
S1 Appendix. Skeletal Muscle Model.

The muscle model requires an input activation which results into muscle force. The
inputs are the excitation (e(t)) and activation dynamics (a(t)), the muscle-tendon
length lMT, optimal muscle fiber length lM0 , optimal muscle force FM

0 , and two fatigue
parameters. The model assumes a zero pennation angle (α = 0). The muscle length, lM,
and tendon slack length, lTs , comprises lMT. These parameters and others used
throughout this section are specified on Table S1. The other parameters in the model
are the same across all skeletal muscles as detailed by [S1]. A bar over the variables
representing lengths indicates normalization with respect to lM0 . Likewise, a bar over
variables representing forces indicate normalization with respect to FM

0 .
Once the trajectory is specified, the controllers generate a pulse duration signal as

described in the Controller Setup section with an upper limit of 200µs. The pulse
duration sets on an excitation, e(t), with values ranging from 0 to 1. Excitation is
related to muscle activation, a(t) with values also ranging from 0 to 1. The activation
dynamics is then determined as

ȧ(a(t), e(t)) =


e(t) − a(t)

τact
, e(t) ≥ a(t),

e(t) − a(t)

τdeact
, e(t) < a(t)

where τact = 0.01s and τdeact = 0.05s. The activation and deactivation times were based
on EDL mouse muscle studies conducted by [S2]. There is zero activation at t = 0.

The tendon length (lT) and corresponding tendon force (FT) are calculated through
the relations

lT = lM0 + lTs − lM, and (1)

F̄T =
(1 + εT)

1000
+


klin(εT − εT

toe) + F̄T
toe, εT > εT

toe

Ftoe
ektoeε

T/εTtoe−1
ektoe−1

, 0 < εT ≤ εT
toe

0.

(2)

The contraction force of the muscle is FMT(t) = FT(t), since the contraction force
of the muscle fibers is transferred to the tendon force. Moreover, passive force (FPE)
occurs when the muscle is being lengthened. The EDL muscle is set to lM0 at t = 0,
therefore, the muscle is in a passive state. The passive muscle strain, εM

0 , is set at 0.6
while the exponential factor shape for the force-length relationship, kPE is set at 4. FPE

in the muscle fibers is calculated as: FPE=FM
0 F̄PE. The normalized passive force, F̄PE,

is given by the relation

F̄PE(l̄M0 (t)) =


1 +

kPE

εM
0

(l̄M0 − (1 + εM
0 )), l̄M0 > 1 + εM

0

ekPE(l̄M−1)/εM0

ekPE
, l̄M ≤ 1 + εM

0 .

(3)

The contractile element force, FCE, is calculated by the difference between the
tendon force, FT and the passive force FPE. That is, FCE(t) = FT(t)−FPE(t) since we
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are assuming the pennation angle is zero. Moreover, the active force of the muscle
fibers, F a, is a function of the activation a, normalized muscle fiber, l̄M, and a Gaussian
function representing the normalized F-L relationship, fl,

F a = a(t)FM
0 fl, where fl =

e−(l̄M−1)2

γ
. (4)

The contraction dynamics are calculated as explained through the work detailed
in [S1] by first determining the force-velocity scale factor, (F̄M

V )−1, and the contraction

velocity of the muscle fibers, l̇M. (F̄M
V )−1 is a function of FCE and F a. Additional

terms are included such as a passive damping factor, ξ = 0.05, and ε = 10−6 to avoid
numerical errors in the computation.

The (F̄M
V )−1 equation is given by

(F̄M
V )−1(FCE, F a) =



FCE

ε

(
ε− F a

F a + ε/Af + ξ
+

F a

F a + ξ

)
− F a

F a + ξ
, FCE < 0

FCE − F a

F a + FCE/Af + ξ
, 0 ≤ FCE < F a

FCE − F a

(2 + 2/Af)(F
aF̄M

len − FCE)

F̄M
len − 1

+ ξ

, F a ≤ FCE < 0.95F aF̄M
len

fv0 +
FCE − 0.95F aF̄M

len

εF aF̄M
len

(fv1 − fv0), 0.95F aF̄M
len ≤ FCE

where fv0 and fv1 are defined as,

fv0 =
0.95F aF̄M

len − F a

(2 + 2/Af)0.05F aF̄M
len

F̄M
len − 1

+ ξ

, (5)

fv1 =
(0.95 + ε)F aF̄M

len − F a

(2 + 2/Af)(0.05 − ε)F aF̄M
len

F̄M
len − 1

+ ξ

. (6)

The muscle fiber velocity is determined by the contraction velocity as follows,

l̇ = Vmax(F̄M
V )−1F

CE

F a
,where (7)

Vmax = (5 + 5a(t))lM0 . (8)

A fatigue component was added to the system to better characterize the response of
EDL muscles’ fast-twitch type IIA and IIB fibers [S3–5]. The fatigue model adapted is
proposed by Liu and Brown et al. [S6]. Muscle fatigue occurs over time due to the lack
of activation of muscle fibers to contract. The fatigue model is based on
compartmentalized motor units which includes the muscle fibers and the motor neurons
that it innervates. The model divides these motor units into three groups: (1) activated
compartment motor units, MA(t), which exert the maximum force; (2) fatigued
compartment motor units, MF(t); and (3) resting compartment motor units, MR(t).

The available contractile force is limited by the motor units available for force
production, that is, activated and resting compartments. The residual capacity of the
muscle, β(t), introduced by Silva et al. [S7] is defined as

β(t) = MA(t) +MR(t) = 1 −MF(t). (9)

PLOS 2/3



The fatigued muscle force will then be given by

FT
f (t) = FT(t)β(t), (10)

which is the force of the system in our setup. Moreover, the three main equations that
describe the fatigue model are as follows [S6]

MR = MO −MA −MF,

ṀA = β(t)MR − φMA + ρMF, MA(0) = 0,

ṀF = βMA − ρMF, MF(0) = 0.

(11)

(12)

(13)

The parameters φ, ρ are the fatigue factor and the recovery factor, respectively. β(t)
represents the activation generated by the open-loop and closed-loop controllers, u(t).
The total number of available motor units, MO is 25 for the EDL mouse muscle.
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