0.04 1.00

6 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.04 0.02 1.00

7 0.00 0.00 (0.03) 0.02 0.01 1.00 0.01 (0.03) 0.05 0.02 1.00

8 0.00 0.00 (0.03) 0.02 0.01 1.00 0.00 (0.03) 0.05 0.02 1.00

9 0.00 -0.00 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.04 0.02 1.00

10 0.00 0.00 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.04 0.01 1.00
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Table B.27: Results from simulation studies with 100 replications using unstructured mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios III
′

and IV
′

where the correlation between x1 and x2 equals 0.6.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,1

(conditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.05 (0.04) 0.03 0.05 0.32 0.07 (0.04) 0.45 0.10 0.68

2 0.10 0.08 (0.03) 0.21 0.09 0.50 0.10 (0.03) 0.86 0.13 0.82

3 0.15 0.16 (0.04) 0.70 0.15 0.66 0.16 (0.04) 0.98 0.18 0.87

4 0.20 0.16 (0.03) 1.00 0.16 0.84 0.19 (0.04) 1.00 0.15 1.00

III
′

5 0.25 0.22 (0.04) 1.00 0.16 0.71 0.24 (0.04) 1.00 0.17 0.87

6 0.00 0.01 (0.04) 0.02 0.01 1.00 0.02 (0.04) 0.05 0.03 1.00

7 0.00 -0.00 (0.04) 0.00 0.00 1.00 0.00 (0.04) 0.01 0.00 1.00

8 0.00 -0.00 (0.03) 0.02 0.00 1.00 0.01 (0.03) 0.08 0.03 1.00

9 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.08 0.03 1.00

10 0.00 -0.01 (0.03) 0.02 0.00 1.00 0.01 (0.03) 0.07 0.03 1.00

1 0.05 0.07 (0.03) 0.16 0.07 0.56 0.07 (0.03) 0.24 0.08 0.60

2 0.10 0.11 (0.03) 0.91 0.12 0.85 0.11 (0.03) 0.94 0.12 0.88

3 0.15 0.17 (0.04) 0.98 0.14 0.65 0.16 (0.04) 0.98 0.15 0.75

4 0.20 0.19 (0.03) 1.00 0.11 0.94 0.19 (0.03) 1.00 0.12 0.94

IV
′

5 0.25 0.24 (0.04) 1.00 0.14 0.92 0.24 (0.04) 1.00 0.14 0.90

6 0.00 0.02 (0.04) 0.02 0.00 1.00 0.02 (0.04) 0.06 0.03 1.00

7 0.00 0.01 (0.04) 0.00 0.00 1.00 0.01 (0.04) 0.02 0.01 1.00

8 0.00 -0.01 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.09 0.04 1.00

9 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.08 0.04 1.00

10 0.00 -0.01 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.08 0.04 1.00
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Table B.28: Results from simulation studies with 100 replications using factor-analytic

models with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios III
′

and IV
′

where the correlation between x1 and x2 equals

0.6. The medians of the posterior means (PM) and posterior standard deviations (SD) of

βj,1 (conditioning on γj,1=1), the medians of the posterior means of γj,1 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.04 (0.04) 0.04 0.04 0.29 0.07 (0.04) 0.66 0.13 0.79

2 0.10 0.07 (0.04) 0.12 0.08 0.42 0.10 (0.04) 0.81 0.14 0.82

3 0.15 0.15 (0.05) 0.29 0.15 0.61 0.16 (0.04) 0.96 0.19 0.89

4 0.20 0.16 (0.04) 0.99 0.16 0.82 0.19 (0.04) 1.00 0.16 0.97

III
′

5 0.25 0.20 (0.04) 0.99 0.18 0.68 0.24 (0.04) 1.00 0.18 0.84

6 0.00 0.02 (0.04) 0.02 0.00 1.00 0.02 (0.04) 0.05 0.03 1.00

7 0.00 -0.01 (0.04) 0.00 0.00 1.00 -0.00 (0.04) 0.02 0.01 1.00

8 0.00 -0.01 (0.03) 0.02 0.01 1.00 0.01 (0.03) 0.08 0.03 1.00

9 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.07 0.03 1.00

10 0.00 -0.01 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.06 0.02 1.00

1 0.05 0.07 (0.03) 0.16 0.07 0.56 0.07 (0.03) 0.24 0.08 0.60

2 0.10 0.11 (0.03) 0.91 0.12 0.85 0.11 (0.03) 0.94 0.12 0.88

3 0.15 0.17 (0.04) 0.98 0.14 0.65 0.16 (0.04) 0.98 0.15 0.75

4 0.20 0.19 (0.03) 1.00 0.11 0.94 0.19 (0.03) 1.00 0.12 0.94

IV
′

5 0.25 0.24 (0.04) 1.00 0.14 0.92 0.24 (0.04) 1.00 0.14 0.90

6 0.00 0.02 (0.04) 0.02 0.00 1.00 0.02 (0.04) 0.06 0.03 1.00

7 0.00 0.01 (0.04) 0.00 0.00 1.00 0.01 (0.04) 0.02 0.01 1.00

8 0.00 -0.01 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.09 0.04 1.00

9 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.08 0.04 1.00

10 0.00 -0.01 (0.03) 0.02 0.00 1.00 0.00 (0.03) 0.08 0.04 1.00
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Table B.29: Results from simulation studies with 100 replications using unstructured mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios III
′

and IV
′

where the correlation between x1 and x2 equals 0.6.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,2

(conditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Unstructured with IB prior Unstructured with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.06 (0.03) 0.07 0.05 0.39 0.06 (0.03) 0.27 0.09 0.71

2 0.00 0.02 (0.03) 0.02 0.01 1.00 0.02 (0.04) 0.12 0.06 1.00

3 0.15 0.18 (0.04) 0.99 0.15 0.63 0.17 (0.04) 0.99 0.16 0.87

4 0.00 0.02 (0.04) 0.00 0.01 1.00 0.01 (0.04) 0.06 0.04 1.00

III
′

5 0.25 0.25 (0.04) 1.00 0.15 0.79 0.25 (0.04) 1.00 0.16 0.92

6 0.10 0.10 (0.03) 0.83 0.10 0.74 0.10 (0.03) 0.96 0.11 0.74

7 0.20 0.19 (0.03) 1.00 0.11 0.92 0.20 (0.03) 1.00 0.11 0.92

8 0.00 0.02 (0.03) 0.02 0.01 1.00 0.02 (0.03) 0.09 0.04 1.00

9 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.00 (0.03) 0.07 0.03 1.00

10 0.00 -0.00 (0.03) 0.02 0.00 1.00 0.01 (0.03) 0.06 0.02 1.00

1 0.05 0.08 (0.03) 0.16 0.07 0.50 0.08 (0.03) 0.28 0.09 0.62

2 0.00 0.04 (0.04) 0.01 0.00 1.00 0.03 (0.04) 0.04 0.02 1.00

3 0.15 0.17 (0.04) 0.95 0.15 0.62 0.17 (0.04) 0.99 0.15 0.69

4 0.00 -0.00 (0.04) 0.00 0.00 1.00 0.00 (0.04) 0.02 0.00 1.00

IV
′

5 0.25 0.25 (0.04) 1.00 0.14 0.96 0.25 (0.04) 1.00 0.14 1.00

6 0.10 0.10 (0.03) 0.70 0.11 0.77 0.10 (0.03) 0.86 0.13 0.79

7 0.20 0.19 (0.03) 1.00 0.13 0.90 0.20 (0.03) 1.00 0.13 0.90

8 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.01 (0.04) 0.14 0.07 1.00

9 0.00 -0.02 (0.03) 0.02 0.00 1.00 -0.01 (0.04) 0.14 0.07 1.00

10 0.00 -0.02 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.13 0.06 1.00
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Table B.30: Results from simulation studies with 100 replications using factor-analytic

models with a conventional independent Bernoulli (IB) prior and with our proposed MRF

prior for γk under Scenarios III
′

and IV
′

where the correlation between x1 and x2 equals

0.6. The medians of the posterior means (PM) and posterior standard deviations (SD) of

βj,2 (conditioning on γj,2=1), the medians of the posterior means of γj,2 (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the

HPD intervals.

Scenario j True Factor-analytic with IB prior Factor-analytic with MRF prior

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.06 (0.03) 0.09 0.06 0.53 0.07 (0.04) 0.33 0.11 0.76

2 0.00 0.02 (0.04) 0.02 0.01 1.00 0.02 (0.04) 0.24 0.08 1.00

3 0.15 0.19 (0.04) 0.98 0.16 0.74 0.17 (0.04) 0.98 0.18 0.89

4 0.00 0.02 (0.04) 0.00 0.01 1.00 0.01 (0.04) 0.11 0.07 1.00

III
′

5 0.25 0.24 (0.04) 1.00 0.16 0.89 0.26 (0.04) 1.00 0.17 0.97

6 0.10 0.10 (0.03) 0.80 0.11 0.71 0.10 (0.03) 0.95 0.12 0.74

7 0.20 0.19 (0.03) 1.00 0.11 0.89 0.20 (0.03) 1.00 0.11 0.92

8 0.00 0.01 (0.03) 0.02 0.01 1.00 0.02 (0.03) 0.06 0.03 1.00

9 0.00 -0.02 (0.03) 0.02 0.01 1.00 -0.01 (0.03) 0.06 0.02 1.00

10 0.00 0.00 (0.03) 0.02 0.00 1.00 0.01 (0.03) 0.04 0.01 1.00

1 0.05 0.08 (0.03) 0.16 0.07 0.50 0.08 (0.03) 0.28 0.09 0.62

2 0.00 0.04 (0.04) 0.01 0.00 1.00 0.03 (0.04) 0.04 0.02 1.00

3 0.15 0.17 (0.04) 0.95 0.15 0.62 0.17 (0.04) 0.99 0.15 0.69

4 0.00 -0.00 (0.04) 0.00 0.00 1.00 0.00 (0.04) 0.02 0.00 1.00

IV
′

5 0.25 0.25 (0.04) 1.00 0.14 0.96 0.25 (0.04) 1.00 0.14 1.00

6 0.10 0.10 (0.03) 0.70 0.11 0.77 0.10 (0.03) 0.86 0.13 0.79

7 0.20 0.19 (0.03) 1.00 0.13 0.90 0.20 (0.03) 1.00 0.13 0.90

8 0.00 -0.01 (0.03) 0.02 0.00 1.00 -0.01 (0.04) 0.14 0.07 1.00

9 0.00 -0.02 (0.03) 0.02 0.00 1.00 -0.01 (0.04) 0.14 0.07 1.00

10 0.00 -0.02 (0.03) 0.02 0.00 1.00 -0.00 (0.03) 0.13 0.06 1.00
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B.4 Sensitivity Analyses

We have shown improved operative characteristics of our proposed MRF prior when com-

pared to the independent Bernoulli prior. In this section, we assess how sensitive the

posterior inference is to the changes in the prior distribution of our proposed MRF prior,

depending on the value of hyperparameter η. As noted in Section 2.3, we set η to ηg−1,

using the our posterior simulation approach. We regard ηg−1 as the greatest value that η

can be while avoiding the phase transition, and thus it provides the optimal performance

of our proposed MRF prior. Table B.31 and Table B.32 present the results from three dif-

ferent models corresponding to the prior choices with η=ηg−1, ηg−3, and ηg−5 (the average

chosen values of η are 1.26, 1.08, 0.88, respectively). As we expected, the proposed MRF

prior tends to achieve higher power to detect the weak effects as the value of η increases

and approaches to ηg−1, which is determined by our posterior simulation approach.

B.5 Simulation studies with larger n and p

We produce a simulation comparison for increasing n and increasing p. Specifically, we

conduct two additional simulation studies, (n, p)=(500, 2) and (100, 5), and present the

results in Table B.33-B.35. In contrast to the results from the simulation studies with

n=100 (see Table 1 and Table B.1), Table B.33 shows that both the conventional and

our proposed framework successfully identify the association with the covariates for the

outcomes with effect sizes greater than 0.10 when n=500. However, the estimated inclusion

probabilities for the outcomes with smallest effect size (0.05) are much smaller with the

IB prior (γ1,1=0.08, γ1,2=0.63) while they are substantially increased and large enough for

relevant variables to be selected using the MRF prior (γ1,1=0.71, γ1,2=0.88). In addition,

from Table B.34-B.35, we see that the our proposed MRF prior provides more power to

detect real effects by yielding higher inclusion probabilities when there is a true association

comparing to the conventional independent prior for data with larger p (=5).
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Table B.31: Results from simulation studies with 100 replications using unstructured models with our proposed MRF prior for

γk under Scenarios I where the correlation between x1 and x2 equals 0.3. The value of η is set to ηg−1, ηg−3, and ηg−5. The

medians of the posterior means (PM) and posterior standard deviations (SD) of βj,1 (conditioning on γj,1=1), the medians of

the posterior means of γj,1 (marginal posterior probabilities of inclusion) are provided. We also present the average width (WI)

of the 95% highest posterior density (HPD) intervals for βj,1 and the coverage probability (CP) of the HPD intervals.

j True η = ηg−1 (proposed) η = ηg−3 η = ηg−5

βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1 βj,1|γj,1=1 γj,1 βj,1

PM (SD) PM WI CP PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.03 (0.04) 0.28 0.11 0.51 0.02 (0.04) 0.24 0.10 0.48 0.00 (0.04) 0.15 0.09 0.37

2 0.10 0.08 (0.04) 0.36 0.12 0.61 0.07 (0.04) 0.32 0.11 0.56 0.06 (0.04) 0.20 0.10 0.48

3 0.15 0.13 (0.04) 0.71 0.14 0.61 0.13 (0.04) 0.52 0.13 0.60 0.12 (0.04) 0.41 0.12 0.54

4 0.20 0.16 (0.04) 0.99 0.17 0.70 0.15 (0.04) 0.99 0.16 0.71 0.15 (0.04) 0.98 0.16 0.60

5 0.25 0.21 (0.04) 1.00 0.18 0.71 0.20 (0.04) 1.00 0.17 0.71 0.20 (0.04) 1.00 0.17 0.69

6 0.00 0.02 (0.05) 0.06 0.03 1.00 0.01 (0.05) 0.04 0.02 1.00 0.01 (0.05) 0.04 0.02 1.00

7 0.00 -0.01 (0.05) 0.02 0.02 1.00 0.00 (0.05) 0.01 0.01 1.00 -0.00 (0.05) 0.01 0.01 1.00

8 0.00 -0.01 (0.05) 0.06 0.05 1.00 -0.01 (0.05) 0.06 0.04 1.00 -0.01 (0.05) 0.04 0.03 1.00

9 0.00 -0.01 (0.05) 0.06 0.04 1.00 -0.02 (0.05) 0.05 0.03 1.00 -0.02 (0.05) 0.04 0.03 1.00

10 0.00 -0.02 (0.05) 0.07 0.05 1.00 -0.02 (0.05) 0.06 0.04 1.00 -0.03 (0.05) 0.04 0.04 1.00
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Table B.32: Results from simulation studies with 100 replications using unstructured models with our proposed MRF prior for

γk under Scenarios I where the correlation between x1 and x2 equals 0.3. The value of η is set to ηg−1, ηg−3, and ηg−5. The

medians of the posterior means (PM) and posterior standard deviations (SD) of βj,2 (conditioning on γj,2=1), the medians of

the posterior means of γj,2 (marginal posterior probabilities of inclusion) are provided. We also present the average width (WI)

of the 95% highest posterior density (HPD) intervals for βj,2 and the coverage probability (CP) of the HPD intervals.

j True η = ηg−1 (proposed) η = ηg−3 η = ηg−5

βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2 βj,2|γj,2=1 γj,2 βj,2

PM (SD) PM WI CP PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.05 (0.04) 0.20 0.08 0.60 0.04 (0.03) 0.14 0.07 0.54 0.04 (0.03) 0.09 0.06 0.44

2 0.00 -0.00 (0.04) 0.13 0.06 1.00 -0.01 (0.04) 0.08 0.04 1.00 -0.01 (0.04) 0.06 0.03 1.00

3 0.15 0.15 (0.03) 0.99 0.14 0.85 0.15 (0.03) 0.99 0.13 0.78 0.15 (0.03) 0.99 0.13 0.77

4 0.00 -0.00 (0.04) 0.05 0.04 1.00 -0.00 (0.04) 0.03 0.03 1.00 -0.01 (0.04) 0.02 0.02 1.00

5 0.25 0.24 (0.04) 1.00 0.15 0.90 0.25 (0.04) 1.00 0.14 0.87 0.25 (0.03) 1.00 0.14 0.86

6 0.10 0.09 (0.05) 0.19 0.11 0.57 0.10 (0.05) 0.19 0.12 0.56 0.10 (0.05) 0.17 0.11 0.54

7 0.20 0.19 (0.05) 0.97 0.20 0.88 0.19 (0.05) 0.97 0.20 0.88 0.19 (0.05) 0.97 0.20 0.87

8 0.00 -0.01 (0.05) 0.06 0.04 1.00 -0.02 (0.05) 0.05 0.04 1.00 -0.02 (0.05) 0.04 0.03 1.00

9 0.00 -0.02 (0.05) 0.06 0.04 1.00 -0.02 (0.05) 0.05 0.03 1.00 -0.02 (0.05) 0.04 0.02 1.00

10 0.00 -0.01 (0.05) 0.06 0.04 1.00 -0.01 (0.05) 0.04 0.03 1.00 -0.02 (0.05) 0.04 0.02 1.00
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Table B.33: Results from simulation studies with 100 replications using unstructured mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios I with n=500 where the correlation between x1 and x2 equals 0.3.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,k

(conditioning on γj,k=1), the medians of the posterior means of γj,k (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,k and the coverage probability (CP) of the

HPD intervals.

k j True Unstructured with IB prior Unstructured with MRF prior

βj,k βj,k|γj,k=1 γj,k βj,k βj,k|γj,k=1 γj,k βj,k

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 0.06 (0.02) 0.08 0.05 0.51 0.06 (0.02) 0.71 0.07 0.83

2 0.10 0.08 (0.02) 1.00 0.08 0.76 0.10 (0.02) 1.00 0.08 0.87

3 0.15 0.13 (0.02) 1.00 0.08 0.74 0.14 (0.02) 1.00 0.08 0.88

4 0.20 0.18 (0.02) 1.00 0.08 0.73 0.19 (0.02) 1.00 0.08 0.90

1 5 0.25 0.23 (0.02) 1.00 0.08 0.74 0.24 (0.02) 1.00 0.08 0.88

6 0.00 0.00 (0.02) 0.00 0.00 1.00 0.00 (0.02) 0.01 0.01 1.00

7 0.00 -0.02 (0.02) 0.00 0.00 1.00 -0.01 (0.02) 0.01 0.00 1.00

8 0.00 -0.01 (0.02) 0.01 0.00 1.00 -0.00 (0.02) 0.07 0.02 1.00

9 0.00 -0.01 (0.02) 0.01 0.00 1.00 -0.00 (0.02) 0.07 0.02 1.00

10 0.00 -0.01 (0.02) 0.01 0.00 1.00 -0.01 (0.02) 0.08 0.02 1.00

1 0.05 0.05 (0.02) 0.63 0.06 0.71 0.05 (0.02) 0.88 0.07 0.86

2 0.00 -0.01 (0.02) 0.00 0.00 1.00 -0.01 (0.02) 0.07 0.02 1.00

3 0.15 0.15 (0.02) 1.00 0.06 0.95 0.15 (0.02) 1.00 0.06 0.95

4 0.00 -0.00 (0.02) 0.00 0.00 1.00 -0.00 (0.02) 0.06 0.02 1.00

2 5 0.25 0.24 (0.02) 1.00 0.06 0.91 0.25 (0.02) 1.00 0.06 0.91

6 0.10 0.10 (0.02) 1.00 0.09 0.93 0.10 (0.02) 1.00 0.09 0.94

7 0.20 0.20 (0.02) 1.00 0.08 0.94 0.20 (0.02) 1.00 0.08 0.94

8 0.00 -0.00 (0.02) 0.01 0.00 1.00 -0.00 (0.02) 0.05 0.01 1.00

9 0.00 -0.00 (0.02) 0.01 0.00 1.00 0.00 (0.02) 0.05 0.01 1.00

10 0.00 -0.00 (0.02) 0.01 0.00 1.00 0.00 (0.02) 0.06 0.02 1.00
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Table B.34: Results from simulation studies with 100 replications using unstructured mod-

els with a conventional independent Bernoulli (IB) prior and with our proposed MRF prior

for γk under Scenarios I with p=5 where the correlation between x1 and x2 equals 0.3.

The medians of the posterior means (PM) and posterior standard deviations (SD) of βj,k

(conditioning on γj,k=1), the medians of the posterior means of γj,k (marginal posterior

probabilities of inclusion) are provided. We also present the average width (WI) of the 95%

highest posterior density (HPD) intervals for βj,k and the coverage probability (CP) of the

HPD intervals. (Continued in Table B.35)

k j True Unstructured with IB prior Unstructured with MRF prior

βj,k βj,k|γj,k=1 γj,k βj,k βj,k|γj,k=1 γj,k βj,k

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 -0.02 (0.04) 0.02 0.04 0.11 0.04 (0.05) 0.31 0.12 0.55

2 0.10 0.05 (0.04) 0.02 0.06 0.26 0.09 (0.05) 0.46 0.13 0.61

3 0.15 0.12 (0.04) 0.18 0.11 0.45 0.15 (0.05) 0.85 0.17 0.70

4 0.20 0.15 (0.04) 0.74 0.14 0.54 0.19 (0.05) 0.99 0.18 0.77

1 5 0.25 0.19 (0.04) 0.98 0.17 0.59 0.23 (0.05) 1.00 0.20 0.81

6 0.00 -0.00 (0.05) 0.02 0.01 1.00 0.01 (0.05) 0.03 0.02 1.00

7 0.00 -0.01 (0.06) 0.01 0.02 1.00 0.01 (0.06) 0.02 0.03 1.00

8 0.00 -0.04 (0.05) 0.02 0.03 1.00 -0.00 (0.05) 0.05 0.03 1.00

9 0.00 -0.05 (0.05) 0.02 0.03 1.00 -0.02 (0.05) 0.05 0.04 1.00

10 0.00 -0.05 (0.05) 0.02 0.03 1.00 -0.02 (0.05) 0.04 0.03 1.00

1 0.05 0.04 (0.03) 0.02 0.02 0.18 0.05 (0.04) 0.14 0.08 0.57

2 0.00 -0.01 (0.04) 0.01 0.01 1.00 -0.00 (0.04) 0.08 0.06 0.99

3 0.15 0.16 (0.04) 0.93 0.15 0.78 0.14 (0.04) 0.96 0.16 0.80

4 0.00 -0.01 (0.04) 0.01 0.01 1.00 0.01 (0.04) 0.07 0.06 1.00

2 5 0.25 0.25 (0.04) 1.00 0.16 0.89 0.25 (0.04) 1.00 0.17 0.90

6 0.10 0.10 (0.05) 0.08 0.10 0.45 0.12 (0.05) 0.18 0.14 0.65

7 0.20 0.18 (0.05) 0.66 0.20 0.69 0.19 (0.05) 0.87 0.21 0.77

8 0.00 -0.03 (0.05) 0.02 0.02 1.00 -0.01 (0.05) 0.04 0.02 1.00

9 0.00 -0.03 (0.05) 0.02 0.02 1.00 -0.02 (0.05) 0.04 0.03 1.00

10 0.00 -0.03 (0.05) 0.02 0.03 1.00 -0.01 (0.05) 0.04 0.03 1.00
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Table B.35: (Continued from Table B.34)

k j True Unstructured with IB prior Unstructured with MRF prior

βj,k βj,k|γj,k=1 γj,k βj,k βj,k|γj,k=1 γj,k βj,k

PM (SD) PM WI CP PM (SD) PM WI CP

1 0.05 -0.02 (0.04) 0.02 0.04 0.12 0.04 (0.05) 0.25 0.11 0.53

2 0.10 0.05 (0.04) 0.03 0.06 0.24 0.08 (0.04) 0.30 0.12 0.55

3 0.15 0.12 (0.04) 0.11 0.11 0.43 0.14 (0.05) 0.67 0.15 0.60

4 0.20 0.15 (0.04) 0.86 0.15 0.52 0.19 (0.05) 0.98 0.18 0.68

3 5 0.25 0.19 (0.04) 0.97 0.18 0.51 0.21 (0.05) 1.00 0.20 0.66

6 0.00 0.02 (0.05) 0.02 0.01 1.00 0.03 (0.05) 0.04 0.03 1.00

7 0.00 -0.00 (0.06) 0.01 0.00 1.00 0.01 (0.05) 0.02 0.02 1.00

8 0.00 -0.03 (0.05) 0.02 0.02 1.00 -0.01 (0.05) 0.04 0.03 1.00

9 0.00 -0.05 (0.06) 0.02 0.02 1.00 -0.01 (0.05) 0.04 0.03 1.00

10 0.00 -0.04 (0.05) 0.02 0.03 1.00 -0.01 (0.05) 0.04 0.03 1.00

1 0.05 0.05 (0.03) 0.02 0.03 0.26 0.07 (0.04) 0.26 0.11 0.66

2 0.00 -0.01 (0.04) 0.01 0.02 1.00 0.02 (0.04) 0.10 0.06 1.00

3 0.15 0.15 (0.04) 0.95 0.15 0.79 0.15 (0.04) 0.98 0.17 0.87

4 0.00 -0.01 (0.04) 0.01 0.02 1.00 0.01 (0.05) 0.09 0.06 1.00

4 5 0.25 0.25 (0.04) 1.00 0.16 0.85 0.26 (0.04) 1.00 0.18 0.88

6 0.10 0.09 (0.05) 0.06 0.08 0.38 0.11 (0.05) 0.18 0.13 0.60

7 0.20 0.18 (0.05) 0.62 0.20 0.72 0.19 (0.05) 0.87 0.22 0.79

8 0.00 -0.04 (0.05) 0.02 0.02 0.99 -0.01 (0.05) 0.05 0.03 1.00

9 0.00 -0.04 (0.05) 0.02 0.02 1.00 -0.02 (0.05) 0.04 0.02 1.00

10 0.00 -0.04 (0.05) 0.02 0.01 1.00 -0.02 (0.05) 0.04 0.02 1.00

1 0.05 -0.02 (0.04) 0.04 0.05 0.17 0.05 (0.04) 0.34 0.12 0.49

2 0.10 0.05 (0.04) 0.03 0.06 0.28 0.09 (0.05) 0.39 0.12 0.56

3 0.15 0.12 (0.04) 0.22 0.13 0.48 0.15 (0.05) 0.81 0.16 0.60

4 0.20 0.14 (0.04) 0.64 0.16 0.48 0.18 (0.05) 0.98 0.18 0.63

5 5 0.25 0.19 (0.04) 0.97 0.19 0.55 0.23 (0.05) 1.00 0.20 0.68

6 0.00 0.00 (0.05) 0.02 0.00 1.00 0.02 (0.05) 0.03 0.02 1.00

7 0.00 0.00 (0.06) 0.01 0.01 1.00 0.02 (0.05) 0.02 0.02 1.00

8 0.00 -0.04 (0.05) 0.02 0.02 1.00 -0.01 (0.05) 0.04 0.03 1.00

9 0.00 -0.05 (0.05) 0.02 0.03 1.00 -0.01 (0.05) 0.05 0.03 1.00

10 0.00 -0.05 (0.05) 0.02 0.03 1.00 -0.02 (0.05) 0.04 0.03 1.00
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C Application to NAS data

In order to supplement the results from the application in the main paper, we provide the empirical correlations between

gene-specific methylation scores in the NAS data in Table C.1 and the posterior means and posterior standard deviations, 95%

highest posterior density intervals for the regression coefficients corresponding to all of the 27 outcomes in Table C.2. We also

provide trace plots in Figure C.1 for assessing convergence of the MCMC sampler.

Table C.1: NAS data: empirical correlations between gene-specific methylation scores in the asthma pathway.

HLA HLA HLA HLA HLA HLA HLA HLA HLA HLA HLA IL4 CD40 CD40 FCE MS4 FCE IL9 IL10 IL13 IL5 TNF IL3 PRG2 RNA EPX CCL

-DMA -DMB -DOA -DOB -DPA1 -DPB1 -DQA1 -DQA2 -DRA -DRB1 -DRB5 LG R1A A2 R1G SE3 11

HLA-DMA 1.00

HLA-DMB 0.04 1.00

HLA-DOA -0.00 -0.09 1.00

HLA-DOB 0.06 0.23 0.09 1.00

HLA-DPA1 0.05 0.03 0.11 0.06 1.00

HLA-DPB1 -0.08 0.23 0.05 0.10 -0.04 1.00

HLA-DQA1 -0.03 -0.09 0.13 0.03 0.11 -0.06 1.00

HLA-DQA2 -0.05 0.05 -0.00 -0.04 0.12 -0.01 0.13 1.00

HLA-DRA 0.08 0.22 0.11 0.12 0.18 0.02 0.16 0.18 1.00

HLA-DRB1 -0.16 -0.11 -0.05 0.01 -0.16 0.00 -0.01 -0.10 -0.10 1.00

HLA-DRB5 0.13 -0.03 0.24 0.33 -0.12 0.19 0.00 0.02 -0.07 -0.02 1.00

IL4 -0.08 -0.02 0.21 -0.10 0.19 0.04 0.10 0.09 0.13 0.14 -0.12 1.00

CD40LG -0.09 -0.06 -0.00 -0.18 -0.03 -0.02 -0.20 -0.06 -0.07 0.03 -0.09 -0.20 1.00

CD40 -0.16 0.21 -0.06 0.09 0.19 -0.10 -0.17 0.06 -0.07 0.03 -0.18 0.13 0.12 1.00

FCER1A -0.09 0.26 0.04 -0.01 0.08 0.03 0.01 -0.01 0.07 -0.31 0.13 -0.11 -0.10 0.15 1.00

MS4A2 -0.08 0.11 0.03 0.21 -0.02 0.29 0.04 0.02 -0.09 -0.16 0.23 -0.02 -0.18 -0.10 0.09 1.00

FCER1G -0.05 -0.07 0.03 -0.03 0.01 0.07 -0.01 0.05 0.12 0.10 -0.01 0.23 -0.03 0.07 -0.14 -0.12 1.00

IL9 -0.02 0.25 -0.09 0.31 0.07 0.51 0.10 0.03 0.18 -0.14 0.08 0.00 -0.14 -0.10 0.01 0.49 0.01 1.00

IL10 0.03 -0.12 0.32 -0.05 -0.07 0.05 0.15 -0.04 -0.08 -0.03 0.13 -0.13 0.09 -0.13 0.02 0.18 -0.13 0.10 1.00

IL13 0.19 -0.08 0.16 -0.05 0.07 -0.02 0.22 -0.11 0.12 -0.13 0.17 0.01 -0.07 -0.16 0.10 -0.00 -0.16 0.02 -0.13 1.00

IL5 -0.09 -0.03 0.07 0.10 -0.07 0.18 0.02 0.19 -0.09 -0.01 0.16 -0.08 -0.05 0.12 0.06 0.36 -0.10 0.35 0.29 0.07 1.00

TNF -0.02 -0.31 0.04 -0.10 0.04 -0.07 -0.09 -0.01 -0.14 0.13 0.00 -0.01 0.08 0.11 -0.07 -0.13 0.32 -0.16 -0.00 0.02 0.14 1.00

IL3 0.01 0.14 -0.17 0.05 -0.02 -0.04 0.26 0.04 0.07 -0.10 -0.14 -0.07 -0.12 -0.14 0.11 0.07 -0.03 0.13 0.00 0.04 -0.11 -0.02 1.00

PRG2 -0.18 -0.39 0.14 -0.12 -0.01 -0.06 0.19 -0.06 0.01 0.08 0.08 0.38 -0.12 0.01 -0.24 -0.20 0.22 -0.14 -0.03 -0.05 -0.17 0.11 -0.16 1.00

RNASE3 0.05 -0.16 0.09 0.06 0.07 0.03 0.31 0.37 0.20 -0.04 0.05 -0.00 -0.26 -0.15 -0.08 0.07 0.03 0.07 0.01 0.08 -0.00 0.07 0.30 -0.00 1.00

EPX -0.10 -0.22 -0.01 -0.15 -0.10 -0.10 -0.11 -0.22 -0.07 0.17 -0.11 0.27 0.12 0.02 -0.16 -0.08 0.39 -0.24 0.00 -0.08 -0.06 0.38 0.03 0.25 -0.16 1.00

CCL11 -0.09 -0.08 0.23 0.31 0.11 0.10 0.05 0.16 0.01 -0.01 0.57 -0.13 -0.15 0.02 0.00 0.25 0.10 0.19 0.24 -0.05 0.37 0.00 -0.13 0.06 0.16 -0.14 1.00
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Table C.2: Estimated covariate effects on the 27 outcomes in NAS data. Posterior mean (PM) and posterior standard deviation

(SD) of βj,k (conditioning on γj,k=1), 95% highest posterior density (HPD) interval for βj,k are provided.

Unstructured with IB prior Unstructured with MRF prior

Black Carbon (k=1) Sulfate (k=2) Black Carbon (k=1) Sulfate (k=2)

βj,k|γj,k=1 βj,k βj,k|γj,k=1 βj,k βj,k|γj,k=1 βj,k βj,k|γj,k=1 βj,k

PM (SD) 95% HPDI PM (SD) 95% HPDI PM (SD) 95% HPDI PM (SD) 95% HPDI

CCL11 -0.17 (0.11) (-0.10, 0.00) 0.32 (0.14) (-0.00, 0.47) -0.17 (0.13) (-0.27, 0.00) 0.29 (0.11) ( 0.00, 0.46)

EPX 0.18 (0.12) (-0.00, 0.13) 0.03 (0.12) ( 0.00, 0.00) 0.11 (0.12) (-0.01, 0.23) 0.00 (0.13) (-0.02, 0.02)

RNASE3 -0.23 (0.11) (-0.28, 0.00) -0.27 (0.11) (-0.36, 0.00) -0.18 (0.12) (-0.27, 0.00) -0.23 (0.11) (-0.36, 0.00)

PRG2 0.04 (0.10) ( 0.00, 0.00) 0.05 (0.10) ( 0.00, 0.00) 0.02 (0.10) (-0.04, 0.00) 0.04 (0.10) (-0.03, 0.01)

IL3 0.06 (0.12) ( 0.00, 0.00) 0.00 (0.14) ( 0.00, 0.00) 0.07 (0.12) (-0.00, 0.04) -0.01 (0.13) (-0.04, 0.05)

TNF -0.11 (0.12) ( 0.00, 0.00) 0.04 (0.13) ( 0.00, 0.00) -0.08 (0.12) (-0.15, 0.01) 0.02 (0.12) (-0.05, 0.01)

IL5 0.00 (0.12) ( 0.00, 0.00) 0.27 (0.10) ( 0.00, 0.39) -0.02 (0.12) ( 0.00, 0.00) 0.29 (0.11) ( 0.00, 0.44)

IL13 0.08 (0.12) ( 0.00, 0.00) 0.12 (0.11) ( 0.00, 0.00) 0.08 (0.11) (-0.00, 0.10) 0.10 (0.11) (-0.00, 0.13)

IL10 0.01 (0.10) ( 0.00, 0.00) 0.21 (0.10) ( 0.00, 0.28) -0.00 (0.11) ( 0.00, 0.00) 0.23 (0.10) ( 0.00, 0.34)

IL9 -0.22 (0.07) (-0.32, 0.00) 0.12 (0.10) ( 0.00, 0.00) -0.23 (0.08) (-0.35, 0.00) 0.14 (0.11) (-0.00, 0.13)

FCER1G -0.27 (0.09) (-0.40, 0.00) -0.22 (0.10) (-0.24, 0.00) -0.27 (0.09) (-0.40, 0.00) -0.23 (0.12) (-0.30, 0.00)

MS4A2 -0.05 (0.11) ( 0.00, 0.00) -0.01 (0.11) ( 0.00, 0.00) -0.02 (0.11) (-0.09, 0.04) 0.05 (0.11) (-0.02, 0.12)

FCER1A 0.09 (0.10) ( 0.00, 0.00) -0.04 (0.09) ( 0.00, 0.00) 0.11 (0.09) ( 0.00, 0.13) -0.06 (0.10) (-0.04, 0.00)

CD40 0.01 (0.11) ( 0.00, 0.00) -0.03 (0.11) ( 0.00, 0.00) 0.01 (0.09) (-0.03, 0.00) -0.00 (0.12) (-0.04, 0.06)

CD40LG 0.11 (0.10) ( 0.00, 0.00) -0.14 (0.09) (-0.08, 0.00) 0.12 (0.10) ( 0.00, 0.15) -0.16 (0.10) (-0.24, 0.00)

IL4 -0.01 (0.09) ( 0.00, 0.00) -0.09 (0.10) ( 0.00, 0.00) -0.03 (0.09) (-0.03, 0.02) -0.11 (0.09) (-0.13, 0.00)

HLA-DRB5 0.17 (0.07) ( 0.00, 0.23) 0.24 (0.10) ( 0.00, 0.30) 0.19 (0.08) ( 0.00, 0.29) 0.20 (0.10) ( 0.00, 0.29)

HLA-DRB1 -0.01 (0.10) ( 0.00, 0.00) 0.14 (0.09) (-0.00, 0.11) 0.02 (0.09) (-0.01, 0.02) 0.09 (0.09) (-0.00, 0.10)

HLA-DRA -0.26 (0.09) (-0.39, 0.00) 0.25 (0.10) ( 0.00, 0.30) -0.27 (0.09) (-0.41, 0.00) 0.23 (0.10) ( 0.00, 0.30)

HLA-DQA2 0.23 (0.09) ( 0.00, 0.34) 0.13 (0.10) ( 0.00, 0.00) 0.20 (0.09) ( 0.00, 0.31) 0.13 (0.11) ( 0.00, 0.14)

HLA-DQA1 0.10 (0.09) ( 0.00, 0.00) -0.15 (0.09) (-0.13, 0.00) 0.07 (0.09) (-0.00, 0.08) -0.13 (0.10) (-0.17, 0.00)

HLA-DPB1 0.14 (0.10) ( 0.00, 0.11) -0.19 (0.09) (-0.27, 0.00) 0.14 (0.12) (-0.00, 0.18) -0.20 (0.09) (-0.31, 0.00)

HLA-DPA1 -0.01 (0.10) ( 0.00, 0.00) -0.18 (0.09) (-0.23, 0.00) -0.04 (0.09) (-0.00, 0.00) -0.15 (0.10) (-0.23, 0.00)

HLA-DOB 0.16 (0.09) ( 0.00, 0.19) -0.08 (0.08) ( 0.00, 0.00) 0.16 (0.09) (-0.00, 0.26) -0.08 (0.11) (-0.15, 0.00)

HLA-DOA 0.07 (0.08) ( 0.00, 0.00) -0.05 (0.10) ( 0.00, 0.00) 0.11 (0.08) ( 0.00, 0.15) -0.03 (0.10) (-0.09, 0.02)

HLA-DMB 0.07 (0.09) ( 0.00, 0.00) 0.03 (0.08) ( 0.00, 0.00) 0.02 (0.08) (-0.02, 0.07) 0.02 (0.09) (-0.01, 0.06)

HLA-DMA -0.06 (0.08) ( 0.00, 0.00) 0.16 (0.08) ( 0.00, 0.19) -0.03 (0.08) ( 0.00, 0.00) 0.15 (0.09) ( 0.00, 0.22)
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Figure C.1: Trace plots of model parameters for genes identified to have association with black carbon or sulfate in two MCMC

chains (represented in red and black) from the fit of the unstructured model with MRF prior of Section 4.
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