Mathematical Appendix
1. Asymptotics of ergodic distribution of the stochastic BDIM

The ergodic (or stationary) distribution (1.2) of the stochastic BDIM is completely
defined by the asymptotic expansion (1.5) of the function (i),

1= 41418 =i°0 (14fi + O(UP))

where s and y are real numbers and @is positive. The following main assertions describe
all possible asymptotic behaviors of the stationary probabilities depending on different

orders of balance in BDIM (as defined in the formulation of the theorem below).

Theorem 1. (i) if s<0 (non-balanced BDIM), then p; ~ ['(i)°0'i”" where T'(i) is the T'-

function;

(ii) if s=0 and 0=1 (first-order balanced BDIM), then p; ~ 'i™;

(iii) if s=0; 6=1 and a=0 (second-order balanced BDIM), then p; ~i”;
(iv) if s=0; 6=1 and a=0 (high-order balanced BDIM), then p; ~ 1.
Proof

The condition (1.5) can be rewritten as Ai.1/ =i*0(1-y/i+0(1/i%)=i0 (1-y/i)(1+ O(1/i%)).

Thus we can choose S in such a way that H (1+ O(1/s%) converge,
s=S

0<J] (1+O(1/s*)<. It follows that
s=S

f[ (A5l &) ~r(j)Seif[ (1-y/s).
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o] (heafd®) -0 T] (Lis) =T ()0 T(i+Lp) T+,

Applying the main asymptotic property of the I-function, i.e. T'(i+c)/T(i)~i° at
large i for any ¢, we have T'(i+1-y)/ T(i+1)~ i, and so p; ~ I'(i)°0 'i*. Q.E.D.

Corollary 1. For a non-balanced BDIM with s=-1 and y=0, the stationary probabilities p;

follow the (truncated) Poisson distribution with parameter 6, p; ~ 6'/i!
Corollary 2. For a first-order balanced BDIM with 6 <1,

a) if ¥<1, the stationary probabilities p; follow the Pascal distribution with parameters

(1'% 6)’

b) if y=1, the stationary probabilities follow (truncated) logarithmic distribution with

parameter 0;
c) ify=0, the stationary probabilities follow geometric distribution with parameter 6.
The following implication of Theorem 1 is of principal interest.

Corollary 3. The stationary probabilities of a BDIM have a power asymptotic behavior if

and only if the BDIM is second-order balanced.

The non-balanced BDIM (i) with s<-1 or s>0 and high-order balanced BDIM (iv) are of
little practical interest because the former results in an extremely sharply dropping (or
rising) distribution, whereas the latter leads to a uniform distribution of domain family
sizes. Below we consider exclusively balanced BDIMs because only such models can
lead to a power asymptotic of the ergodic distribution.

Transformation of BDIM

Let g(i), i=0,...N, be a positive function. Consider the new transformed model (1.1) or
(2.3) under simultaneous transformation of duplication and deletion rates given by the

relations:



A= 1ig(0), 8% =8 g(i-1). (A-L1)

Then it follows from formulas (1.2) or (1.4) that the ergodic distribution for the BDIM

with transformed birth and death rates, A*; and 6%, is the same as in the original model.

Note that the mean sojourn time in the state i of the modified model is t*; =1/(Aig(i)+89(i-
1)). Thus, t*; can be arbitrarily decreased by choosing the appropriate function g(i). We
will see that the mean number of trials before first entrance into the state N (i.e., the mean
number of duplications and deletions before the formation of the largest family) also

decreases simultaneously.
Rational stochastic BDIM

Let us suppose that the birth and death rates are of the form

Ai=AP(>) =4 ﬁ (i+a ) ax,

5=6Q0)=5]] (+b) s

for i>0, where 4, o are positive constants, o, A are real, and ay, by are non-negative for
all k=1,...N.

The following theorem 2 and proposition 1 (proved in Ref. [1] for the deterministic
BDIM) describe all possible asymptotic behaviors of the stationary probabilities of a
rational BDIM. Let us denote

0=116 5= a-

m
k=1 k=

N
=
Il
UN
=~
Il S
UN

Theorem 2. The stationary probabilities of a rational BDIM have the following

asymptotics

pi= Clopo/AT(i)0i" (A.1.2)
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where the constant C=] | (N(1+b))"G/[ | T'(1+a) e
k=1

k=1
Corollaries 1-3 are valid for a rational BDIM with the values of s and y specified above.

The exact expressions for the stationary probabilities p; are given in the following
proposition.

Proposition 1. For a balanced (first or higher order) rational BDIM,

n

pi=Clopo/if [] [(F(i+ak))"ak]/ﬁ [(T(i+1+b)) 4] for all i=1,2,... (A.1.3)

k=1

po=[1+ Cagi > O] (CG+a)yad[] (G+1+b) 50"
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where

C=[] @by al/]] [F+ad ad

k=1

Polynomial stochastic BDIM
Let 4 =AR() =AY ri"* &= R()=5> qi™
k=0 k=0

where ry, gk are constants and ro= o=1. We suppose that R(i), Q(i) are positive for all
natural i. Note that, in this case, ¥ (i) = 4i.1/& = 0(1+( r1 - g1 -m)/i+O(1/i%)), where 6=1/6.
We will suppose that 6<1.

According to Theorem 2, the polynomial BDIM has the stationary probabilities with
power-exponential asymptotics

0 ~0' i (A.1.4)



where p=r;- Q.

In particular, if p—m>-1, the stationary probabilities p; follow the Pascal distribution with

parameters (p—-m+1, 0);
if p—m=-1, the stationary probabilities p; follow the (truncated) logarithmic distribution;
if p—m=0, the stationary probabilities p; follow the geometric distribution;

if =0, the polynomial BDIM is second-order balanced and the stationary probabilities p;

follow the power distribution
pi ~ "™, (A.1.5)

Note that the degree of the power distribution (A.1.5) is determined only by m, the
common degree of the polynomials (5.21), and p, the difference of the coefficients r; and
0z, and does not depend on other coefficients. In particular, if ry=qy, then p; ~ i™. This
relation could be interpreted as follows: if the first two coefficients of polynomial rates 4;
and & are equal, then the degree of the power distribution (A.1.5) is equal to the “order of

interactions” of domains.

Formulas (A.1.4), (A.1.5) can be refined with the help of Proposition 2.

m m

Proposition 2. Let R(i)=] | (i+ax), Q(i) =] ] (i+bx). Then the stationary probabilities

k=1 k=1

of the polynomial BDIM are

pi = Co pol 560 "1ﬁ [T (i+ay)/T(i+1+by)] (A.1.6)

k=1

where C:ﬁ [C(1+by) /T (1+ad)], and po =[1+C zo/z(i eiﬁ [C(j+a)/D(j+1+b)] ™

k=1 i=1 k=1



2. Escape probabilities; probabilities of formation and extinction of families of

different sizes

Let (c,d) be an interval in the space state of the Markov BDIM X(t), (c,d)={j: c<j<d},
c0, d<'N. Let 7 be the first instant of exit from the interval (c,d); let us denote p(i;c,d)
the probability Pi{X(z) =d}; verbally, p(i;c,d) is the probability that the system, upon
initiating its motion at the state i, will occupy the state d at the time of its first exit from

the interval (c,d). Then [2, ch.3], for c<i<d

i—1 j d-1 i

plicd)=(1+ >, [T s+ >, ] i) (A.2.1)

j:c+1 k=c+1 j:C+1 k=c+1

In particular, the probability to reach the state n before 0 starting from the state i is

i-1

P(i;n)= (1+Z f[ S/h)I(1+ f[ ) (A.2.2)

k=1 j=L k=1

n-1

and the probability to reach the state N beginning from the state 1 is

PLN)= 1/(1+ S f[ 8. (A2.3)

j=1 k=l

For the linear BDIM,

Win_gq, L(@+D) S F(b+j+1) F(a+1) al F(b+J+1)
Prm=( (b+1)Z:‘ rar o)) M Toen & Tasjsy) A9
and, after simple algebra,

PO(1n) = 1/(1+ rad+a) (F(b+n+1) T'(2+b) ). (A25)

A'L+b)  I'(a+n) TI'(l+a)
where y=1+b-a (>0).
Note that these probabilities have the power asymptotic for large n:

PW(L,n) = 7FF( (11+:)) N

with the same power v as the stationary probabilities.



For the transformed BDIM,
i-1 ] N-1 ]

P*(i;N)= 1+ g [T sm/+). Ug()] )= (A.2.6)
j=1 k=1 j=1 k=1

F(a+1) 1 T'(b+]j+2) F(a+1) 1 T'(b+j+2)
F(b+1)z (g(J) F(a+J+1))] e I'(o+ 1)Z (Q(J) F(a+J+1))]

3. The mean and variance of the time of extinction

For birth-and-death process (1.1) let us denote S(i)= inf{t: X(t)=0l X(0)=i}, the time to the
first passage of the state O from the initial state i; S(i) is a random variable for each i. We
will also refer to S(i) as to the time of extinction.

Let Z(j)= inf{t: X(t)=j-1] X(0)=j} denote the time, starting from state j, it takes for the
process to enter state j-1, and z(j)=E(Z(j)). Then (see, e.g., Ch. 6 in Ref. [3])
2(4)=U( A+ )+ 4 1(Z4+6)(2(G+1)+ 2())),

or z(j):1+/1,- z(j+1) and z(N)= 1/on. Hence,

(k)= (/1k Ai)l(&...4) for k>0, (A3.1)

and the mean time of extinction, E(S(n))= Z z(k), can be calculated using the formula
k=1

n N

ESM) =Y > (A.Ai)l(5.5). (A.3.2)
k=1 =k

In particular, for the linear 2" order balanced BDIM

1 Th+k) & Z I(a+i)

0= Tark & ThsisD

and

E(S(n))= % E', where

o <& Th+k) & Ta+i)
= 'kz; r(a+k)Z Fb+i+1)’ (A33)

For the transformed model,

egge L1 T+l & T@+)
=0=7 gk 1) r(a+|<)Z Tb+i+l)’




and
1 _«
E(S(n))= 7 E  where

oY 1 T(+k) & I'(a+i)
E”'Z' g(k —1) r(a+k)Z [F(b+|+1)

(A.3.4)

Next, let us denote w(j)=Var(Z(j)), the variance of the time to the first passage of state j-1
starting from state j. Following (Ch. 6.4 in Ref. [3]), one can get

W() =L(S(4 +E)+ AlS W(i+1) + 4/( +8) [2(+1)+ (), (A35)

w(N)= 1/82.

Let us denote

Bi=1/(G(4 + &)+ Al(4 +8) [2G+1)+ 2G)T2

so that

w(j) =4/ w(j+1) + Bjfor 0< i<N.

The solution of this difference equation is

N-1

w()=(1/ ) (4. An)/(S. Sna)+ Bi(4.. Ak-1)/(6;... 1)

k=]
Thus the variance of the extinction time from the initial state i is
Var(S(i))=>_ w()=
j=1

N -

Y [WE (b A3, Snd* S Bl A, an] (A36)

=t k=]

For the linear 2" order balanced BDIM,

LN

(J)‘ 1 '@+ N) T'(b+ j) F(b+ HE: z B! F(a+k)}
(b+N)? T'(b+N) I'(a+ j) r(a+1) “To+k)
and so
Var(S(i))=1/A* W(i) , where
W) =
j ! I'a+k
F O e ) S e S Srorg 430
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For the transformed BDIM,
Var(S(i))=1/A% W*(i) , where

1 F@+N) ¢ 1 I(b+])) N
g(N-1)(b+N)* T(b+N) = 9(J) I'@+j)

Zi: I'(b+j) ol . I'a+k)gk-1)

— k (A.3.8)
= T+))a(i-1) 5 I'(b+k)
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4. The mean time of the first passage for the birth-and-death process

Let us denote T(i,n)=inf{t: X(t)=nl X(0)=i} the time to the first passage of the state n from
the initial state i; T(i,n) is a random variable for each i, n. The mean time to the first
passage of the state n starting from the state j<n, m(j;n)=E(T(j,n)), is calculated as
follows (Ch. 3 in Ref. [2], Ch.6 in Ref. [3]).

Let U(j)= inf{t: X(t)=j+1| X(0)=j} be the time it takes for the process to enter state j+1,

n-1

starting from state j. Then T(j,n)= U(j)+T(j+1,n) for j<n and so T(j,n):z U(k) where
k=]

the random variables U(K) are independent of each other.

Let us denote u(j)= E(U(j)), then

u(@)= Lro(r..0)/( A1..4)) +ZJ:, (Gi+1..0)/(4i..4)) for j>0,

m(j;n)= mo(j,n) + my(j,n), where (A.4.1)

Mo(j,n)= 1/7vonf‘ (61..09/( A1..44),

k=i

n-1
ma(j,n)= (S+1.. 8)I(i.. A) for O<j<N.

k
k=) =l

By the same way, for process (1.3) (no 0-state),



j

u()= E(UG))= Z (Gi1..0)/ (4. 4) (A4.2)

and the mean time to the first passage of the state n from the state j, M(j,n), is

n-1 n-1 k

MGn) =, uG)= Z Z (Sv1... ) (Ai.. 2. (A.4.3)
For the linear BDIM (1.1)
E(T(i.n)= m(j;n)=

Na+1) & T(b+k+1) < F(b+k+1) ['(a+i)
1/}L(F(b 1)Z F(a+k+1)) kZ;‘ 1“(a+k+1)Z Co+i+ )) (A4.4)

For the linear BDIM (1.3)
v Th+k+1) &

E(T(,n)=MP(;n)=1/n

F(a+ )]
2 Tarked 2 (A45)

Cb+i+1)
In particular, for j=1
MB(2;n) =1/2 M®, where

1) —Z F(b+k+1)
" & Ta+k+1) &

F(a+i)
Z TFo+i+1) (A46)

For the transformed model (1.1),

I'(a+1) "Z‘l 1 T(b+k+1) N

m*(j;n)=1/A0( Tb+1) & g(k) T@a+k+1)

=1 F(b+k+1)Z T(a+i)
& gk) I'(@a+k+1) & T(b+i+l)

1/A

(A4.7)

For the transformed model (1.3),
E(T(j,n))= M (j;n) where
=1 Th+k+1) & Z T(@a+i)

M*(j;n)zllkk; gk) T@+k+1) & TO+i+1)

(A.4.8)

In particular, for j=1
M’(1;n) =1/A M", where

» 21 Th+k+1) & T(a+i)
M”'; g(k) r(a+k+1)z To+i+1)’

(A.4.9)

5. The variance of the first passage time for the birth-and-death process
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The variance of the first passage time is also of interest in many problems (see, e.g., s.7.3
in Ref. [4]) for finite Markov chains with discrete time and Ch. 6 in Ref. [3] for
continuous birth-and-death process). Let us denote v(j)= Var(U(j)), the variance of the
time to the first passage of state j+1 starting from the state j. Then (see Ch. 6 in Ref. [3]):
j
V()= (L) (0. 0)I(Aa.. A) + Y Al(Ser...8) (Jis.. ) Tor j>0, (A.5.1)
i=1
v(0)= (1/%0)?,
where
AL +8)+ §/(% +8) [uG-1+ u@)T? u@) is given in (A.4.2). So

Var(T(i,n))= ni v(j)=

n-1

S W (6.6 ) + Y, Ad s (e )] (A5.2)

Similarly, for model (1.3) (no 0-state), the variance of the time to the first passage of state
j+1 starting from state j
j
V()= (M) (S0 (A2 A)) + D Al(Siwr. ) (Aive. A Tor j>1, V(1)= 1A%,
i=2
So for model (1.3) the variance of the time to the first passage of the state n from initial
state i, is
n-1 j
Var(T(in) =Y. {(1/A)? (%..0)/(A2. A+ Y. AlSer. . )(A. )} (A5.3)
j=i k=2
The most important specific case is the variance of T(1,n):

n-1

V= Var(TLn) = > [LA%(&%. 5)/(Ae. Aj)+ i A S ) (M. )] (A5.4)

j=1

For the linear BDIM (1.3), (2.1)

Var(T(1,n)) = /1—12 v, where

v = 1 1“(a+2)Z I'b+j+1) N

n= : : (A.5.5)
(l+a)” I'b+2) = I'(a+j+1)

& T(b+j+1) F(a+k+1)
,—Z;‘ l“(a+j+1)Z Fb+k+1)°

11
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For the transformed BDIM,
1 NNa+2) & 1 T'(b+j+1) N

*n= - - (A.5.6)
g(@+a))r2 I'(b+2) = 9()) I'(a+ j+1)

t 1 T+ j+1) { . Ta+k+1)

; 9(j) F'(a+j+1) kz;‘ 90A" Fb+k+1)’

where
. 1

1 ) ) ) )
= b DA -1 &y
= ar e+ 0+ Da(i-D t@r o TC VU DA UG OIS

6. The average rate of duplication and the mean time of formation of families

By definition, the mean duplication rate per domain is:

LN

N-—
raw=), Pikili. (A.6.1)

i=1
Let us introduce the coefficient

Cau= ldu/A,

which connects the empirical value of ry, with the model parameter A. Then, for the

rational model (1.1), (3.1) of degree d

%F(2+b) i+a+1) (i+1)*)=

CalON)= (3, P =P i

Gri+a+l) . . ¢1,o  [@+i)
ém(lﬂ) /izzl“ Fo+i+l) (A6.2)

According to (A.4.8), the mean time of formation of a family of size n from an essential
singleton (for which extinction is not allowed) for this BDIM is
E(T(1,n))=1/A M%(1;n)= (A.6.3)

12



I'b+m+1) U I'a+k)
1 z ((m+1) ‘1F(a+m+l)kz_;‘ Fb+k+1)"

Then, excluding the model parameter A from (A.6.3) using the relation 1/A= cgu(d,N)/ rqy,
we obtain the following expression for the mean time of family formation, which is

expressed through the mean duplication rate rq,

E(T(L,n))= Cau(d.N)M “(L; n)/ray . (A.6.4)
Finally, the mean time of formation of the largest family of the size N in years, Ty, is

T N =E(T(1,N))= R(d)(N)/I’du, (A.6.5)

where

OIS ey U i)

= C'(b+m+1) mo T'(a+ k)
Z{ ((m+1)d‘11“(a+m+1)kz:;‘ F(b+k+1)

7. The mean and variance of the number of events before formation and extinction
of the largest family

To calculate the mean number of elementary events of genome evolution, i.e., deletions
and duplications, we use the so-called embedding birth-and-death chain {Y(n)}instead of
the initial BDIM. For a given Markov birth-and-death process {X(t)} with continuous
time, the embedding chain {Y.} is, by definition, the Markov chain with discrete time on
the same set of states with the transition probabilities {p;;}

Pii+1 =f =Ai [(Ai +& ), Pii1 =i =6 (A +6) and p;j =0 for all other cases. (A.7.2)
Many problems bearing on the process X(t) can be solved by analyzing the embedding
Markov chain {Y}, e.g., the probability of arriving at one state before another, the
probability of ever reaching a given state, escape probabilities, the mean number of trials
before extinction, etc. Let us emphasize that, for the chain Y, the sojourn time in every
state is equal to 1 and hence its extinction time is equal to the number of elementary

events (deletions and duplications) before the extinction of a family of the given size.

13



Similarly, the first passage time is equal to the number of elementary events, which are
necessary for the formation of a family of the given size from a singleton.

The problem of the mean number of transitions from one state to another for birth-and-
death chains is readily solved (see, e.g., Ch. 3 in Ref. [2]). Let us note that all formulas
for the mean time of extinction or formation for the original BDIM (see sections A3, A4
of Mathematical Appendix) could be applied for computing the mean number of
transitions if the intensities of transitions, 4;and &;, are replaced by the probabilities of

transitions for the corresponding embedding chain, Bi=4i(4i+6i) and pi=3i(Ai+6;).

In more detail, let us denote F(i,n)=inf{k: Y(k)=nl Y(0)=i} the number of transitions
before the first passage of the state n starting from state i.

Let h(j)= inf{k: X(k)=j+1| X(0)=j} be the number of steps it takes for the chain to enter

n-1
state j+1, starting from state j. Then F(j,n)= h(j)+F(j+1,n) for j<n and so F(j,n):z h(k)

k=]
where the random variables h(k) are independent each other. Using the Markov property,
we can write:
E[hG)1;1=1+(1- )(E[hG-1)I- E[G)D), (A7.2)
where 1;=1 if the first transition from j is to j+1, and I;=0 otherwise. So,
E(h())=1+B;(E(h(-1)) + E(h(}))),
and
E(h(j))=1/a;+Bjlo E(h(j-1)). Hence

EMG@) =D, (Bivs..B)/( 0i..)=

J J
i=1 i=1

(1+8/ ) (Swr... I (Aisa.. ) (A.7.3)

and the mean number of transitions before the first passage of the state n starting from

state j is
n-1 Kk

EFG;n) = >, (1+8/4) (1.0 (i1, A). (A.7.4)
k=j =l

So the mean number of events before the formation of a family of the largest size from an

essential singleton, fy, is

14



fy = EF(L;n) :Nz_ i (1 +8i/21) (i1 8 (hirr. M- (A.7.5)

k=1 i=1

LN

For the linear balanced BDIM,

oN = 1“(b+k+1)Z (1+ i+b F(a+|+1) (A.7.6)
~ T(a+k+1) 4 i+a F(b+|+1) o
For the transformed model,
:N‘l I'(b+k+1) Zk: (g() g( ))F(a+|+1) (A7)

= gKr@+k+1 r'b+i+1)

To compute the variance of the number of transitions before the first passage of the state
n starting from state j (see Ch. 6.4 in Ref. [3]), let us note that it follows from (A.7.2) that
Var(Efh()II;]) = (EInG-1)] + E[h()D* Var(1)= (EInG-1)] + EMGDD*(4E)/(A1+8)°.
Similarly,

Var(h(j)|l;)= (1- Ij)[Var(h(j-1))+ Var(h(j))], and so,

E[Var(h(j)[)]= &/(4+3) [Var(h(-1))+ Var(h())].

According to the conditional variance formula, Var(X | )=Var(E[X|I])+ E[Var(X)|)],

the variance of the number of steps before the first passage of the state j+1 from the state
jis

Var(h())= (E[nG-1)] + EINGD (48 (As+ &)+ &/(4+8) [Var(n(-1)) + Var(h(i))], or

Var(h(j)) = (E[h(-1)] + E)])*& /(% +8)+ & 14 [Var(h(-1)) (A.7.8)

for j>1, Var(h(1))= 0.

So

Var(h(j)) = Cj+ g /4; [Var(h(j-1)) where

Cj =(E[h(-D)] + E[NG))* S /(% +3), (A.7.9)

and hence

Var(h(j)) = ZJ: Cu(der1... ) (A1, 4))} for j>1.

Finally, the variance of the number of transitions before the first passage of state n from

the initial state 1 is

15



n-1

Var(F(1,n) =) ij Cu(Ser1... ) (Ak+1..4)} for n>2, (A.7.10)

j=L k=2

Var(F(1,2)) =0.

For the linear BDIM (2.3),

IS F(b+J+l)z L I'a+k+1)

Var(F(L,n) =Y. “Th+k+1)’

(A.7.11)
o T(a+j+1) iz

where Cle= f vk ~(EIG-1)] + EMG)D,

E[h(j)] is computed for the linear model by (A.7.3).
For the transformed BDIM,

n-1

Var(F*(1,n)) = ZJ: C*u(Or1.. ) (A1 4) }=

j=1l k=2

< T(h+j+) Zjl ox 9K (@+k+1) A7)
S g(ra+j+) & Th+k+y 7.

where

(b+k)g(k-12)
(a+k)gk)+((b+k)gk-1)"
E[h*(j)] is computed for the transformed model by (A.7.3).

*= (E[h*(k-1)] + E[h*(K)])*

Similarly, the mean number of events before extinction of a family of size n, ey, is

en=ECM =Y. Y (e 0w/ (BrB)=

k=1 i=k

n N i-1
O @] (814) (A.7.13)

k=1 i=k i=k

(taking into account that Bn=1).
For the linear balanced BDIM,

e _Z”: T(N+b)l'(k+a) i F(|+b)F(k+a)( i+a
T4 UNTa)r(k+b) & T+a(k+b) " i+b

)] (A7.14)

For the transformed model,
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*

€n=

N-1

g(k-1) T(N+b)I(k+a)
g(N-1) T(N +a)[(k +b)

[

n
k=1

g(k-1) I'(i+b)I'(k+a) 1+ (i+a)g(i) ]

2

i=k

g(i-1) T'i+a)'(k+b) (i+b)g(i-1)

(A.7.15)
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