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Appendix A: Prior Specification and Posterior Computation

For clarity of exposition, we consider both the trajectory model (TM) and the shared parameter model
(SPM) and a piecewise constant hazard function for Ag(t) defined in (4.1) in this Appendix. Write
A= (A,...,Ak)". We assume independent normal priors for v, 8, «, and 3, with v ~ N(u,, V1), 0 ~
N(pg, V2), e ~ N(p3,V3), B~ N(py, Va), where p; and V; (a positive definite matrix) for j = 1,2,3,4
are prespecified hyperparameters. An inverse gamma (IG) prior is specified for o2, i.e., 02 ~ IG(aq, by),

where ag > 0 and by > 0 are prespecified. For 2, we take an inverse Wishart (IW) prior,
Q ~ qu+1(1/0, Qo),

where vy is the degrees of freedom and g is a (¢+1) x (¢+1) positive definite matrix. We further assume
independent gamma priors for A, A\y ~ Gamma(ayg, by), where ap > 0 and by > 0 for k =1,...,K. In
Section 3 (a simulation study) and Section 4 (the real data analysis), the prespecified hyperparameters are
given by @, = py = p3 = py = 0, Vi = 10001, Vo = 100015, V3 = 1000012, V4 = 100001,, ap = 0.001,
bo = 0.001, vy = 2, Qo = 0.00115, a; = 0.001, and b; = 0.001.

Finally, the joint prior is written as
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Due to the complexity of the joint model, an analytical evaluation of the posterior distribution of
(e, BR) in (2.8) with the prior specified in is not possible. Therefore, we use the Gibbs sampling
algorithm to sample (¢, 87) from (2.8). To run the Gibbs sampling algorithm, we draw from the following
full conditional distributions in turn: (i) [y | 02,07, Dops]; (ii) [0 | ©,0%, Dons); (iii) [Q | 6,07, Dyys);



(iv) [02 | 7, 0", Dons)s (v) [ | X, B, 0", Dops); (vi) [B | A, @, 07, Dops); (vii) [A | @, 3,0, Dops]; and (viii)
[aR | 037702752;)‘7a7/67D0bs]~

We briefly discuss how to sample from the above conditional distributions. For (i) and (ii), the condi-
tional distributions of 4 and € are multivariate normal; for (iii), the conditional distribution for 2 is inverse
Wishart; and for (iv), the conditional distribution is inverse gamma. For (vii), given (e, 3, o, Dops), the
Ai’s are conditionally independent and each A follows a gamma distribution. Thus, sampling from these
four conditional distributions is straightforward. For (vi), it can be shown that the conditional density
is log-concave. Thus, we can use the adaptive rejection algorithm of |Gilks and Wild| (1992) to sample
these parameters. For (v) and (viii), we use the Metropolis-Hastings algorithm (Metropolis et al.| [1953;
Hastingsl| |1970) to sample @ and 0.

Next, we derive the expressions of these full conditional distributions. For (i), we have
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)} . For (ii), given (Q,8%, Dops), 8 follows a multi-

variate normal distribution, given by
n
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For (iii), [0, 87, Doys] is an inverse Wishart (IW) distribution given by
n
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For (iv), the conditional distribution of o2 is given by
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For (v), the full conditional distribution of e takes the form
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where
min{sy,t;}

Hye = sp1 < ;) / exp{h(ex, 01, g(w) }du,



and the indicator function 1{s;_1 < t;} =1 if sy_1 < t; and 0 otherwise. For TM, the Riemann integral
is used to compute H;; as the integral involved is intractable. For (vi), the full conditional distribution

of B is given by
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It is easy to show that log(m(8|A, o, 0", Do1s)) is concave. For (vii), given (o, 3, 0%, Dops), the \y's are

conditionally independent and for each A\, we have
Ak|(1>[37 0R7 Dobs ~ Gamma(ak + dk:7 bk + Tkr)a

where d = Y0 6 l(skp—1 < t; < sg), and 7, = Y., exp{z;B}H;,. Finally, for (viii), the 8,’s are

conditionally independent and the full conditional distribution of 6; takes the form
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Appendix B: Decomposition II

Appendix B.1: DIC Decomposition II and ADICy,,,

Write 1, = (v,02) and ¥, = (A, o, 3,0,9Q). In this Appendix, we extend AIC decomposition II of
Zhang et al. (2015a) to develop the second decomposition of DIC. The DIC decomposition II quantifies

the contribution of the survival data to the fit of the longitudinal data.

Let f(0;]ty,t;, 6, 2;) be the conditional density of the random effects 0; given (¢;,6;,2;), and
also let f(ti|vq,0:,2i) = [ f(tilea,0:,0i,2:)f(0;]0,9)d0;, which is the marginal function of ¢;. Let
1, and 1, denote the posterior means of 1, and 1p,. Define Devsy (@) = =2 1 log f(ti|hs, 6, 24),
PD[Surv] = F {—2 S ftlpy, 6, 24) Dobs:| +23°1  log f(tilhy, 6i, i), Deviongsur (@) = =231 log(

L fyilvy, 05, 2) f(8i|vpy, ti, 05, 2:)d6;), and ppLong|sury) = B | =211 log [ f(y; |1, 05, 2:) f(6i|vpy, i,

52’7 zz)dGZ

Dobs} +23°0 log [ f(y;|1,0:,2:) f(0;|hs, ti,6:, 2;)d0;. We are led to the following result.



Result B.1: DIC and pp in (2.9) have the decomposition

DIC =DICgy,v + DICLong\Surva
PD =PD[Surv] +pD[L0ng|Surv]7
where DICgyy = DeVSurv(@) + 2pD[Surv]; and DICLong|Surv = DevLong\Surv(@) + 2pD[Long\Surv]'

The proof of Result B1 is based on the key identity
f(ti|§02, 01‘, 61" zl)f(01|07 Q) = f(tl‘so% 0; Qv 5i7 Zz)f(OZ‘LPQ, 0; Qv Liy 61'7 Zi)v (AQ)
where

f(0i|902707 Qatia 5ia zi)

We are also interested in how much the survival data can contribute to the fit of the longitudinal

component in the joint model. In the same fashion as ADICgyry, ADICtong is given by
A]DICLong = DICLong,alone - DICLong\Surw (A3)

where DICLong,alone == DeVLong,alone(‘TOl) + 2pD[L0ng,alone]; DevLong,alone(@l) = 722;;1 Ingf(yzthh
0;,x;:)f(0:16,9)d0;, and pprongaione] = E[ — 2311 log [ f(y;|¥1,0:, ;) f(6:6,2)d0;
2370 log [ f(y;l4py, 0i, ) f(6:]0,9)d6;.

DLong,obs] +

ADICrong in (A.3) quantifies the trade-off between the fitting improvement in the longitudinal
component due to the survival data and the dimension penalty for the additional parameters in the

longitudinal component of the joint model. A model with a large value of ADICy,qng is more preferred.

Appendix B.2: CPO Decomposition II, LPML Decomposition II, and ALPML;,,,,

We have already shown that (2.18) holds for any fixed value *. Let 4] and 3 denote the posterior
means of ¥; and ¥,. Given (A.2)), we have

f(yivti|(p*a5i7wivzi) = f(tl"(;b;v(slaZl)f(yz|¢>{7,¢/);7tzv5271317'21)’ (A4)

where f(ylhp){a ¢;7tia 6i7mi7 zi) = ff(y1|¢>{7 017wl)f(01‘¢;7t27 5i7 zt)doz Similar to (219)7

m(¢*[Dg,)) = m(@p5| D w93, D), (A.5)
71—(90* |D0bs) = 7T(¢2|Dobs)7r('l/;1 |¢27 Dobs)-



Using (A.4) and (A.5)), we propose the CPO Decomposition II as

CPOz = CPOi,SurV ' CPOi,Long|Surva (A6)
where )
Ftilab3, 6i, zi)m (5] Dy )
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Result B.2: For CPO;, CPO; surv, and CPO; 1,ong|Surv; we have the identities
(515" _ o, ! (401 65 Dons )
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1
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and
1
CPOi,Long\Surv = (Ag)

f f(y,i|1/J1,¢Zl,ti76i,wi,z,-)7T(¢1W);’DObS)dwl

Using (A.4), (A.9) can be rewritten as
1
NabE 5i 2, 1 x '
f(t1|1/)2,51,21)f f(yi,ti\l,lll,l/l;,tii,wi,zi)ﬂ—(d]lWJQ’DObS)d¢1

CPOi,Long|Surv =

To avoid the calculation of f(y;, |1, 5, d;, i, 2;), we use the same idea as in (2.16) and obtain

* (—1)
m(P5|Dgy’) w;(0;) Ry R
mW2lDons ) _ po, 4 (3, 07|93, Dps)dORdep
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where the optimal choice of w;(6;) is TR IR ) Similarly,

1

* Wi 0L * ’
f(tiwjzaéi’ Zi) f f(y,.,ti,ai\¢f,¢);6i,:ci,zi)W(¢1’9R|¢2’D°bs)d0Rd¢1

CPOi,Long\Surv =

where the optimal choice of w;(8;) is £ (Jg:’yttel;/lj’(f)}(p?%f;?};il)

Result B.3: LPML can be decomposed as

LPML = LPMLgury + LPMLpongisurys (A.10)



where LPMLgyy = Z?:l log CPOi,Surv; LPMLLong|Surv = 2?21 lOg CPOi,Long\Surw with CPOi,Surv de-
fined in (A.7) and CPO; Long|sury defined in (A.8)), respectively.

Define LPMLyong alone = 9y 108(CPO; Long alone) Where CPO; 1ong alone 1S given by (2.23). We

propose the following model assessment criterion:

ALPNH—JLong = LPMLLong\Surv - LPMLLong,alone-

ALPMULyone quantifies the gain of the fit in the longitudinal component due to the survival data
with a penalty for the additional parameters in the longitudinal component of the joint model. A model

with a large value of ALPMLyq,g is more preferred.

Appendix C: Proofs of Identities, Results, and Theorems

Proof of Result 1. We first observe that

Using (2.5) and (C.1)), we have

L Dan) = [ [ £(6102.61.85 2007 (il 65, 1) 1(61l6.2)db
=1
= H/f(tl|<p27017517zl)f(01|(pl7yz7ml)f(yz|9017ml)d01

i? §
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Taking -2log of yields
—2log L(¢|Dobs) = — Qilogf(yikpl,wi) - 2ilog/f(ti|<p2,0i,5i,zi)f(0i|gal,yi,a:i)d0i. (C.3)
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Taking the expectation of with respect to the posterior distribution of ¢, we obtain

E [—21og L(|Dobs)| Dobs]

= E[— 2 log f(y,ler, @) — 2ZIOg/f(til‘PQ»Oia6iyzi)f(0i|9017yi7wi)dei
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i=1 i=1
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Dobs:| .

(C.4)




The DIC decomposition in (2.10) directly follows from (2.9), (C.3)), and (C.4)), which completes the proof.

Proof of CPO Identity II. Using (2.4) and (2.8), we have

ff(yi’thei | (P76i7wi7zi) HJ7£»L f(yj>tj703 | LP>6jamjazj)7r(cp)d0Rd(P
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_ 1
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Proof of Theorem 1. The proof of this theorem is similar to that of Theorem 2.1 in |Chen| (1994). The

detail of the proof is given as follows. If Var( Obs) = 00, then the inequality holds

11),;(071) ’
f(y,;7ti7071|807571713i7 i

automatically. Now, we assume that Var( Obs> < 0o. We first see that from (2.14),

[f(yi’t”‘»:(smwi,zi) Dobs:| = CPO; !,

and from (2.16),

wz(az) 1
obs| = CPO; .
{f(yi’ti,ai\%%wi,zi) > } !
Hence, it is sufficient to show that
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By the Cauchy-Schwarz inequality,
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il \/f(yi5ti79i|¢a6i7xiazi)d6i
( \/f y7,7t’b70 ‘<P76U$17 Z)
< de; irtiy 03], 04, T4, 2;)d0;
—J f( yz,tuB Iso,&,wl,zb f v )

f yz7tl7 6 |907 6“ Li, zz)



Moving f(y;, ti|@, 0i, x;, z;) to the left side of (C.6) yields

1 w?(0;)

3

fyitile, 6i, x4, 2 (i ti, 0ilp, 05, i, 24)

de;. (C.7)

Multiplying 7r(<,o7 l)|DObS ) to both sides of 1i and integrating over Of?‘_i) and ¢ gives

00 »IDG)) w; (6:) R p(-D) R
O, de < (¢, 08 1D ))d0:d0% ;dp.  (C.8
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After some algebra, we have

at70 757"1}1;27 70
The left side of (C.8) = /f Yol Jl;Pyz R 5) a(c(p () z)| obs )de dHR Hdep
27 » Yy My Z
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f ywt ‘907627'731’ 1) C(Dc()gsl))

<P|Dobs) C(Dobs)
——d, C.9
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Gi) R (DobS) R
The right side of - / (@, 0| Dops) —F——dO " dp C.10
f2 ymthe |<P’6l7mlﬂzl) ( ‘ )C(D(()bsv) ( )

obs

Canceling the common constant c((g(ol’g)) from 1] and (C.10)), we obtain 1D which completes the

proof.

Proof of CPO Identity III. Plugging (2.13) into (2.12) yields

PO, — Dobs) (C.11)
«(DG)
We define
_ f(yiati ‘ ‘Paéi’wivzl> ( |Dobs )
( | Dobb’ ( | Dobb )) - CPO . (012)

where D(()QS = {(y;,ti, 0, ®;, ;) } denotes the observed data for the i*" subject. Then, (¢ | Dobq7 (¢ |

Dc()gsi))) can be viewed as the posterior distribution of ¢ given the data DY with (¢ | D\

obs

) as the

obs

prior. Clearly, CPO; is the normalizing constant of 7(¢ | Dobs, (e | D[()bsZ )) in (C.12). Using (2.6),
(2.13), (C.11)), and (C.12), we obtain

o(DSpd) 1 £yt | .05, 2;)7()
(’0 Do s TP Do S = # X f ywt’b ‘10,61'7wi7zi X : -
| b ( | b )) C(Dobs) ( | ) C(D(()g:))
n ti |, 0, @i,z
:Hj—l f(yj il 65,25, z5)m(p) — (¢ | Doe). (C.13)

C(Dobs)



Combining (C.12)) and (C.13) gives (2.17), which completes the proof.

Proof of Theorem 2. Using augmented posteriors,

w(@iID)) [ (et el DY )dey

71—(90>1K|D0b8) fﬂ(90T7902|Dobs)d§02
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[ LS W I By 2858
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2 J T Py 85107, 2, 0555, 25)m (07, p2)dep
1
= CPO'L *7DO . d ' Cl4
/ f(ymtz'\cpik,g02,5i7mi’zi)”(‘92|¢1 bs)d@s ( )

Using (2.21) and (C.14), we have

1
(yzvt’b‘LPTv 9027 51'7:131'3 Z;

CPOi,Long = CPOzf(yl‘(le(v wi) / f )W((P2|SOI7 Dobs)d(PQ

= CPO; * 1 * e 90*7D0bs d‘P
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1
= CPOL - T 80 LP*7D be dso )
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Thus, (2.26) can be immediately obtained based on (2.20) and (2.25). We can also prove (2.26) directly
from (2.22). Using (2.22),
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Proof of Result 2. By the CPO decomposition in (2.20), we obtain
LPML = " log(CPO;)
i=1

= Z 1Og(CPOi,Long : CPOi,Surv\Long)

=1

= Z log(CPOi,Long) + Z log<CPOi,Surv|Long)

i=1 i=1

:LPMLLong + LPMLSurv|Long .

Appendix D: Additional Tables

Table S1: DIC, pp, and LPML for fitting survival alone with different K

K DIC PD LPML
2 2206.05 8.86 -1103.10
10 2049.45 17.00 -1024.68
20 2022.76  27.18 -1012.13
25 2026.85  32.25 -1014.27
29 2031.12  36.43 -1016.32
30 2018.49  37.36 -1010.07
31 2020.72 3847 -1011.34
35 202256  42.76 -1012.62
50 2040.11  58.21 -1022.65
75 2048.33  85.52 -1037.82
100 2070.61 113.64 -1070.94

Table S2: pp’s and pp(surv|Long]’s for five PROs under SPML and TML with different K

K Model Anorexia Cough Dyspnea Fatigue Pain
25 SPML pp 47.16  47.30 47.70 47.23  47.28
PD[Surv|Long] 34.34  34.26 34.42 34.41 34.51

TML pp 46.20  46.52 46.23 46.39  46.48
PD[Surv|Long] 33.23 3340 33.32 33.25 33.37

30 SPML pp 52.45  52.27 52.55 52.16 52.36
PD[Surv|Long] 39.49  39.37 39.51 39.51  39.60

TML pp 51.44  51.32 51.32 51.38  51.43
PD[Surv|Long] 38.48  38.35 38.28 38.41 38.52

35 SPML pp 57.88  57.69 57.12 57.64 57.73
PD[Surv|Long] 44.75  44.62 44.57 44.69 44.80

TML pp 56.42  56.84 56.70 56.58  56.52
PD[Surv|Long] 43.52  43.66 43.64 43.68 43.75

10



Table S3: The Decomposition of LPML for five PROs under SPML and TML with different K using
Gaussian quadrature

K Model Anorexia Cough Dyspnea  Fatigue Pain
25 SPML LPML -7015.03 -7145.63 -5965.59 -6504.33 -6428.84
LPMLgyrviLong  -1003.19  -1012.16 -1004.83  -998.64  -988.22
ALPMLgy,y 11.08 2.11 9.44 15.63 26.05

TML LPML -7016.15 -7144.97 -5968.85 -6507.35 -6436.11
LPMLsyryjLong ~ -1004.32 -1011.10 -1008.79 -1001.93  -996.01
ALPMLg;v 9.95 3.17 5.47 12.33 18.25

30 SPML LPML -7011.19 -7141.37 -5960.95 -6500.15 -6424.75
LPMLguryrong ~ -999.00 -1008.05 -1000.59  -994.66  -984.14
ALPMLgy;v 11.07 2.01 9.48 15.41 25.93

TML LPML -7012.15 -7140.22  -5964.64 -6503.22 -6431.93
LPMLgurviLong  -1000.25 -1006.80 -1004.67  -998.01  -992.00
ALPMLgyv 9.82 3.27 5.40 12.06 18.07

35 SPML LPML -7013.76  -7143.94 -5962.76 -6502.81 -6427.28
LPMLgyrvjLons  -1001.52 -1010.42 -1002.91  -997.13  -986.48
ALPMLgy,y 11.09 2.19 9.71 15.49 26.14

TML LPML -7014.32  -7T143.11 -5967.16 -6505.62 -6434.14
LPMLguryrong  -1002.68 -1009.38 -1007.07 -1000.39  -994.41
ALPMLgy;v 9.94 3.24 5.54 12.23 18.21
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