S1 Appendix
S1.1 Further details for extracting motifs by mimicking POIMs

Defimtlon S.1 (SubPPMs). A PPM of length k is modeled as a set of D SubPPMs,
=k —k+1with length k < k, where SubPPMs are defined by

ma(me, k) :== (7, fi,0), Vd=0,...,D—1.

Here, fi := pu+dand 7 := r[d,d + k — 1), where r[d,d + k — 1] is the d-th until the
(d + k — 1)-th column of the PPMs PWM r.

Notation S.1. Let k € N be the value defining the SubPPMs of Def. .and KCN|K| <o

defining the set of motif lengths, so that Vk' € Nwith k' <k :k ¢ Kand T € Nmax( ) be the
vector defining the number of motifs of any length in IC.

Given Def. [S.T]and Notation the objective function is as follows:
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where A indicates the motif relevance and n = (my ¢, Ak ¢, l~c)
constrained non-linear optimization problem is thus as follows:

Ty . kek - The associated

,,,,,

(mk,ta)\k,tr)?irll,,.,.i“k,ke)c 1) 8.2)
s.t. e<opt <k, t=1,....T,, ke
1<pp <L—-k+1, t=1,....,Tp,kek
0 < Aot < 00, t=1,... T, kek
€< Titos <1, t=1,.... 7T, ke
=]

0:1,...,|E|,5:1,...,]{:,2@7@073:1.

S1.2 Extension of Theorem ?? and ?? to Multiple Motifs

Theorem S.1. Given Notation[S_1] suppose that the objective function f of the following
optimization problem

> Thpos=1 t=1... Ty keKs=1.k,

is convex and let v be the optimal solution, then Ve e R Ty =Tl

Proof. Let ¥ be the optimal solution of the objective function f (S.3)) with the inequality
constraints ny ¢ .61 = —Tk,t,0,s and

Ritos2=Tktos—1, ke, t=1,...,Tp,0=1,...,4,s=1,...,k,¢=1,2and the
equality constraints g, t,s = > 7o, —1, ke K,t =1,...,Ty,s =1,...,k, and let p and £
be the Lagrangian multipliers, then the Lagrangian function is as follows

Ty 4 k 2 Ty k
‘C(Ta m, 5) = f(,r:; :u) + Z Z Z Z Z nk’,t,o,s,ihk,t,o,s,i + Z Z Z gk,t,sgk,t,s .
keK t=1 o=1 s=1 i=1 kek t=1 s=1
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The Karush-Kuhn-Tucker(KKT) conditions are satisfied for 7: The primal feasibility
conditions (g +s =0, K,t =1,...,T;,s=1,...,kand

Pitosi <0, K,it=1,...,Ty,o=1,...,4,s =1,...,k,i = 1,2) are trivially fulfilled,
since 1} is a stochastic matrix. Together with the dual feasibility conditions (7 > 0) the
complementary slackness condition

M ty0,8,iMk t0,5 =0, Kt =1,..., T, 0=1,...,4,s=1,...,k,i =1,2) are trivially
fulfilled as well, which leaves us to show that the stationarity condition

T, 2 k T k
(T:; /‘) + Z Z Z Z Z nk,t,o,s,1th,t,o,s,i + Z Z ng,t,sv.gk,t,s =0

ke t=1i=1 o s=1 keEK t=1 s

is satisfied. Therefore we insert the derivations and reorganize for the Lagrange multipliers & ,
which leads to

§k,t,s = _Zzzl{zeu (ZH ckt,th-HH Te kit yr,5-+1

kek y g t=11=1
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With £ € R it holds, that for any ¢’ € R 7 = r}. The fact that f is convex, h is convex and g is
affine denotes the KKT conditions as sufficient and concludes the proof. O

Theorem S.2 (Convexity for multiple motifs). Given Notation 1, let D be a convex set,
my € D a probabilistic motif, S a gPOIM, such that Sj, . ERfory e >* and

j=1,....L—k+1pe [1, L —k+1], c € Rand S| the element wise minimum of S then, if
¢ 2 Lis <0yS| + Lis, <1y Tk it holds that

2

L—k+1
fl(mgt)i=1,... T kek) = = Z Z Z (Z Ry j(ms) — (St +C>>

kEK:yEEk j=1 t=1
is convex.

Proof. We have to proof the following inequality to show convexity of f(my)

T Tk
1Y R(@rep+ (1= ®)sis ) = (S+ )3 <Y R(rias ) — (S + )3

t=1 t=1
HZRSkt» —(S+)3

which is, for the case j ¢ ]l{ieu( W} trivially fulfilled for ¢/ € R. This, due to the fact, that a
sum of convex functions is convex, leaves us with showing the following inequality

Tk
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where we replaced the PWM products Hfjj Tty and Hfjj Sk t.y,l bY a; and by for more
transparency. After resolving and transforming Eq. (S.3) shortens to

Ty Tk Ty T
> af + 20 b — 207 Y ahy <O af +28(S, ; + ). (S:4)
t=1 t=1 t=1 t=1

Since —2®% >~ a;by < 0and 2 Y a? < @ Y a?, Eq. (S4) reduces to
=

t=1 t=1 t

Tk Tk

> ahy < (S,;y.j + ¢/)2. The fact that the maximum of Y a;b; is T}, concludes the proof for
t=1 e t=1

c>c withc = ]l{min(S)<O}S[ + ]l{SL<Tk}Tk' O]
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