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1 Nonlinear elastohydrodynamic flagella equations

Here we provide the derivation of the nonlinear elastohydrodynamic flagella equations by using
a formalism based on the special theory of Cosserat rods (/). An alternative derivation can be
found in Ref. (2) by using the minimization of an energy functional for the flagellum. Finally
we discuss how boundary conditions are obtained considering the case of clamped condition at

the base.

The equilibrium equations for a rod subject to general contact forces IN (s, ¢) and contact

moments M (s, t) reads (/):
Ns +Fo = 0 (1)
M;+38xN+Ly = 0 (2)

where F'oy, L¢ are general external forces and torques. The internal moment of the bundle

M (s,t) reads:

~

M = (Eyb, — bF)k 3)

where F'(s,t) = fSL f(s',t)ds'. Differentiating the last expression respect to the arc length we

have:

Ms =8 X [(Eb¢ss + bf)ﬁ + 7‘5‘] (4)

where 7 (s, t) is the tension acting along the flagellum. In the absence of external torques (Ley, =

0) and using Eq. 2 we obtain the resultant contact force:
N = —(Eppss + 0f ) + 78 (5)
Differentiating the contact force respect to the arc length we have:

Ns - (_Eb¢sss - bfs + ¢37)ﬁ + (Eb¢s¢ss + b¢sf + Ts)'§ (6)
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The flagellum is immersed in a fluid where we will consider the low Reynolds number approx-

imation. The viscous drag force F'y;s is given by resistive force theory:
Fys=—C(n-r)n—((5-7,)3 (7)
Using Eq. 1 and considering F'.y, = F'y;; we have:

e — Cl(Ebms b +7)5 + i(—Eb% Cbf, + )R ®)

Using the fact that §, = ¢; 1 we obtain an equation for ¢:

1 1
¢t = C_H¢S(Eb¢s¢ss + b¢sf + Ts) + C_J_(_Eb¢ssss - bfss + (bssT + ¢s7—s> (9)
An equation for the tension can be obtained by using the inextensibility condition 0;(§ - §) =
28; - § = 0. The differential equation for the tension reads:
¢ ¢
Tas = ZH00)'T + Euds(0s60s) +00,(651) + ZL0s(Eutrss +bS) =0 (10)

Next we non-dimensionalize the last equations as described in the Main Text. Additionally, we
define ( = ¢,/ ¢ and we non-dimensionalize the tension with respect to E/L?. Finally, the

dimensionless equations read:

Sp4¢t = E[(¢S)2(¢ss + Maf) + TS¢S] — Qssss — Hafss + PssT + OsTs (1)

(¢8)27— = _88(¢s¢ss) - Ua88(¢sf) - %((bsss + ,UafS) (12)

Tss —

N

1.1 Boundary conditions

We need to specify the contact moment and the contact force at the boundaries. At s = 0 we

have:

~

Mext|s:0 - [_quzss‘s:() + bF(07t>]k
Next|s:0 = [Eb¢ss|5:0 + bf(ov t)]'ﬁ’ - T(Ov t)§ (13)
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At s = L we have:

Mext|s:L - Eb¢s|s:L’%

Next|s:L - _[Eb¢ss|s:L + bf(L, t)]ﬁ' + T(L, t)§ (14)

Next we switch to dimensionless variables where the external contact moment is scaled by

FE,/ L, and external contact force and tension by F,/L?. At s = 0 we have:

~

MCXt|8:0 - [_¢s|5:0 + /J/aF(O, t)]k

Next|s:0 = [¢ss|s:0 + ,uaf(oa t)]ﬁf - T(Oa t)g (15)
where now F'(s,t) = fsl f(s',t)ds'. At s = 1 we have:

Mext|s:1 - ¢s|s:1i%

Next|s:1 - _[Qbss‘s:l+Maf(1’t)]'ﬁ'+7_(1at>§ (16)

We now consider the case of small curvature where ¢, < 1 and 7 =~ 0. At the distant boundary
condition we have no applied contact force or contact moment thus M ey |s=1 = Nex|s=1 = O.
This lead to the conditions ¢;|s—1 = 0 and ¢g|s=1 = —paf(1,t) respectively. The external
contact force and contact moment at the base Nex|s—0 = Fheads Mext|s=0 = M peaq are given
by the specific viscous fluid dynamics assumed. By considering a clamped condition, the base
is fixed r;|s—0 = 0, and we obtain the condition ¢sss|s—0 = —ta fs|s=0. Additionally, the base is

clamped and thus M ., |s—o = 0. In the linear analysis, the four boundary conditions in Fourier

space read:
6(0) = 0
Qgsss(o) = _ngs(())
0s(1) = 0
0ss(1) = —xo(1) (17)



Concerning the constraints on the dynein distribution due to the boundary conditions, at s = 0
we have that ¢;|,—o = 0 and thus both plus and minus distributions decay exponentially with
characteristic time 7 to ng at the steady state. For the case of s = 1, ¢;|s—; is different from
zero in general, thus the specific boundary conditions for ¢ at the tail constraint the evolution

of dynein bound motor distributions.

2 Numerical integration of the nonlinear flagella equations

Here, we provide the numerical algorithm to numerically solve the nonlinear Eqs. 2.10 and
2.11 in the Main Text. We consider a uniform discretization in the arc length s of the bundle
centerline with M intervals of step size As = 1/M. The discrete points are denoted s, =
(m—1)As,m =1,..., M+1 and the time is discretized as ¢,, = nAt. Any continuous function
X (s,t) is denoted X" in the discretized version. The study is done with As = 2.5 - 10~* and

At = 5-107° (dimensionless units).

2.1 Tangent angle dynamics

We will use a first-order IMEX (implicit-explicit) scheme for the integration of the tangent an-
gle ¢ in the very first time step (n = 0) and a second-order IMEX scheme for n > 1 (3). After
discretization, the problem reduces to a linear system of equations of the form A¢"*! = b,

where Aisa (M + 1) x (M + 1) matrix and b, """ are M + 1 vectors.

In the first time step (n = 0) we will use a first order IMEX scheme. The elements of the

matrix A corresponding to the rows m = 3,..., M — 1 take the form:
[A]mm’ = 5mm’ + a[D4]mm’ - Qﬁ([N]mm’ - [H]mm/) (18)

where a = At/(SpAs)t, B = 1,(/(2Sp*As?), Dy, are dimensionless operators corresponding



to the k-th derivative of second-order in accuracy, N is the operator containing the nonlin-
ear terms in Eq. (2.10) and H is the operator containing the clamped conditions at the head
of the flagellum. Standard centered operators are used whenever possible for Dy, but at the
boundaries skewed operators are applied (4). The elements of N form = 3,..., M — 1 and

m' =1,..., M + 1 take the form:
Nl = [Go(n)]mms + [Go(1) ] [P + 2[G3 (1) s [Di ] (19)
where the operators G|, are diagonal matrices with elements:
G (X)) = e D X, (20)

where D, X! is a real number denoting the £-th derivative of the quantity X at point m at time

n. The elements of Hform =3,...,M —landm' =1,..., M + 1 read:
[H] s = [Gg(n)]mrrL[E]mm’ (21)

where E is a matrix with ones in the first column and zeros elsewhere. Finally, the elements b,),,

m=23,...,M — 1read:

b = G+ V(G — (G2 (1)

=28 (G (M) (05, — &1) + [Go ()] Doy, + 2(G ()] D16y} (22)

where 7 = uAt/(As?Sp*) and 6 = p,At/(As*Sp*). For n > 1, the elements of the matrix A
corresponding to the rows m = 3, ..., M — 1 take the form:

The elements of N form =3,...,M —landm' =1,..., M + 1 read:

Nl = [G2(1)]mms + [Go(7)]mm[Da)mm + 2[(G1(7)]mm D1 ]mm (24)
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where Gy, are diagonal matrices with elements:

[Gk(X)]mm’ = 5mm’(2DkX7?1 — Dng,L_l)

The elements of Hform =3,..., M —landm' =1,..., M + 1 read:

[H]mm’ = [G2<n)]mm [E]mm’

Finally, the elements b,,, m = 3, ..., M — 1 read:

b = 200 = 200 +1(G2()n — G2

+B{[G2(n)]mm[—4(d5, — O7) + (¢, — &1 71)]

(25)

(26)

+Go(n)]mm (—4D267, + Do}y ) + 2[Ga ()| (—4D1 ¢y, + Digp )} (27)

The four remaining equations (m = 1,2, M, M + 1) are found imposing the four boundary

conditions in a similar manner. The boundary conditions will be the same forn =0 andn > 1

except that we will use the operators G{ at n = 0 instead of Gy.

2.2 Dynein dynamics

Dynein dynamics is solved by using a simple implicit method for Eq. (2.11). The evolution of

n4 follows:

s — nl’m - nAt(l — nlm)
tom 1+ At(1 —n) exp(f2,,)

where f7,, = f[1F ¢Dy(¢}, — 0f)] and D, X7, = (X — X1) /AL,

3 Summary of variables and parameters

(28)

Table 1 shows a summary of the different parameters and variables and their corresponding

symbols.



Variable

)

<
3
53
3
=X

Filament bundle centerline T
Tangent vector 8
Normal vector n
Tangent angle 10}
Sliding displacement A
Internal force density f
Contact force N
Contact moment M
Plus/minus number of bound dynein motors Ny
Load per dynein motor in the plus/minus group Fly
Length of the flagellum L
Axonemal diameter b
Correlation time To
Bending stiffness by
Interdoublet elastic resistance K
Normal drag coefficient C1
Dynein stall force fo
Dynein characteristic unbinding force fe
Dynein velocity at zero load Vg
Dynein binding rate o
Dynein unbinding rate at zero load €0
Number of dynein motors in a tug-of-war unit N
Density of tug-of-war units p
Dynein activity La
Sliding resistance W
Sperm number Sp
Bundle ratio ¢
Duty ratio i
Unbinding sensitivity ratio f

Table 1: Main variables and parameters and their corresponding symbols
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Fig. S1. Critical frequency w, versus Sp for the clamped condition and ;1 = 50, ¢ = 0.4,
n = 0.14 and f = 2. The circles a and b correspond to the cases Sp = 5 and Sp = 10,

respectively, from Fig. 2 in the Main Text.
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