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Lagrange multiplier approach for tangential flows

We present a generic finite element approach allowing to address flows of finite surface-compressibility 7y,.
We approximate the solution of vectorial equations set on a curved surface of R3. This also offers a framework
for future extensions of the method to non-Newtonian fluids.

Eq (3) must be solved for velocities v tangential to the surface T', which corresponds to the continuum
formed by the apical actomyosin cortices of cells and adherens junctions. In terms of solution spaces,

this constraint can be written as v € V; = {w € (H1 (F))3 |w-n= O}, where (Hl (F))3 is the set of
vector-valued functions defined on I" whose differential is square-integrable, and n is the outer normal to I'.
Constraints such as the tangentiality of the solution can be implemented either by defining finite element
spaces that can satisfy the constraint (see e.g. the work by [l]) or by introducing a mixed finite element
approximation following e.g. [2]. Here we opt for the latter solution, which allows us to discretise vector
fields on the surface in the Cartesian system of coordinates rather than a curvilinear one.

Using an energetic formulation, it can then be shown that Eq (3) is equivalent to the constrained
minimisation:

v=arg inf E(w) (1)

where F is the rate of energy dissipation in the tissue, namely:

E(w) = /F%|w|2 ds —I—/F77\z='-:(u;)|2 ds —I—/F%b\prF ds—/Ff-'wds

and f =Vr-o,.

Our approach is to introduce a vector field 8 that will act as a Lagrange multiplier to constrain the veloc-
ities v to be tangential. This field 8 can be interpreted as the force needed to prevent normal deformations.
In order to do this, we first define 8 by @ = vL (v) where L (v) = (v-n)y — Vrv - n, y is the curvature
vector defined as y = Tr(Vrv)n, and ~ is a strictly positive parameter. Then we note that V; = ker L. The
problem can now be rewritten as an unconstrained saddle-point problem:

(v,0) = arg inf sup F(w) +/r <L (w) — }y{) &ds

weV ¢cm

where V = (H! (F))3 and = (L? (F))S, the set of square-integrable vector fields. We further introduce
the surface pressure p which enforces the finite compressibility of the actomyosin in the tangential plane,



p=—npVr-v. We can then write the problem as :

(v,p,0) = arg inf sup L (w,q,§)
wqueQ
E€cE

where Q = L?(T),

561(0.0) + ba(w, €) — 326, 6) — L(w)

£(w,4,€) = galw,w) +hiw.q)

and a, by, bs, c; and ¢y are the bilinear forms defined by :
a(v,w) = /cfv-wds+/2né: (v) : € (w) ds,
r r
1
bi(w,q) = / —qVr-wds, alpgq) = / —pq ds,
r r b

bo(w, £) = /FL<w>-£ds, ¢(0,€) — /F%H'Sds

and ¢ is the linear form define by : ¢(w) = / f - wds. The saddle point can then be characterized as the
r
solution of the linear problem :

3

a(v,w) + bi(w,p) + b(w,0) = lw) Vwe (H'(T))
bi(v,q) — calp.q) = 0 VgeQ
b2(v,§) - (0,6 = 0 VEeE

We show [3] that this problem has a unique solution in V' x E x Q.

Mixed finite element approach

We solve the saddle point problem using the finite element method. This requires us to introduce a mesh
T';, approximating I'. We use a triangular tessellation of second order, i.e. elements are curved triangles
described by a quadratic transformation and whose largest dimension is smaller than the mesh size h. This
ensures that the distance between any point of I', and I is at most Ch3, where C' is a constant independent
of h. Using this mesh, we define discrete functional spaces V;,, B, for vector fields vy, 0y, and @}, of scalar
field py,. We approach the saddle point problem using the following formulation :

ap(Vp,wp) + bip(wn,pr) + bop(wn,0n) = Lp(wp) YV w, €V
bi,n(Vh,qn) —  c1a(DPhsan) = 0 Van € Qn
bo.n(vn, &) - con(On &) = 0 V&, €8,

where ap, b1, b2 n, c1,n and cp p are bilinear forms approximating the original forms, defined by :
ah(vh,'wh) = / cevy, - wy, dsy, + / 2néh (’Uh) L Ep ('wh) dSh,
Fh Fh

1
bin(wh,qn) =/ —qnVr, - wrdsy,  c1n(Ph, qn) =/ —Dnqn dsp,
T, r, o

Ly, (wy) - €, dsn,  c2,0(01,&) :/ 19h"fhdsh

Tn

bo.n(wn, &) = /

Tn

and ¢, is the linear form defined by ¢5,(vy) = / frn - vndsy. The choice of the finite element spaces
I'y

cannot be made arbitrarily because it is a mixed problem. It requires a suitable choice in order for the
discrete problem converges towards the saddle point problem. Indeed, the discrete problem must verify



10 ¢ . : —_—
: L2 error —+— ]
L pointwise error —x— |

0.1 -

0.01 =

0.001 F ]

error measure (a.u., log scale)

0.0001 |- ]

le-05 — —
0.01 0.1 1

mesh fineness h (log scale)

Figure 1: Convergence test. The mesh is refined (from right to left) and the error on an arbitrary flow field
is seen to decrease. L? error is the overall squared difference of calculated minus original velocity vectors,
pointwise (L) error is the length of the largest difference between calculated and original velocity vectors
over the whole mesh.

two conditions called inf-sup or Brezzi-Babuska conditions (see [4]) : first between the spaces V}, and Qp
through the bilinear form b; 5, then between the spaces V;, and Ej, through the bilinear form by 5. In the
absence of theoretical results on spaces that may verify these conditions, the idea is to produce compatible
mixed finite element combinations in order to obtain the convergence. For this, we guided our choice by
similarity with choices for which inf-sup conditions are verified in the case of classical problems (such as
the three-dimensional Stokes problem).

Numerical validation

Next, finite element spaces V;, Qp and Ej, must be specified. We base them on a triangular tesselation of
the surface ' (see next section) and choose Lagrange finite elements of degree 3 for V4, 2 for @ and Ej,. We
then check that this choice leads to a convergent approximation of the solution of Eq (3). In order to do so,
we make an arbitrary choice of a velocity field on an arbitrary surface (a sphere), and calculate analytically
the prestress that would be needed to achieve such a velocity field. We then run simulations on a series of
meshes of decreasing triangle size h and monitor the evolution of the error v — v;,. We show [3] that this
decreases quadratically when h decreases, leading to pointwise errors (i.e., in L norm) smaller than 1073
for all meshes of more than 10% elements (h = 0.05). For these numerical tests, we chose : ¢t = 1075, n = 1,
n, = 103 and v = 107.

Finite element mesh of the Drosophila embryo and resolution

We first describe the embryo shape with an analytical function, and then introduce a procedure to create
a finite element mesh which will be fine enough to capture geometric details such as the cephalic furrow,



while remaining of reasonable size in terms of the number of triangles (since the computational cost of our
algorithms increases like N log(NN) with number of triangles N).
The analytical function describing the embryo shape I' = {¢(x,y, z) = 0} is chosen as:

e =1 () () () e (2=Seriser)
x,Y,z)=1— o - 5
Y Rap Rpv Rpv cEYer Wer

where Rp is the half-length of the embryo in AP, Rpy its maximum radius in a transverse cut, cap a
curvature parameter corresponding to the curvature of the main axis of the embryo (defined as the locus
of the centre of all transverse cuts), and parameters indexed with C'F' correspond to the cephalic furrow.
When Dgp = 0, the cephalic furrow is absent, and the geometry corresponds to an ellipsoid of major axis
along x, with radius Rsp, and minor axes along y and z of equal radii Rpy. The curvature parameter
flattens the dorsal side (z > 0). We take Rpy = 1 as the reference adimensional length, Ryp = 3Rpy and
cap = 0.1/Rpy, which leads to a shape close to the one of actual embryos.

The cephalic furrow depth is described by Dorp = 0.1Rpy, its position along the z axis in the mid-
coronal plane z = 0 is given by zcr = —1.2Rpy, and its inclination with respect to the (y, z) transverse
planes is set by Scr = 0.3. The cephalic furrow has a total width Wer = 0.1Rpy (exaggerated compared
to real embryos, since a very thin and sharp feature would increase tremendously the computational cost),
its shape is described by the function

verty = { o (Cr ) i<

0 else

which is infinitely derivable, leading to a very smooth profile.

The mesh generation is delegated to mmgs software [5], and the meshes used have around 46000 elements.
The numerical resolution of the problem on this mesh is implemented in the open-source free software
environment rheolef [6].

Microscopy and cell tracking

In Fig 1a we present data extracted from the tracking of GB extension in a wildtype embryo with the whole-
membrane markers resille-GFP and spider-GFP, as described in [7]. Imaging was done using multidirectional
selective plane illumination microscopy (mSPIM) [8], embryos were rotated to image four perpendicular views
which were reconstructed into a whole embryo image stack post acquisition [9]. Image stacks were acquired
every 30 seconds.

In order to monitor the displacement of each cell, we first sensed the shape of the surface of the embryo in
the three-dimensional mSPIM z-stack. We applied a grey-scale threshold to binarise the z-stack, highlighting
only cell membrane-labelled signal. A ‘blanket’ of a fine meshwork of line-segments was dropped in the
positive z direction down onto the embryo, until caught by cell membrane signal. This described the surface
of the embryo accurately with a curved mesh, located at the apices of the embryonic epithelium. We used
this embryo surface ‘blanket’ to extract curved image layers, with deeper layers shrinking progressively in
single pixel steps in the direction normal to the local embryonic surface, towards the centre of the embryo
[10]. The radial depth giving the clearest view of the cell outlines of the embryonic epithelium was selected
for tracking. Automated cell tracking with manual correction was performed using custom software written
in ‘C’ and Interactive Data Language (IDL, Harris Geospatial). This tracked all cells in the chosen curved
layer over time, identifying cell outline shapes and links forwards and backwards in time in an iterative
process using an adaptive watershedding algorithm [11, 12]. From each cell shape we calculated the location
of the cell centroid (centre of mass). The coordinates of cell centroids, perimeter shapes, and links forwards
and backwards in time were stored for all cells at each time point.

Using the relative movements of cell centroids, local tissue 2D rate-of-strain tensor (deformation rate)
was calculated for small spatio-temporal domains focused on every tracked cell at each time point [11]. Local
domains were composed of a focal cell and one corona of neighbouring cells over a 30 s interval (between
successive frames). Local domains were first un-tilted according to the orientation of the local embryo



surface and stretched to minimize artifacts caused by the local Gaussian curvature. All strain rates were
then projected onto the embryonic axes, AP and DV. The rate of local area change was calculated as the
trace of the 2D tissue strain rate tensor.
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