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Web-Appendix A (Simulation results)



Table 1: Comparison of sizes of Z and Z* tests. Simulation results of 1000 replications for
the scenario in which data representing diseased and healthy individuals are generated by the
same bivariate normal distributions (valid null hypothesis since ROC,(t) = ROCx(t)). The data
are generated such that AUC, = AUCy = 0.6,0.7, and 0.8. Normality is also assumed for
estimation. Sample sizes explored are (100,100), (200,200) and (100,200). Correlation is set
equal to p = 0.2,0.4,0.6 for the data of both the healthy and diseased individuals.

Size results

7 test 7™ test

naA,NB p AUC, = AUCy t=02 t=04 t=06 ¢=0..8 t=02 t=04 t=06 1t=0.8
0.6 0.051 0.054 0.056 0.046 0.048 0.053 0.054 0.048

0.2 0.7 0.051 0.055 0.056 0.040 0.049 0.055 0.055 0.051

0.8 0.050 0.058 0.044 0.018 0.049 0.060 0.057 0.051

0.6 0.057 0.055 0.055 0.049 0.051 0.053 0.053 0.049

100,100 0.4 0.7 0.049 0.052 0.048 0.032 0.047 0.052 0.049 0.046
0.8 0.048 0.058 0.047 0.011 0.048 0.059 0.055 0.050

0.6 0.052 0.052 0.057 0.041 0.051 0.052 0.055 0.045

0.6 0.7 0.049 0.050 0.048 0.027 0.045 0.050 0.050 0.045

0.8 0.047 0.050 0.036 0.010 0.046 0.054 0.050 0.045

0.6 0.056 0.060 0.062 0.059 0.054 0.060 0.062 0.060

0.2 0.7 0.057 0.057 0.060 0.051 0.053 0.057 0.059 0.061

0.8 0.051 0.059 0.054 0.043 0.049 0.059 0.063 0.063

0.6 0.052 0.066 0.065 0.056 0.051 0.065 0.065 0.058

200,200 0.4 0.7 0.057 0.058 0.060 0.046 0.056 0.058 0.060 0.056
0.8 0.057 0.060 0.054 0.035 0.055 0.060 0.061 0.061

0.6 0.050 0.064 0.059 0.045 0.050 0.064 0.058 0.047

0.6 0.7 0.055 0.059 0.055 0.039 0.055 0.059 0.055 0.052

0.8 0.053 0.050 0.050 0.032 0.053 0.049 0.060 0.058

0.6 0.049 0.049 0.045 0.052 0.046 0.048 0.043 0.051

0.2 0.7 0.056 0.049 0.047 0.042 0.055 0.049 0.048 0.048

0.8 0.057 0.040 0.040 0.024 0.056 0.043 0.046 0.050

0.6 0.056 0.040 0.044 0.045 0.051 0.040 0.044 0.045

100,200 0.4 0.7 0.056 0.042 0.041 0.040 0.054 0.044 0.041 0.046
0.8 0.056 0.041 0.038 0.024 0.058 0.041 0.042 0.047

0.6 0.054 0.035 0.043 0.042 0.051 0.035 0.044 0.042

0.6 0.7 0.054 0.044 0.040 0.041 0.053 0.045 0.039 0.043

0.8 0.052 0.042 0.032 0.023 0.056 0.043 0.046 0.050




Table 2: Comparison of the power of Z and Z* tests. Simulation results of 1000 replications for the normal setting
(non-valid null hypothesis) under different scenarios. Normality is also assumed for estimation. Sample sizes explored are
(100, 100), (200, 200), (300,300), and (100, 300). Correlation is set equal to p = 0.2,0.4, and 0.6 for the data of both the
healthy and diseased individuals. The true difference ROC2(t) — ROC(t) to be detected is denoted by d.

Power results

Z test Z* test
nA,NB p t=0.540 t=10.648 t=0.753 t=0.863 t=0.540 ¢t=0.648 t=0.753 ¢=0.863
d=0.20 d=0.15 d=0.10 d = 0.05 d =0.20 d=0.15 d=0.10 d =0.05
Assuming Normality
0.2 0.786 0.704 0.523 0.203 0.812 0.756 0.702 0.624
50, 50 0.4 0.872 0.796 0.585 0.216 0.897 0.863 0.800 0.6920
0.6 0.970 0.913 0.694 0.245 0.977 0.964 0.925 0.8390
0.2 0.975 0.963 0.918 0.713 0.978 0.971 0.951 0.900
100,100 0.4 0.993 0.988 0.962 0.770 0.993 0.991 0.980 0.949
0.6 1.000 0.997 0.989 0.862 1.000 0.999 0.995 0.986
0.2 1.000 0.999 0.999 0.980 1.000 0.999 0.999 0.991
200,200 0.4 1.000 1.000 1.000 0.994 1.000 1.000 1.000 0.999
0.6 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Box-Cox
0.2 0.769 0.655 0.486 0.181 0.755 0.692 0.602 0.505
50, 50 0.4 0.861 0.745 0.543 0.192 0.866 0.788 0.690 0.564
0.6 0.933 0.859 0.626 0.223 0.939 0.899 0.825 0.696
0.2 0.972 0.953 0.891 0.656 0.970 0.961 0.909 0.825
100,100 0.4 0.991 0.979 0.930 0.696 0.988 0.977 0.957 0.879
0.6 1.000 0.996 0.979 0.782 0.998 0.993 0.984 0.946
0.2 1.000 1.000 0.993 0.960 1.000 1.000 0.994 0.978
200,200 0.4 1.000 1.000 1.000 0.982 0.999 0.998 0.998 0.991
0.6 1.000 1.000 1.000 0.999 1.000 1.000 1.000 0.999




Table 3: Comparison of sizes of Z and Z* tests. Simulation results of 1000 replications where
data representing the diseased and healthy individuals are generated by the same bivariate nor-
mal distributions (valid null hypothesis). The data are generated such that AUC, = AUCy =
0.6,0.7,and0.8. The Box-Cox approach is used for estimation. Sample sizes explored are
(100, 100), (200,200) and (100,200). Correlation is set equal to p = 0.2,0.4, and 0.6 for the
data of both the healthy and diseased individuals.

Size results

7 test 7™ test

naA,NB p AUC, = AUCy t=02 t=04 t=06 ¢=0..8 t=02 t=04 t=06 1t=0.8
0.6 0.054 0.055 0.058 0.037 0.047 0.054 0.057 0.039

0.2 0.7 0.054 0.056 0.049 0.035 0.047 0.053 0.051 0.040

0.8 0.052 0.057 0.049 0.025 0.047 0.049 0.045 0.045

0.6 0.053 0.053 0.054 0.039 0.049 0.051 0.049 0.041

100,100 0.4 0.7 0.048 0.055 0.047 0.035 0.044 0.052 0.047 0.040
0.8 0.048 0.051 0.045 0.015 0.046 0.050 0.045 0.045

0.6 0.060 0.057 0.054 0.038 0.054 0.051 0.051 0.044

0.6 0.7 0.051 0.056 0.047 0.022 0.046 0.053 0.051 0.035

0.8 0.045 0.050 0.031 0.012 0.045 0.049 0.046 0.039

0.6 0.054 0.061 0.061 0.056 0.053 0.059 0.058 0.055

0.2 0.7 0.054 0.059 0.056 0.054 0.051 0.058 0.058 0.060

0.8 0.050 0.061 0.062 0.050 0.050 0.062 0.061 0.058

0.6 0.050 0.064 0.063 0.056 0.047 0.064 0.062 0.054

200,200 0.4 0.7 0.055 0.057 0.060 0.050 0.049 0.056 0.057 0.053
0.8 0.060 0.060 0.058 0.041 0.053 0.062 0.057 0.052

0.6 0.051 0.063 0.060 0.047 0.043 0.064 0.062 0.049

0.6 0.7 0.052 0.059 0.055 0.042 0.045 0.057 0.056 0.053

0.8 0.057 0.055 0.053 0.033 0.054 0.057 0.053 0.052

0.6 0.053 0.047 0.047 0.047 0.052 0.047 0.050 0.052

0.2 0.7 0.060 0.050 0.049 0.047 0.053 0.049 0.045 0.046

0.8 0.056 0.045 0.044 0.027 0.056 0.045 0.046 0.044

0.6 0.056 0.042 0.048 0.051 0.045 0.041 0.045 0.051

100,200 0.4 0.7 0.059 0.043 0.040 0.047 0.055 0.044 0.044 0.054
0.8 0.053 0.046 0.043 0.028 0.053 0.044 0.048 0.044

0.6 0.055 0.038 0.042 0.047 0.043 0.037 0.045 0.050

0.6 0.7 0.054 0.046 0.047 0.045 0.045 0.044 0.045 0.051

0.8 0.053 0.043 0.047 0.023 0.052 0.045 0.041 0.040




Table 4: Exploration of Z* test size. Simulation results of 1000 replications where data rep-
resenting the diseased and healthy individuals are generated by bivariate lognormal and bivari-
ate gamma distributions (valid null hypothesis). The data are generated such that AUC; =
AUC5 = 0.6,0.7,and0.8. The Box-Cox approach is used for estimation. Sample sizes explored
are (100, 100), (200,200) and (100,200). Correlation is set equal to p = 0.2,0.4, and 0.6 for the
data of both the healthy and diseased individuals.

Size results (Box-Cox)

Bivariate Gammas Bivariate Lognormals

naA,NB p AUC, =AUC,; t=02 t=04 t=06 ¢=0.8 t=02 t=04 t=06 t=028
0.6 0.042 0.051 0.047 0.054 0.054 0.055 0.058 0.043

0.2 0.7 0.045 0.042 0.049 0.049 0.060 0.057 0.055 0.043

0.8 0.045 0.049 0.039 0.043 0.060 0.055 0.043 0.035

0.6 0.030 0.039 0.046 0.045 0.057 0.056 0.058 0.050

100,100 0.4 0.7 0.041 0.042 0.049 0.044 0.055 0.052 0.047 0.039
0.8 0.039 0.050 0.048 0.046 0.054 0.054 0.048 0.035

0.6 0.025 0.050 0.051 0.042 0.059 0.054 0.059 0.046

0.6 0.7 0.036 0.051 0.058 0.048 0.054 0.053 0.051 0.038

0.8 0.047 0.049 0.041 0.036 0.052 0.051 0.039 0.033

0.6 0.048 0.059 0.057 0.054 0.069 0.079 0.082 0.068

0.2 0.7 0.047 0.051 0.049 0.047 0.062 0.071 0.071 0.058

0.8 0.044 0.049 0.048 0.039 0.066 0.065 0.067 0.055

0.6 0.038 0.050 0.055 0.049 0.055 0.068 0.071 0.060

200,200 0.4 0.7 0.045 0.040 0.033 0.033 0.058 0.062 0.060 0.051
0.8 0.044 0.054 0.047 0.043 0.062 0.062 0.059 0.053

0.6 0.036 0.045 0.051 0.051 0.054 0.065 0.062 0.046

0.6 0.7 0.033 0.042 0.044 0.041 0.057 0.057 0.058 0.044

0.8 0.036 0.040 0.044 0.043 0.057 0.053 0.057 0.051

0.6 0.039 0.040 0.052 0.053 0.065 0.056 0.050 0.051

0.2 0.7 0.039 0.049 0.048 0.045 0.061 0.054 0.052 0.051

0.8 0.044 0.049 0.048 0.045 0.068 0.053 0.048 0.050

0.6 0.034 0.041 0.037 0.054 0.058 0.054 0.047 0.050

100,200 0.4 0.7 0.041 0.049 0.045 0.040 0.055 0.052 0.044 0.052
0.8 0.045 0.042 0.038 0.032 0.055 0.043 0.047 0.047

0.6 0.038 0.044 0.051 0.053 0.049 0.041 0.044 0.044

0.6 0.7 0.029 0.041 0.042 0.045 0.052 0.051 0.042 0.042

0.8 0.037 0.041 0.038 0.042 0.051 0.041 0.046 0.040




Table 5: Power simulation results of 1000 replications for the non-normal settings (non-valid null hypothesis) under different
scenarios. The kernel-based method is considered for estimation. Sample sizes explored are (100, 100), (200, 200), (300, 300),
and (100, 300). Correlation is set equal to p = 0.2,0.4, and 0.6 for data of both the healthy and diseased individuals. The
true difference ROC32(t) — ROC (t) to be detected is denoted by d.

Power results

Bivariate Gammas Bivariate Lognormals
nA,NpB p t=0.540 t=0.648 t=0.753 ¢t=0.863 t=0.3790 t=0.5350 ¢t=0.6890 t=0.847
d=0.20 d=0.15 d=0.10 d=10.05 d=0.20 d=0.15 d=0.10 d = 0.05
Box-Cox approach
0.2 0.503 0.462 0.347 0.217 0.733 0.642 0.503 0.337
50, 50 0.4 0.600 0.544 0.419 0.273 0.842 0.755 0.607 0.397
0.6 0.758 0.687 0.532 0.333 0.953 0.893 0.756 0.526
0.2 0.806 0.739 0.610 0.430 0.942 0.905 0.820 0.637
100,100 0.4 0.892 0.833 0.688 0.493 0.986 0.967 0.894 0.726
0.6 0.973 0.949 0.842 0.621 1.000 0.994 0.975 0.855
0.2 0.977 0.965 0.885 0.718 0.996 0.992 0.969 0.890
200,200 04 0.999 0.991 0.944 0.801 1.000 1.000 0.993 0.949
0.6 1.000 0.999 0.990 0.897 1.000 1.000 1.000 0.993
Kernel-based approach
0.2 0.4180 0.3930 0.3000 0.1790 0.6250 0.5200 0.3340 0.1620
50, 50 0.4 0.5190 0.4620 0.3690 0.2270 0.7200 0.5810 0.4000 0.1930
0.6 0.6310 0.5710 0.4390 0.2770 0.8480 0.7250 0.5310 0.2610
0.2 0.7240 0.6850 0.5620 0.3690 0.9010 0.7960 0.5910 0.3050
100,100 0.4 0.8060 0.7900 0.6440 0.4210 0.9500 0.8790 0.6950 0.3670
0.6 0.9270 0.8970 0.7720 0.5140 0.9910 0.9570 0.8320 0.5160
0.2 0.9340 0.9320 0.8490 0.6340 0.9950 0.9720 0.8730 0.5470
200,200 0.4 0.9790 0.9770 0.9170 0.7300 0.9990 0.9910 0.9260 0.6400
0.6 0.9970 0.9930 0.9700 0.8260 1.0000 1.0000 0.9770 0.7920




Table 6: Exploration of Z* test size. Simulation results of 1000 replications where data represent-
ing diseased and healthy individuals are generated by bivariate lognormal and bivariate gamma
distributions (valid null hypothesis since ROC| (t) = ROCx»(t)). The data are generated such that
AUC, = AUCH = 0.6,0.7, and 0.8. The kernel-based approach is used for estimation. Sample
sizes explored are (100,100), (200,200) and (100,200). Correlation is set equal to p = 0.2,0.4,
and 0.6 for the data of both the healthy and diseased individuals.

Size results (Kernel-based Z* statistic)

Bivariate Gammas Bivariate Lognormals

naA,NB p AUC, =AUC,; t=02 t=04 t=06 ¢=0.8 t=02 t=04 t=06 t=028
0.6 0.034 0.036 0.040 0.049 0.044 0.045 0.053 0.057

0.2 0.7 0.033 0.039 0.032 0.046 0.042 0.052 0.057 0.057

0.8 0.047 0.049 0.051 0.051 0.039 0.049 0.057 0.060

0.6 0.035 0.031 0.037 0.045 0.048 0.055 0.054 0.053

100,100 0.4 0.7 0.039 0.035 0.041 0.039 0.048 0.058 0.049 0.054
0.8 0.040 0.038 0.043 0.048 0.048 0.052 0.046 0.051

0.6 0.036 0.0440  0.0430 0.0310 0.0480 0.062 0.055 0.043

0.6 0.7 0.042 0.0450  0.0460  0.0570 0.0530 0.061 0.048 0.045

0.8 0.043 0.0440  0.0410  0.0440 0.0490 0.047 0.047 0.043

0.6 0.054 0.052 0.050 0.042 0.051 0.055 0.055 0.063

0.2 0.7 0.049 0.046 0.045 0.051 0.051 0.056 0.057 0.071

0.8 0.044 0.045 0.043 0.050 0.053 0.050 0.072 0.067

0.6 0.046 0.045 0.046 0.044 0.048 0.052 0.058 0.060

200,200 0.4 0.7 0.043 0.037 0.039 0.040 0.050 0.054 0.058 0.070
0.8 0.035 0.053 0.038 0.043 0.046 0.054 0.070 0.068

0.6 0.045 0.044 0.041 0.047 0.045 0.053 0.068 0.059

0.6 0.7 0.043 0.042 0.043 0.051 0.045 0.051 0.064 0.067

0.8 0.033 0.039 0.048 0.060 0.046 0.054 0.068 0.065

0.6 0.051 0.049 0.055 0.058 0.050 0.045 0.046 0.056

0.2 0.7 0.049 0.049 0.044 0.052 0.056 0.043 0.052 0.058

0.8 0.051 0.045 0.050 0.054 0.053 0.048 0.057 0.062

0.6 0.046 0.043 0.042 0.049 0.047 0.040 0.048 0.054

100,200 0.4 0.7 0.044 0.042 0.040 0.050 0.055 0.046 0.051 0.057
0.8 0.045 0.040 0.049 0.038 0.052 0.042 0.054 0.061

0.6 0.039 0.042 0.053 0.053 0.056 0.044 0.052 0.052

0.6 0.7 0.044 0.038 0.043 0.049 0.058 0.051 0.049 0.050

0.8 0.041 0.035 0.037 0.041 0.058 0.051 0.051 0.055




Table 7: Size simulation results with respect to the AUC' of 1000 replications where data representing the diseased and
healthy individuals are generated by bivariate lognormal and bivariate gamma distributions (valid null hypothesis ROC1(t) =
ROC5(t)). The data are generated such that AUC1 = AUC = 0.6,0.7, and 0.8. The Box-Cox, kernel-based and DeLong’s
methods are compared. Sample sizes explored are (100, 100), (200, 200) and (100,200). Correlation is set equal to p = 0.2,0.4,
and 0.6 for the data of both the healthy and diseased individuals.

AUC size results

Bivariate Gammas Bivariate Lognormals
NA,NB p AUC Box —Cox Kernel DeLong Box — Cox Kernel DeLong
0.6 0.051 0.040 0.042 0.056 0.051 0.055
0.2 0.7 0.049 0.048 0.043 0.057 0.053 0.052
0.8 0.059 0.055 0.044 0.054 0.054 0.055
0.6 0.040 0.037 0.044 0.058 0.059 0.058
100,100 0.4 0.7 0.042 0.042 0.043 0.055 0.055 0.056
0.8 0.041 0.043 0.043 0.055 0.055 0.051
0.6 0.052 0.045 0.048 0.052 0.062 0.061
0.6 0.7 0.047 0.045 0.044 0.057 0.059 0.058
0.8 0.047 0.050 0.045 0.053 0.055 0.045
0.6 0.057 0.059 0.054 0.058 0.063 0.059
0.2 0.7 0.057 0.050 0.053 0.059 0.053 0.057
0.8 0.046 0.041 0.044 0.063 0.056 0.049
0.6 0.053 0.050 0.046 0.062 0.059 0.057
200,200 0.4 0.7 0.040 0.038 0.038 0.060 0.049 0.050
0.8 0.048 0.048 0.049 0.061 0.053 0.053
0.6 0.047 0.045 0.040 0.065 0.056 0.062
0.6 0.7 0.044 0.044 0.042 0.059 0.051 0.056
0.8 0.041 0.036 0.038 0.057 0.056 0.050
0.6 0.045 0.042 0.039 0.045 0.051 0.052
0.2 0.7 0.049 0.047 0.045 0.051 0.049 0.044
0.8 0.051 0.052 0.052 0.046 0.048 0.047
0.6 0.044 0.042 0.043 0.047 0.044 0.047
100,200 0.4 0.7 0.043 0.040 0.045 0.051 0.045 0.043
0.8 0.043 0.047 0.054 0.049 0.051 0.046
0.6 0.039 0.044 0.046 0.041 0.043 0.043
0.6 0.7 0.031 0.030 0.031 0.043 0.044 0.045
0.8 0.039 0.039 0.045 0.048 0.054 0.046

Table 8: Power simulation results with respect to the AUC of 1000 replications where data representing diseased and
healthy individuals are generated by bivariate lognormal and bivariate gamma distributions (non-valid null hypothesis). The
Box-Cox, kernel-based and DeLong’s methods are compared. Sample sizes explored are (50,50), (100,100), and (200,200).
Correlation is set equal to p = 0.2,0.4, and 0.6 for data of both the healthy and diseased individuals.

AUC power results

Bivariate Gammas Bivariate Lognormals

naA,NB p Box — Coxr  Kernel DeLong Box — Cox  Kernel DeLong
0.2 0.511 0.469 0.480 0.762 0.663 0.721
50, 50 0.4 0.610 0.569 0.575 0.857 0.754 0.830
0.6 0.768 0.737 0.736 0.949 0.894 0.952
0.2 0.809 0.776 0.771 0.953 0.909 0.949
100,100 0.4 0.896 0.882 0.875 0.988 0.964 0.987
0.6 0.972 0.969 0.969 0.994 0.994 0.998
0.2 0.979 0.968 0.972 0.999 0.998 0.999
200,200 0.4 0.998 0.995 0.993 1.000 1.000 1.000
0.6 1.000 1.000 1.000 1.000 1.000 1.000




Web-Appendix B (technical details)
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1 Appendix

1.1 Derivation of the partial derivatives for the delta method

OROC (1)
Opia

OROC! (1)

V2 (M1AM1B ‘bl(t)‘?'lA)2
— exp | —0.5
2y/mo1B O1B

o
OROC, (1)

V2 <,UJ1A — B — ‘1)1(15)01A>2
exp [ —0.5
2ﬁ013 01B

0014

OROCH (t)

d-1(¢ — g — B¢ 2
) o [ 05 (/MA pB ( )01A>
V2mo1p 01B

80’13

and the expressions are similar for

2

01B O1p

V2
—0.5
2ﬁexp
OROCs (1) OROCs(1) OROCs(1) .. 4 OROCs (1)
Opaa Opap Ooaa an doap

90~ (ROC:(t)) 1

 Oma o

90~ (ROC;(t)) 1

 Oms o

99~ (ROC:(t)) @ '(t)
do14 B 01B

9D~ (ROC (1)) A — g — " (t)oia
O0op oip .

Similarly for the expressions that correspond to ®~*(ROCy(t)).

_ 2 _
pia — g — P 1(t)<71A> ) (MlA—/hB—Om‘I’ 1@))

(1)

1.2 Derivation of the partial derivatives for the delta method in the presence

of covariates
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where 7 =1,...

,p. The expressions for ROC5(t) are similar.
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1.3 Partial derivatives for the delta method (AUC)
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1.4 Partial derivatives for the delta method in the presence of covariates
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The expressions are similar for =1 (AUC3 z).
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1.5 Derivation of the information matrix for the binormal-bivariate setting

Fisher’s information matrix in this case is of the form:
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J=— 2A0H1A ) 5 A ) .
0 o°U(P) 0 0 0 o°U(P) 0 0 o°U(P)
DooA001 A 80§A Odoaadcov g
o°Up) 2°Up)
0 0 Op2popiB 822 | 0 0 3#%3 8210( ) 0
_o°Up) P
0 0 0 S0 00in 0 0 0 903, 0
() °1(p) ’UPp)
0 dcovaOo A 0 0 0 DcovaOoaa 0 0 Bcovi
921(p) o’UPp)
0 0 0 BCO’L)BaOlB 0 0 0 860’038023 0
We present all the derivations required:
&% log L na
ou? 2 cova?
Hia J1A 1A% 03a2 1
0%logL 1 A
D02 . 5 5 o3 Z(Ali*AZi*ASi*AMﬂLAsi)
1A (0142 0242 — cova?)”
where
Ay = o014t 0248 +cova® (2p1apoa goa® +2Wia; Won; 0242 — 2Wia; o 024% — 2Waa, 14 024%)
Az 014% (3W14:%024% — 6 Wi 14 024° +3p14%024°)
Asz; cova? (0142 (3Wani? 024 — 6Waaipoa 024> + 3 p12a% 024%) + Wia® 024t + 14024t —2Wia; piaoaa®)
Aygi cova® (Wani® —2Wani poa + p2a” + 024?)
As; = covaora® (6p1apeacaa +6Wia; Wanso0a® — 6 Wiaiiza o2a™ —6Waaip1ao2a®)
0%logL 1 A
e T > 5 3 Z(Bu — Ba; + Bs; — Buy;)
covy (0142 02427 — cova?)”
Bi; = cova® ((3Wani® —6Wauipoa +3p24%) 014 + (3Wia:% — 6 Wias pia +3p14%) 024?)
Byi = cova® (2Wiai Waa; —2Wiaipoa —2Wan, piia + 2014 poa)
o 4 4 2 2 ) 2 4 4 2 2 _ 2
Bgi = cova® +o2a” (6147 (Wiai® —2Wiaipia +p1a”) —o14%) + 014" 0247 (Waai® —2Wau, pioa + p2a’)
4i = COvAO1AT 024 14i Waai —6Wiaipoa —6Waaipia +6p14 p2a
B 20042 (6 Wya; W 6 W, 6 W- +6 )
0%logL 20140247 3074 (Waaicova — cova poa — Wiai 024 + piaoaa?) 0
Op14001 4 (0142 0942 — covp?)?
82logL _ T ACOV A
Op1A0p24 0142 0242 — covy?
9%logL _ 024 i (2cova? (Wiag — paa) —2cova o14% (Waoai — piza)) 0
Op1a0024 (0142 0942 — covp?)?
d?logL _ nZA cova? (Waai — paa) — 0242 (cova (2Wiai —2p14) —014% (Wani — pi2a)) .
Op1 A0cov 4 = (0142 0942 — covy?)?
O%logL  _o1a Xt (2c0va® (Woas — p2a) — 2cova02a® (Wiai —pia)) _
00140p24 (0142 0942 — covy?)?
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2logL =
0%log _ 2(01A3 (2001),4 (Cr) +200vA2) —covaloia (4W1A2 —8W1A,u1,4—|—4,u1,42)) goa’

=1
na

+ ) (014 (2c004® (Cri) = 2cova) — cova® o1a4” (AWaa® — 8 Waa pian + 4 11247)) 024
=1

80’1,460'2,4

where
Cii = 2WiaWon —2Wiapioa —2Waa piia + 2 114 fi2a
OlogL nZA 014 (cova® Dy; + Da; — cova® 094% D3;) — 014% (024* Dai + cova Ds;)
0o140cov 4 pt (01420942 — covA2)3
Dyi = 2Woni® — 4 W, piaa + 2 iza® + 2024
Doy = covaoaa® (4Wiai® —8Wia; pia +4p14?)
Ds; = 6Wia; Wou; —6Wia;pioa —6Won;fi14+ 614 tioa
Dy = 2Wiai Waai —2Wiaipoa —2Wani pia + 2 p1a pi2a
Dsi = 2034" — 0247 (2Wani® — 4 Waa, piza + 2 124>

Note that all remaining nonzero derivatives are completely analogous to the above results and can be
derived by substituting the parameters of the corresponding group. We also derive:

0*logL B 0?logL B 0%logL B 0*logL B 0%logL B
Op1A01B " Op1a0o1p " Op1a0p2B " Op1a002p " Opra0covp
0%logL B 0%logL B 0%logL B 0%logL B 0%logL B
001401 B " 00140018 " o1 40U2B " 00140098 " 0o 40coup
0?logL &logL 0?logL

)

OuipOusa  Ouipdosa  Opipdcova

0%logL B 0%logL B 0*logL B
do1p0pas  Oo1gdoaa  OoigOcovy
0%logL 0%logL 0%logL

OuoaOpap  Oupzadosp  Opaadcovy

)

0%logL B 0%logL B 0*logL B
802A8u23 a 780'2,460'23 - ’80'2,48001}3 -
0%logL —0 0%logL _0 0%logL ~0

OuapOcovy  Ooapdcovy  OcovaOcovg
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1.6 Box-Cox transformation

The negative Fisher information matrix in this setting is

*uUP) ’uUP) °UP) *UP)
(A?ﬂ 0 0 0 (A1) 5, (A2) 0 0 0 0 0 (A1) (A1)
Opy's Oy n " Opg Opy 2281 Opy OAo
0 i 2) 0 0 0 o%L(p) 0 0 o%(p) 0 o°L(p) o%I(p)

5 (;1)2 805?‘41)80;:\42) 80(/\1)6601}(*1,2) z’)a(/\1>£})\1 8001)0)\2
1
2*up) 2*UP) le(p) 821(1))
0 0 — 0 0 0 — Ty 0 0 0
5 52\31)2 Bu(lgl)@ué}?’) Ouo\l)BAl au(h)a)\z
0 0 0 o%1(p) 0 0 0 o%U(p) 0 o%1(p) o°U(p) o°U(p)
30331)2 80521)80332) 800‘1)80 W (A1,2) 308\31)3/\1 805%1)(9%2
2’UP) 2’UP) °UP) °Up)
(X2) 5 (A1) 0 0 0 (A2)2 0 0 0 0 0 (/\2)8)\ (/\2)9)\
Opy x° Ony's Otz 4 ' ’
0 *uP) 0 0 0 *UP) 0 0 a*uP) 0 3 L(p) 3 (p)
9002 05 1) ) 0i2)2 ) 9002 peon 017 80(:2>8A1 E,U;;z)mz
o L(P) o7L(P) o"l(pP) o"l(P)
0 0 (A2) p(>\1) 0 0 0 (A2)2 0 0 0 (A2) (A2)
Ouy Ony'pg Oy 8;1. 5281 8# OAo
0 0 0 _’up) 0 0 0 2%up) 0 [t 102) o°1(P) 2°1(P)
305?32)30521) 80;/1\32)2 . ¢ (%2)8 (*1 2) 80;}2)0>\1 BU%\BQ)@A2
*uP) 9*UP) o7L(P) o7 L(P) o°L(P)
0 — 0 0 0 —_— 0 0 — 0
Bcovg\lj)@as}}) 6001154)\1’2)80;22) 8(;01)54)\1’2)2 Bcov(k1’2)6>\1 GCOU(AI"Z)B)\
0 0 0 __oup) 0 0 0 __oup) 0 2*1(P) o*1(p) o*1(P)
8cm)(>\1 2)8 ()\1) ch)( 1 2)8 (?32) 8(:01;?1’2)2 dcovg O dcovp OAa
o2U(p) oU(p) 2U(p) ERIi2) o%U(p) oU(p) 162 ER62) o%1(P) 2%U(p) o2up) o21(p)
8A16u“1) 8)\180(1:\41) 8)\18“(/\1) 8>\180'§/\Bl) a)\la“(/\z) a)\lagéj\f) o\ au(/\Q) o 80;22) OAjcov 4 8)\1830'0( 1,2) BA% OX10A2
321(13) *up) 82l(p) 2*up) 321(?) *UP) 321(17) 2’ up) 9*UP) 321(1’) 9*UP) 82l(g’)
argouiy) argouiL) argouyy Orp00 1) argouy) argouiy) org0us)2) Orp00532) 9220cov 3 1B argeov 1P FX20N1 A3




The derivatives included in the upper left 10 x 10 part of the above matrix are completely
analogous to the ones derived in the previous subsection. Counting the matrix columns from
left to right, note also that given the derivatives of the 11th column, the derivatives of the 12th
column can be straightforwardly obtained by simple substitution of the corresponding parameters
involved. Regarding the derivatives of the 11th column, we derive:

d*l(p) - A U2A(A2)2 (WlAiAl A1 log(Wyai) — Wig + 1)
a9, 00ay 2 2
opl Y ox, = N <J&1> 2409 — cop12) )
n 2
_PlUp) N 2000 524)° (K1) (Ki)
(A1) ‘ 9 2\ 2
Doy O =13 <U§’1\41) goq(A2)? covg‘m) >

Kii = Wia™M A\ log(Wiai) — Wia™ + 1

Ky = 0001(4)‘1’2) (1= Waui™ Ag) — Ao O'QA()\Q)z(l + Wl)‘jz) + (M Ag)(covg‘l 2) MQAQ) - ugi‘l) 02,4(’\2)2)
Plp) Z 250" (Wip N Ay log (Wip:) — Wip + 1)
owpon o2 (013“1) oap )2 _ Covg1,2)2>
?lp) nB 2015 UzB(Al)2 (K;z) <Kéz>
8091)8)\1 R =13\ <J1B(’\1)2 oop()? covg\l’Q)Q>2
where,

Ky, = Wig™ A\ log(Wig:) — Wig™ + 1

Ky = covy™ A1 = Wap As) = Ao oap®) (1 4+ W1k) + (0 de)(covy ™ w2 — u(y) 5o 0%
Plp) & COUX\I’Q) (Wiai A1 log(Wiag) — Wia™ 4 1)
oudPaN, ;_ A2 (U&l)zam(mg } covﬁfL?)Q)
o%(p) if‘:_ 2000 94 (Kyy) (L)
605:\42)8)\1 - =1 33\, <U§A1)2 UQA(A2)2 B covgl’2)2>2
where
Ly = covi1 12) Ao(1— Wia®) — M\ U(/\l) (1 4+ Waui)™ + M /\2(001)1(4 )MYX) - uéj\f)U&l)Q)
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?lp) f:_covfg 2) (Wipi™ A1 log(Wip) — Wi +1)

))

aué 2)8)\1 —1 A2 <UlB(/\1) UQBO‘l) —covg\mn)
2 ns 2covy ™ aop™) (K1) (L]
0?1(p) Covp " 02B 1i 1i
80(’\2)8)\ - Z N 3 2 2 (A1.2)2 2
2B ©74 =N A (UlBo‘l) oapM)” — covgt? >
where
’ 2 2
Ly = COUJ(B/\LZ) Ao(1=Wip®) = A o1 (1 + Wapi)™ + A )\2(00%(9 " 2)#53) ng\;)o’lB(’\l) )
?lp) g‘: B (K1i) (Mai + Ma;i)
(A12) o4 2 2\ 2
8001} o\ i=1 )\13 Ao <0_£>X) JQAOQ)Q . COUI(:\LQ) )
where
2
My; = covg)‘w) (1- WQ/\f‘Z) — 2001}1(4 ! 2)/\202A(A2)2(1 - Wl)‘jh) + )\10§I41) O'QAOQ)Q + 2W1/\/11i
M = A e 4l o) a0 4 20 )
_ %%Up) _iB:_ (K1;) (My; + Ma;)
(A1,2) 2
aCOUB O\ i— )\13 Ao <UlB(>\1)2 0230‘1)2 _ covg\Lz)Z)
where
M{Z = covg‘1 2)? (1 W;‘éz) 200111(3 ))\20 (A 1)2(1 - Wl/\él) + )\1013(’\1)2023(/\1)2 + 2W1)‘]§i
M, = )\1/\2u()‘2)(covg\l 2 + o150 gy ) — )\1023(A1)2(W2’\§i (A2 4 2001)(’\1 2))\2@%
2N1;2—No; N3; oN' PN N
n + n 2 T 7
821(p) _ 4 Q7 oD% gy, (32 N Z Ulle)?Q 01301)2?;23@1)2
8)\% - 2 (r1,2)? £ (A,2)2
i=1 Zeos 9 i=1 CU S
‘75,41) oo (A2) o157 go (A1)
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where,

Wiat —1 B Wit log (Wias)

Ny =
17 A12 Al
Noo  — 9 A1) _ 2 (Wia™ — 1) 2WyaM —2 B 2 Wi 4:™ log (W1a;) + WiaM log (Wi a)?
24 - MlA )\1 )\13 )\12 Al
Waai*2 — 1Y) [2Wia™M =2 2Wia™ log (Wiai)  Wiait log (Wyaq)?
Noi = 2601)1(:1,2) P‘gif) - Waa 1Az3 - 1Ai C;g( 1A4) 4 W og (W1 ai)
A2 A1 A1 A1
' Wip* — 1 Wig™ log (Wig:)
Ny = 2 -
)\1 )\1
N = (9,00 _2 (Wipi?t —1) 2WigiM —2  2WipM log (Wigi) n Wiai*t log (Wia,)?
2i = Hip N IVE 22 oY
/ (o) [ ey Wap2—1 2Wipi* =2 2Wipi™ log (Wigi) | Wipi™ log (Wip:)®
N3, = 2covg ™ Hop — 3 — 5 +
A2 Al A1l A1
na 2000 (Wia™ A log (Wiai) — Wia™ +1) (Waui™® Aslog (Waus) — Waui™® + 1
9*1(p) 4 2covy 14 Avlog (Wiag) — Wiai™ + 24i"2 Ao log (Waa; 2Ai
NN 2 5 2
172 i=1 A2 o2 20§A1) ooaP2)” — 2001}2 1.2)
A A
nB 260’[}](8 1.2) (WlBi)\l )\1 log (WlBi) — WlBiAl + 1) (WQBi)\z )\2 log (WgBi) — WzBi 2 + 1)
+ NIRE
2 2 .
=1 )\12 )\22 (20’13(/\1) 0'23()‘1) — 2CO’U§3 1.2) )
.. . . . . . . 221(p) o21(p) 9%1(p)
’s information matrix:
Derivatives included in the last column of Fisher’s i D ons" 3o 03s" BuCDong
o°Up) o°Up) o’Up) o’Up) 2°L(p) o°UPp) o°Up) :
are respectively completel
oo 0xs” oS oxy 00V 0xsT auS oxe” 000X Beov )P any Beov St aNy | P yeompIeey
o°Up) o°Up) o°Up) °Up) °Up) °Up) °Up) °Up) 2°U(p)
analogous to
nalog ouoxs” a0 axy” apon a0 oy aps oxy T ao 0V ony T apsy ox T do5i ox T acon’ S an,

2
% and can be obtained by simple substitution of W14, Wip, A1, p1a and puyp with Wayu, Wap,
cov g ’ 1

A2, HoA, op, Tespectively.
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1.7 Normality with covariates

Here, we restate and derive all derivatives of matrix My.
completely analogous to the ones that follow.

My

2P y)
aﬁém)?

UP,)

8[3}()214)8[3(()1/;)

2*UP,)
da14085

62l(pz)
0024085

32l(17z)

3covA3B(lA)

19
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085" Vo1 4
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PYIERY
By cova
A
d*l(py) Z Z(l )
/ _
08, ~
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All derivatives contained in matrix Mp are

((p+4) X (p+4))-



n A A A
221(p,) 22709 covp02, (Wani — B — Y0_, B4 224)

= UlAE

2
98 Va1a (02,02, — covi)
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*l(py) - AZA 22(2 )COUAU%A(WlAi - (()1 ) :;:1 /5]('1 )ZJ('il ))
2 4y .
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o g24 Z 2 2 2
(074054 — COUA)
Pip,) w220 covaod,(Wiai - gy = S0 8 25 )
B4 I Z 2 o2 2
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— 014 5
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i Z(lA)COUA( (24) +Z 2A)Z (24) W)
o 2
i=1 (074054 — COUA)
n 24 24 24) (24
_Plpg) = — zA:U%A 2Zlgi Jeova (B + Py 53(' )Zj(-i ) Waas)
851(C2A)COU i=1 (034074 — COU,24)2

na Z(zA)UgAalA 501A) iy IBJ(;A)Z](;A) W)

-

2
i=1 (074054 — cov)
n 24 14 14) (1A
- Zlii )00”,24(3((] '+ i 5]( )Z](i )~ W)
a 2
i=1 (U%AUSA - covfl)

UPy) ’UPy) 0P, 9P, _UPy) o’UPy) .
8(7?/_‘ ’ 80%A ’ 001400247 Ood140covs’ Ooga0c0U 4 and 6001}3 are analogous

to their counterparts presented in section (1.5).

and the remaining derivatives
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1.8 Partial derivatives for the construction of the Z test in the setting where
covariates are present

1A 14) (1A 1B 1B) (1B 2
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g, z\y exp | -2 _
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2 Figure: Box-Cox-based ROC curves for the prostate cancer
data
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Figure 1: ROC estimates obtained from empirical-based and Box-Cox approaches for PSA alone
(thin line) and the combined biomarker values (thick line). Left to right (i.e., scenarios (1) to (3))
for the empirical-based approach: (AUCpga = 0.7185, AUCc = 0.7933), (AUCpga = 0.7347,
AUCe = 0.8620), (AUCpgsa = 0.6682, AUCc = 0.8342). Left to right (i.e., scenarios (1) to
(3)) for the Box-Cox approach: (AUCpgsa = 0.7118, AUCc = 0.7946), (AUCpsa = 0.7242,
AUCe = 0.8597), (AUCpga = 0.6728, AUC = 0.8345).
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Web-Appendix C (Additional Simulation results)
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Table 9: Comparison of sizes of BTI and BTII confidence intervals by Qin et al. (2006). Sim-
ulation results of 1000 replications for the scenario in which data representing diseased and
healthy individuals are generated by the same bivariate normal distributions (valid null hypoth-
esis since ROC)(t) = ROC4(t)). The data are generated such that AUC; = AUCy = 0.6,0.7,
and 0.8. Sample sizes explored are (100, 100), (200,200) and (100,200). Correlation is set equal
to p =0.2,0.4,0.6 for the data of both the healthy and diseased individuals.

Size results

BTI1 BTII

naA,NB p AUCi=AUC; t=02 t=04 t=06 ¢t=038 t=02 t=04 t=06 ¢t=038
0.6 0.032 0.064 0.052 0.049 0.031 0.042 0.038 0.035

0.2 0.7 0.046 0.045 0.042 0.030 0.029 0.038 0.027 0.018

0.8 0.029 0.031 0.031 0.017 0.021 0.025 0.023 0.008

0.6 0.048 0.059 0.040 0.040 0.034 0.047 0.029 0.024

100,100 0.4 0.7 0.045 0.046 0.039 0.031 0.030 0.033 0.025 0.017
0.8 0.030 0.035 0.025 0.021 0.020 0.022 0.020 0.008

0.6 0.039 0.052 0.035 0.031 0.023 0.036 0.025 0.020

0.6 0.7 0.035 0.044 0.041 0.027 0.026 0.027 0.017 0.012

0.8 0.032 0.027 0.026 0.013 0.023 0.017 0.015 0.004

0.6 0.060 0.047 0.057 0.041 0.048 0.039 0.052 0.036

0.2 0.7 0.054 0.052 0.048 0.042 0.046 0.040 0.040 0.033

0.8 0.051 0.049 0.043 0.031 0.043 0.040 0.033 0.020

0.6 0.0470  0.043 0.044 0.032 0.037 0.043 0.039 0.025

200,200 0.4 0.7 0.0470  0.046 0.047 0.034 0.039 0.043 0.036 0.030
0.8 0.0470  0.054 0.035 0.025 0.029 0.044 0.027 0.018

0.6 0.0360  0.046 0.052 0.028 0.026 0.034 0.035 0.027

0.6 0.7 0.0450  0.043 0.041 0.035 0.032 0.037 0.030 0.025

0.8 0.0390  0.046 0.036 0.023 0.037 0.031 0.026 0.012

0.6 0.043 0.051 0.052 0.054 0.039 0.036 0.038 0.037

0.2 0.7 0.043 0.046 0.038 0.036 0.031 0.036 0.035 0.023

0.8 0.051 0.032 0.033 0.026 0.037 0.030 0.029 0.013

0.6 0.040 0.034 0.044 0.043 0.033 0.025 0.034 0.028

100,200 0.4 0.7 0.038 0.042 0.039 0.034 0.030 0.031 0.032 0.021
0.8 0.048 0.030 0.032 0.027 0.034 0.021 0.023 0.015

0.6 0.035 0.030 0.040 0.032 0.027 0.021 0.028 0.018

0.6 0.7 0.043 0.039 0.039 0.025 0.028 0.020 0.022 0.013

0.8 0.054 0.026 0.036 0.016 0.039 0.016 0.019 0.006
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Table 10: Comparison of sizes of BTI and BTII confidence intervals by Qin et al. (2006).
Simulation results of 1000 replications for the scenario in which data representing diseased and
healthy individuals are generated by the same bivariate gamma distributions (valid null hypothesis
since ROC|(t) = ROC5(t)). The data are generated such that AUC, = AUCy = 0.6,0.7, and
0.8. Sample sizes explored are (100,100), (200,200) and (100,200). Correlation is set equal to
p=0.2,0.4,0.6 for the data of both the healthy and diseased individuals.

Size results

BTI1 BTII

naA,NB p AUCi=AUC; t=02 t=04 t=06 ¢t=038 t=02 t=04 t=06 ¢t=038
0.6 0.038 0.040 0.038 0.042 0.027 0.032 0.028 0.032

0.2 0.7 0.043 0.042 0.044 0.035 0.035 0.029 0.027 0.028

0.8 0.042 0.045 0.035 0.022 0.030 0.033 0.025 0.010

0.6 0.033 0.041 0.040 0.041 0.019 0.024 0.028 0.029

100,100 0.4 0.7 0.039 0.040 0.041 0.037 0.021 0.022 0.026 0.022
0.8 0.043 0.031 0.033 0.017 0.031 0.021 0.020 0.010

0.6 0.033 0.049 0.036 0.036 0.022 0.034 0.022 0.023

0.6 0.7 0.037 0.035 0.032 0.026 0.023 0.026 0.017 0.012

0.8 0.029 0.036 0.030 0.008 0.017 0.023 0.012 0.002

0.6 0.057 0.039 0.037 0.045 0.051 0.0310  0.036 0.035

0.2 0.7 0.049 0.035 0.036 0.039 0.042  0.0350  0.034 0.029

0.8 0.048 0.042 0.037 0.028 0.032  0.0410  0.032 0.017

0.6 0.042 0.041 0.047 0.040 0.028  0.0310  0.035 0.028

200,200 0.4 0.7 0.034 0.033 0.036 0.028 0.026  0.0280  0.020 0.022
0.8 0.037 0.046 0.034 0.026 0.028  0.0400  0.027 0.014

0.6 0.028 0.042 0.038 0.041 0.023 0.029 0.032 0.027

0.6 0.7 0.037 0.039 0.035 0.046 0.023 0.028 0.023 0.029

0.8 0.027 0.036 0.051 0.026 0.023 0.024 0.039 0.022

0.6 0.043 0.049 0.048 0.052 0.034 0.036 0.043 0.041

0.2 0.7 0.048 0.041 0.048 0.040 0.040 0.036 0.034 0.025

0.8 0.049 0.037 0.036 0.021 0.035 0.030 0.030 0.014

0.6 0.041 0.047 0.035 0.034 0.034 0.028 0.027 0.017

100,200 0.4 0.7 0.038 0.045 0.039 0.037 0.024 0.033 0.026 0.026
0.8 0.042 0.039 0.022 0.021 0.027 0.020 0.021 0.010

0.6 0.034 0.040 0.046 0.039 0.024 0.029 0.037 0.026

0.6 0.7 0.039 0.034 0.029 0.026 0.026 0.022 0.021 0.015

0.8 0.037 0.033 0.036 0.016 0.022 0.023 0.015 0.007
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Table 11: Power simulation results of 1000 replications for the normal setting (non-valid null hypothesis) under differ-
ent scenarios. The BTI and BTII methods are considered. Sample sizes explored are (50,50), (100,100), and (200, 200).
Correlation is set equal to p = 0.2,0.4, and 0.6 for data of both the healthy and diseased individuals. The true difference
ROC2(t) — ROC1(t) to be detected is denoted by d.

Power results

Normals
BTI BTII
naA,MB p d=020 d=0.15 d=0.10 d=0.05 d=020 d=0.15 d=0.10 d=0.05
0.2 0.518 0.415 0.285 0.100 0.504 0.421 0.256 0.085
50, 50 0.4 0.574 0.454 0.294 0.097 0.568 0.436 0.269 0.087
0.6 0.636 0.504 0.319 0.105 0.644 0.490 0.292 0.083
0.2 0.826 0.754 0.622 0.306 0.848 0.774 0.632 0.302
100,100 0.4 0.860 0.802 0.653 0.319 0.891 0.812 0.665 0.301
0.6 0.923 0.833 0.695 0.338 0.944 0.870 0.725 0.329
0.2 0.984 0.966 0.906 0.646 0.987 0.972 0.925 0.689
200,200 0.4 0.995 0.972 0.930 0.667 0.997 0.984 0.936 0.703
0.6 1.000 0.989 0.952 0.705 1.000 0.996 0.962 0.749
Gammass
BTI BTII
naA,Np p d=020 d=0.15 d=0.10 d=0.05 d=020 d=0.15 d=0.10 d=0.05
0.2 0.329 0.271 0.186 0.080 0.303 0.264 0.174 0.064
50, 50 0.4 0.341 0.294 0.204 0.083 0.324 0.265 0.182 0.076
0.6 0.423 0.338 0.221 0.099 0.399 0.316 0.199 0.071
0.2 0.562 0.518 0.376 0.194 0.560 0.509 0.372 0.176
100,100 0.4 0.619 0.535 0.405 0.228 0.617 0.537 0.408 0.221
0.6 0.743 0.623 0.445 0.217 0.754 0.624 0.445 0.194
0.2 0.841 0.778 0.648 0.403 0.851 0.781 0.662 0.419
200,200 0.4 0.892 0.851 0.747 0.477 0.893 0.861 0.755 0.480
0.6 0.947 0.910 0.797 0.512 0.956 0.919 0.816 0.518
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