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ABSTRACT Fluorescence recovery after photobleaching (FRAP) is a well-established experimental technique to study bind-
ing and diffusion of molecules in cells. Although a large number of analytical and numerical models have been developed to
extract binding and diffusion rates from FRAP recovery curves, active transport of molecules is typically not included in the ex-
isting models that are used to estimate these rates. Here we present a validated numerical method for estimating diffusion,
binding/unbinding rates, and active transport velocities using FRAP data that captures intracellular dynamics through partial dif-
ferential equation models. We apply these methods to transport and localization of mRNAmolecules in Xenopus laevis oocytes,
where active transport processes are essential to generate developmental polarity. By providing estimates of the effective
velocities and diffusion, as well as expected run times and lengths, this approach can help quantify dynamical properties of local-
izing and nonlocalizing RNA. Our results confirm the distinct transport dynamics in different regions of the cytoplasm, and sug-
gest that RNA movement in both the animal and vegetal directions may influence the timescale of RNA localization in Xenopus
oocytes. We also show that model initial conditions extracted from FRAP postbleach intensities prevent underestimation of diffu-
sion, which can arise from the instantaneous bleaching assumption. The numerical and modeling approach presented here to
estimate parameters using FRAP recovery data is a broadly applicable tool for systems where intracellular transport is a key
molecular mechanism.
INTRODUCTION
Fluorescence recovery after photobleaching (FRAP) is a
widely used tool for investigating protein mobility and local
molecular transport in living cells (1,2). Because fluores-
cence is visualized as diffuse staining, FRAP data cannot
be used to distinguish or track individual particles; to
make predictions about mobility and local transport, further
analysis is needed. A large number of diffusion and reac-
tion-diffusion models have been proposed for the quantita-
tive analysis of FRAP recovery data (reviewed in (1,2)).
Most previous work makes use of linear reaction-diffusion
partial differential equation (PDE) models to predict diffu-
sion and binding in cells. Depending on the relative time-
scales of diffusion and binding, these methods involve
estimating diffusion coefficients and binding rates by fitting
the fluorescence recovery data to analytical solutions of the
equations (3–12) or by using optimization and numerical
solutions of the PDEs for more complex geometries and
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models (13–15). FRAP data analysis typically involves
modeling two particle states, and making assumptions about
diffusion, the number and type of binding interactions, and
their respective timescales in cells (6).

In addition to movement by diffusion, macromolecules
are actively transported on cytoskeletal networks by molec-
ular motors such as myosin, kinesin, or dynein in many cell
types. However, in systems with active movement, FRAP
data analysis may overestimate diffusion rates if active
transport is not taken into account (1). The goal of this
work is to develop an approach for extracting movement in-
formation from FRAP data in cells where transport is a key
mechanism for the dynamics. To capture active transport,
we propose advection-reaction-diffusion PDEs that account
for binding, diffusion, and active transport of particles.
Parameter estimation is carried out through optimization
of numerical solutions of the PDE models considered. We
demonstrate that our approach allows efficient extraction
of consistent estimates for movement, diffusion, and transi-
tion rate parameters from FRAP data using models of two-
or four-particle states (see Fig. 1). We note that advection
has been included in active transport models to describe
spatial localization of RNA in Drosophila oocytes and
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FIGURE 1 Cartoon of the proposed approach to drawing predictions for

particle dynamics from FRAP data. To see this figure in color, go online.

Analysis of Active Transport by FRAP
embryos (16,17), neurofilament transport along axons in
neurons (18,19), and motor-driven transport along filaments
(20,21). However, to our knowledge, such models were not
applied to FRAP experimental data. Here we design general
techniques for FRAP parameter estimation using transport
PDE modeling frameworks and demonstrate their efficacy.

In addition, given estimates of the coefficients in the
transport models considered, we show how these parameters
can be used to predict effective velocities and diffusion rates
for long-term dynamics (see Fig. 1). Consider, for instance,
a system where particles switch between movement and
diffusion. In one state, particles move with speed c, and in
the other, they diffuse with rate d (see Eq. 1 for details).
Because the particles can switch between states with transi-
tion rates b1 and b2, the effective velocity and diffusion of
the particles in the long run are different from the individual
state parameters. Dynamical systems analysis of general
advection-reaction-diffusion models allows us to provide
general formulas for these large time quantities that go
beyond specific examples (18,19) and extend the treatment
of reaction-hyperbolic systems (20,22–24) and of diffusion
in one population (21). Mathematical derivations of these
large time solutions, as well as calculation of expected run
lengths of motor-cargo complexes on microtubules, allow
us to compare parameter estimation predictions with exper-
imental observations (see Fig. 1). Our approach is appli-
cable to many systems, and we validate it here through the
study of active transport mechanisms including bidirec-
tional transport on microtubules (MTs) for mRNA dynamics
in Xenopus oocytes (25,26).

In oocytes of the frog Xenopus laevis, mRNA transport
and localization drive the developmental polarity (27). In
particular, restricted expression of Vg1 protein in the vegetal
hemisphere of the egg is critical for correct patterning of the
embryo (28–30), making transport of Vg1 mRNA an impor-
tant model for understanding how maternal molecules are
localized to influence pattern and polarity. In other cell
types, such as Drosophila oocytes, as well as neurons and
yeast cells, the accumulation of mRNAs to specific regions
of the cell also ensures asymmetric distributions of mRNAs
(31). Transport of Vg1 mRNA to the vegetal cortex of the
Xenopus oocyte requires a sequence element in the 30 un-
translated region of Vg1 mRNA termed the ‘‘vegetal local-
ization element’’ (VLE) (32). Because microinjected VLE
RNA localizes to the vegetal cortex (32), we refer to it as
‘‘localizing RNA’’. Vegetal transport of VLE RNA has
been shown to rely on both plus-end-directed kinesin and
minus-end-directed dynein motors and to incorporate both
bidirectional and vegetally directed transport steps
(25,26). However, analysis of transport directionality in vivo
has been met with obstacles. Because transport of RNA by
molecular motors is shown to occur on the timescales of
FRAP experiments, it is necessary to include active trans-
port mechanisms in parameter estimation to fully capture
the dynamics of cellular RNA using fluorescence recovery
data. Knowledge of parameters such as velocities of mo-
tor-RNA complexes, diffusion coefficients of free RNA,
and rates of transport between different states are crucial
to better understand the timescale of RNA transport and
localization. Identifying the mechanisms involved in trans-
port will also be critical to distinguish the activity and regu-
lation of motor proteins such as kinesin and dynein, which
move the RNA cargoes in opposite directions along MTs.
Importantly, most RNAs do not localize; we refer to RNA
that is not actively transported but instead only diffuses as
‘‘nonlocalizing RNA’’.

Our approach provides insights into the mechanisms of
transport for both localizing and nonlocalizing RNA in
Xenopus oocytes. Our method shows that RNAs in oocytes
treated with nocodazole (which disrupts the cytoskeletal
network) may be highly immobile, possibly due to their
retention in large granules of RNAs. On the other hand,
nonlocalizing b-globin RNAs switch between reaction
and diffusion in the cytoplasm. For localizing VLE
RNA, we confirm distinct directionality in different re-
gions in the cell as suggested by photoactivation experi-
ments in Gagnon et al. (25). The transport in the vegetal
direction is predicted to be faster close to the nucleus,
while the effective diffusion is expected to be higher in
the lower vegetal cytoplasm. Importantly, our results sug-
gest that some movement in both the animal and vegetal
directions occurs throughout the vegetal cytoplasm in
Xenopus oocytes. Moreover, moving RNAs are pre-
dicted to remain in paused states for extended times, as
observed experimentally (33). In addition to intracellular
transport in frog oocytes, our techniques for parameter
estimation and the calculation of biological quantities
apply more generally to understand the contribution of
diffusion, active transport, and binding kinetics in various
systems.
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MATERIALS AND METHODS

Oocyte microinjection, culture, and FRAP
acquisition: RNA synthesis

The tight binding between MS2 bacteriophage coat protein (MCP) and

MS2 RNA stem loop (34,35) allowed us to perform in vivo imaging of

RNA transcripts carrying MS2 stem loops that are bound by a chimeric

MCP protein fused to a fluorescent mCherry (mCh) protein (36). For this

approach, chimeric VLE-MS2 and bG-MS2 RNA transcripts containing

MS2 stem loops and either the VLE or nonlocalizing Xenopus b-globin

(bG) sequences as well as chimeric mCh-MCP transcripts were synthesized

by in vitro transcription, as detailed in Gagnon et al. (25) and Powrie et al.

(37). The presence of a nuclear localization signal within the mCh-MCP

protein restricts the chimeric protein as in Bertrand et al. (34) to the nucleus,

unless bound to RNA molecules carrying MS2 stem loops. Thus, cyto-

plasmic mCh-MCP is RNA-bound. We note that localizing VLE-MS2

RNA (denoted ‘‘VLE RNA’’) accumulates at the cortex of Xenopus

oocytes (Fig. 2 B; (25)), whereas bG-MS2 RNA (denoted b-globin RNA)

and VLE RNA in nocodazole-treated Xenopus oocytes are nonlocalizing

because no transport to the cell periphery is observed.
Microinjection of Xenopus oocytes

Live stage III albino oocytes were microinjected with 2 nL of 250 nM

mCh-MCP RNA and cultured overnight at 18�C to allow expression of

chimeric mCh-MCP protein, as described in Gagnon et al. (25) and Powrie

et al. (37). Oocytes were next injected with 2 nL of either 250 nM VLE-

MS2 and bG-MS2 RNA and after culture for 8 h, oocytes were mounted

for imaging as detailed in Powrie et al. (37).
FRAP

FRAP analyses were carried out using an LSM 510 Meta Confocal Laser

Scanning Microscope (Carl Zeiss, Oberkochen, Germany) equipped
animal

vegetal

A

B

FIGURE 2 (A) FRAP bleach regions are numbered according to their

location: the perinuclear cup (Region 1), the upper vegetal cytoplasm (Re-

gion 2), and the lower vegetal cytoplasm (Region 3). (B) Shown is a repre-

sentative oocyte in which a 5 mm circular ROI of VLE-MS2 RNA bound by

MCP-mCh was bleached in the vegetal cytoplasm (Region 3). Scale bars

represent 10 mm. To see this figure in color, go online.
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with a 40� water correction C-19 Apochromat objective. Regions for

FRAP were identified for each oocyte as follows: Region 1 was 15 mm

from the nucleus, Region 2 was 50 mm from the nucleus, Region 3

was 25 mm from the vegetal cortex, and Region 4 was 25 mm from the

animal cortex. Within each region, a 5-mm circular region of interest

(ROI) was bleached using the 405, 488, 561, and 633 laser lines at

100%. An example of the fluorescence bleach spot for VLE RNA in

Region 3 of a wild-type (WT) oocyte is illustrated in Fig. 2 (see

Fig. S1 for an example for b-globin RNA). Fluorescence recovery was

monitored at 5 s intervals to track VLE-MS2 recovery and 1 s intervals

for bG-MS2.
Transport model PDEs

We model the particle dynamics using systems of advection-reaction-diffu-

sion PDEs. In the application to Xenopus RNA dynamics, the variables

correspond to concentrations of mRNA and mRNA-motor complexes

in different dynamical states. The simplest model we consider assumes

that particles can be in one of two states: a population u moving with

speed c (e.g., carried by molecular motor proteins to the cell cortex), and

a population v diffusing in the cytoplasm with diffusion coefficient d. As

in Khuc Trong et al. (16), particles can transition from moving to

diffusing, and vice versa, so that the dynamics is described by the PDE

system:

ut ¼ cuy � b1uþ b2v; (1a)

vt ¼ dDvþ b1u� b2v; (1b)
where b1 is the rate of transition from the moving to the diffusing

state, and b2 is the rate of transition from the diffusing to the moving

state (see Fig. 3 A). We note that movement is assumed to be one-dimen-

sional (e.g., along a microtubule), while diffusion can occur in two

spatial dimensions. We will refer to this model as the ‘‘two-state model’’

from here on. While FRAP experiments do not distinguish between

different dynamical states (see Fig. 2 B), our approach allows us to

use FRAP recovery curves to estimate transport parameters and rates

for each state.

To take into account the possibility of bidirectional transport of parti-

cles, we also consider a more complex four-state model. In this model,

we consider a moving population uþ carried by one type of motor protein

(e.g., dynein) to the vegetal cortex, a moving population u� carried by

another type of motor protein (e.g., kinesin) to the nucleus, a population

v diffusing in the cytoplasm with diffusion coefficient d, and a popula-

tion w paused on the microtubules. Different mechanisms that may

account for the stationary population w are reviewed in Hancock (33).

These four states react through binding and unbinding reactions as

follows:

vt ¼ dDv� bþvþ gþu
þ � b�vþ g�u

�; (2a)

uþt ¼ cþu
þ
y þ bþv� gþu

þ þ aþw� dþu
þ; (2b)
u�t ¼ �c�u
�
y þ b�v� g�u

� þ a�w� d�u
�; (2c)
wt ¼ dþu
þ þ d�u

� � aþw� a�w; (2d)
with rates aþ, a�, bþ, b�, dþ, d�, gþ, and g� as in Fig. 3 B. In Xenopus

oocytes, assuming that dynein moves the mRNA down toward the cortex

and kinesin mostly moves the cargo up to the nucleus (25), the rates

bþ and b� can be interpreted as binding rates for dynein and kinesin,

respectively, to microtubules, while the rates gþ, and g� correspond to
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FIGURE 3 (A) Cartoon of the two-state model of

active transport, consisting of a population of

diffusing particles with diffusion coefficient d, and

a population of moving particles with velocity

c. (B) Cartoon of the four-state model of active trans-

port, consisting of a population of diffusing particles

with diffusion coefficient d, a population of particles

moving toward the cortex with velocity cþ, and one

moving toward the nucleus with velocity c�, and a

stationary population. To see this figure in color,

go online.
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unbinding rates for dynein and kinesin, respectively, from microtubules

(see Table 1).

To accurately capture the dynamics of particles that are not actively

transported (e.g., nonlocalizing b-globin RNA), we also consider the reac-

tion-diffusion system

ut ¼ �b1uþ b2v; (3a)

vt ¼ dDvþ b1u� b2v; (3b)
where population u is in the stationary state and population v is diffusing.

This model has been previously analyzed in many studies, including

Sprague et al. (6).
Postbleach intensity profile approximations

To provide initial conditions for the concentrations of RNA in Eqs. 1–3, we

analyze the FRAP postbleach intensity profiles from Xenopus experiments.

The photobleaching process in FRAP is commonly assumed to be an irre-

versible first-order reaction (1,3,5,10):

dCðr; tÞ
dt

¼ �aIbðrÞCðr; tÞ;

where C is the spatial concentration of fluorophores, r denotes the radial

position, and a is a bleaching parameter.

The bleaching distribution IbðrÞ is assumed to have a Gaussian

profile (3):
TABLE 1 Fixed Parameters for the Four-State Model, Model 2

Parameter Kinesin Dynein

Binding rate (s�1) b� ¼ 5 bþ ¼ 1.6

Unbinding rate (s�1) g� ¼ 1 gþ ¼ 0.27

Parameters are from Klumpp and Lipowsky (41) and M€uller et al. (42).
IbðrÞ ¼ I0
pr2e

e
�2

r2

r2e ;

where re is the effective radius of the distribution. This profile is due to the

limitations of bleaching and scanning in FRAP, which lead to what is

referred to as a ‘‘corona effect’’ of the bleached region in Weiss (13). The

distribution of fluorophore concentration after photobleaching can therefore

be described by CðrÞ ¼ C0e
�aIbðrÞ ¼ C0e

�Ke�2r2=r2e (1), where K is the

bleaching depth parameter.

We focus on the focal plane of the fluorescence distribution in the

first frame after photobleach, and fit parameters K, re, and x0 to the initial

profile:

CðxÞ ¼ C0e
�Ke

�2
ðx�x0Þ2

r2e : (4)

We note that x0 corresponds to the center of the bleach location. Similar to

Kang et al. (11), the fit of the postbleach intensity profile to the exponential

of a Gaussian is very good, as can be seen in Fig. 4 A.

Postbleach profiles indicate that the three bleach spots in the cytoplasm

are not clearly separated for FRAP experiments in b-globin RNA oocytes

(see Fig. S1). Because parameter estimation is sensitive to the initial condi-

tion given by the postbleach profile (see Accounting for the Dynamics dur-

ing the Photobleach Process is Needed to Estimate the Order of Magnitude

of the Diffusion Coefficient), we decided to treat all three spots together in

the initial condition to accurately model the photobleach dynamics (see

Fig. 4 B). The advantage of the numerical parameter estimation method

described in the next section is that it can be applied to experimental data

where more than one bleach spot must be considered. The fitting procedure

above is repeated for parameters K, re, x0, x1, and x2 using the postbleach

distribution model:

CðxÞ ¼ C0e

�K

 
e
�2
ðx�x0Þ2

r2e þe
�2
ðx�x1Þ2

r2e þe
�2
ðx�x2Þ2

r2e

!
: (5)
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FIGURE 4 Sample fit of FRAP postbleach intensity distribution for

VLE RNA (see bleach spot in Fig. 2) with Eq. 4 (A) and for b-globin

RNA (see bleach spots in Fig. S1) with Eq. 5 (B). To see this figure in color,

go online.
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An example of a postbleach intensity profile in the nonlocalizing RNA case

and the fit to Eq. 5 is provided in Fig. 4 B. The equations for postbleach dis-

tribution are modeled in MATLAB (The MathWorks, Natick, MA), and the

optimization is carried out using the MATLAB routine nlinfit.

It is worth noting that studies, including Axelrod et al. (3), Braeckmans

et al. (5), and Sprague et al. (6), assume uniform and instantaneous photo-

bleaching of the circular area during FRAP. In this uniform disk model, the

postbleaching intensity profile is assumed to have a flat circular profile

instead of the exponential of a Gaussian in Blonk et al. (4), as this simplifies

the analytical calculations in those approaches.
Procedure for FRAP data fitting using transport
PDE models

We analyzed the FRAP recovery curves by numerically integrating the

model Eqs. 1–3 using an efficient exponential time-differencing fourth-or-

der Runge-Kutta scheme (38,39) for time integration coupled with Fourier

spectral methods for space discretization (see Supporting Materials and

Methods). We assumed a uniform point spread function (1) for detection

of fluorescence by the microscope, which means that the observed fluores-

cence recovery is obtained by integrating the concentrations of particles in

all states over the bleach spot. For the two-state model, this implies:

FRAPðtÞ ¼
Z
bleach spot

ðuþ vÞðr; tÞdr: (6)

This is a reasonable assumption given that the microscope resolution is

much smaller than the radius of the bleach spots in our experiments (8).

Because photofading during image acquisition can affect parameter estima-

tion (40), we adjusted the FRAP data by correcting for background fluores-

cence and dividing the result by the fluorescence intensity of a neighboring
1718 Biophysical Journal 112, 1714–1725, April 25, 2017
ROI at each time point (37,40) (see details in Supporting Materials and

Methods). Parameter estimation was carried out for individual oocyte

data or for an average of data from multiple oocytes, as indicated in the

text. It is worth noting that the diffuse fluorescence staining in FRAP exper-

iments does not distinguish between different particle populations. The

method proposed here provides insight into the contribution of the different

dynamical states by fitting the sum of the particle concentrations over the

bleach spot to the ensemble FRAP fluorescence.

The model equations and the fit to experimental data were programmed

in MATLAB (The MathWorks). The MATLAB routine lsqnonlin was used

to perform L2-norm fits of the experimental FRAP data to equations similar

to Eq. 6 for the appropriate model. Tests of fitting to FRAP data generated

using known parameters for model 1 revealed that the initial guess for the

unknown parameters is instrumental in convergence to the true parameter

fit. Model fits of the experimental data were therefore preceded by ample

parameter sweeps, as in Sprague et al. (6) and Braga et al. (15). For the

two-state model, we sampled through values of c, d, b1, and b2 and chose

the parameter combinations that yielded the smallest L2-norm difference

with the experimental data as initial guesses for the routine lsqnonlin. We

used these parameter combinations from all experimental trials for a certain

region or type of RNA as initial guesses for multiple starting-point search

optimization in MATLAB using MultiStart. This allowed us to reduce the

computational cost of the fitting procedure by running the same optimiza-

tion solver (lsqnonlin) using different initial conditions in parallel on a

computer cluster.

The parameter estimation procedure is similar when using the reaction-

diffusion model (model 3). For the four-state model (model 2), the estimates

for speed c and diffusion coefficient D using model 1 are used as initial

guesses for cþ and d in this more complex model. Available parameter

values, such as the binding and unbinding rates for kinesin and dynein in

Klumpp and Lipowsky (41) andM€uller et al. (42), are set constant to further
reduce the size of the parameter sweep (see Table 1). Table 1 illustrates a

choice of the binding/unbinding rates where dynein moves cargo down to

the periphery, and kinesin up to the nucleus, given the evidence for the up-

per cytoplasm of Xenopus oocytes (25); however, different assumptions on

the motors carrying the RNA in either direction do not significantly alter the

parameter estimates. Sweeps of the parameter space are then performed for

the remaining five model parameters (c�, aþ, a�, dþ, and d�), and then

refined in local parameter regions that yield best data fits. This ample

parameter sweep provides initial guesses for the optimization; even though

different initial conditions may lead to different estimates of the kinetic

rates, the parallel computation setup of our optimization allows us to iden-

tify multiple initial conditions that lead to the smallest least squares resid-

uals and consistent estimates of velocities and diffusion.
RESULTS AND DISCUSSION

The FRAP parameter estimation method is
validated by fitting PDE model simulations of
synthetic FRAP curves

To ensure the accuracy of our parameter estimation proced-
ure, we tested our parameter estimation methods on syn-
thetic FRAP data. Having fixed parameters, Eqs. 1 and 2
were ran with a uniform disk initial condition to generate
synthetic FRAP recovery curves. These curves were then
used to estimate parameters using the procedure outlined
in Materials and Methods, assuming unknown parameters
and using the parameter sweep approach to generate initial
guesses. We compared the results with the original fixed pa-
rameters, which were taken from a previous experimental
run for VLE RNA in Region 1. A fit of the PDE-generated
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synthetic data with the two-state model (model 1) is illus-
trated in Fig. 5. Fig. S2 shows that estimates of the speed
to cortex cþ, diffusion coefficient d, and effective velocity
v (see derivation in Supporting Materials and Methods)
are almost identical to the originally estimated parameters.
This confirms that parameter estimates for velocities and
diffusion can be recovered using the proposed parameter
sweep and multiple start-point optimization methods. We
note that the parameters used in generating synthetic data
are different from the ones we report for real FRAP data
because we used the uniform disk initial condition for these
validation tests.

Parameter estimates were further validated using recovery
curves generated from a continuous-time Markov chain in
which the states correspond to the populations in model
2 (see Supporting Materials and Methods). Particles are
assumed to switch between states using transition rates as
in model 2, and the times spent in each state are assumed to
be exponential random variables with rates given by the tran-
sition parameters. Instead of adding Gaussian noise to simu-
lated recovery curves as in Braga et al. (7), this stochastic
model generates more realistic noisy FRAP recovery curves
(see synthetic data and fits in Fig. S3). Parameter estimation
on these FRAP curves showed that increasing the number of
particles modeled yielded increasingly better recoveries for
the key parameters (see Table S1).
0.4

0.6

0.8

1

ct
io

n 
in

 e
ac

h 
st

at
e

A

Numerical fitting of FRAP data for nonlocalizing
molecules yields consistent estimates of
diffusion coefficients and fractions

We first apply the parameter fitting procedure to FRAP data
for particles that are not actively transported in the cell. The
attempts to fit FRAP data for b-globin RNA using the two-
state active transport model (model 1) either fail or provide
inconsistent results across trials. The parameter sweeps
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FIGURE 5 Sample synthetic FRAP data generated using Eq. 1 and pa-

rameters c ¼ 0.031 mm/s, d ¼ 0.061 mm2/s, b1 ¼ 4e�13 s�1, and b2 ¼
0.007 s�1 were fit using our parameter estimation procedure. The recovered

parameters are c ¼ 0.029 mm/s, d ¼ 0.06 mm2/s, b1 ¼ 1e�12 s�1, and b2 ¼
0.007 s�1. To see this figure in color, go online.
result in initial guesses for the unknown parameters that
overestimate velocity c and underestimate diffusion coeffi-
cient d, leading to fits with no useful biological conclusions.
This suggests that stationary states are essential in the dy-
namics of b-globin RNA in the cytoplasm, and that active
transport is unlikely to occur for this nonlocalizing RNA.

We therefore perform parameter estimation for individual
oocyte FRAP data using reaction-diffusion Eq. 3 and initial
conditions (5) corresponding to three bleach spots (see
Fig. 4 B). This approach yields consistent results for diffu-
sion coefficient d, which averages 2 mm2/s (with standard
deviation 1.3 mm2/s) across nine oocyte trials in an
experimental set, and 2.8 mm2/s (with standard deviation
2 mm2/s) for the second set shown in Fig. 6 A. Sample fits
of the data are included in Fig. S4. These predictions allow
us to analyze the mobility of RNA, because the fractions of
particles in the diffusing and stationary states for model
3 are simply given by:

fraction diffusing ¼ b1

b1 þ b2

; (7a)

b2
fraction stationary ¼
b1 þ b2

: (7b)

Here we assume that the concentration of RNA particles
has reached steady state (see Supporting Materials and
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FIGURE 6 Predicted fractions of (A) nonlocalizing b-globin RNA (G) in

sets of 9 and 10 untreated oocytes and (B) VLE RNA in 19 nocodazole-

treated oocytes (N) in diffusing and stationary states for individual oocyte

trials. Parameter estimation is performed with a three-bleach spot initial

condition for b-globin RNA. To see this figure in color, go online.
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Methods) throughout the time course of a FRAP experi-
ment. The estimates for rates b1 and b2, together with
Eq. 7, suggest that nonlocalizing b-globin RNA does not
solely diffuse, and may instead spend on average ~47% of
time (with standard deviation 32%) in a paused state for the
first set, and 46% of time (with standard deviation 23%) for
the second set. The predicted fractions of RNA in each state
are displayed in the bar graph in Fig. 6 A, and similar results
are provided in Fig. S5 for additional sets of oocytes.

The reaction-diffusion model (model 3) is also applied to
individual nocodazole-treated oocyte FRAP recoveries.
This predicts an average RNA diffusion estimate of 2.3
mm2/s (with standard deviation 1.38 mm2/s), similar to the
estimate for nonlocalizing b-globin RNA. At equilibrium,
an average of 92.45% of particles (with standard deviation
18.4%) are stationary, compared to ~46% in the b-globin
RNA case (see Fig. 6). We note that the distinct diffusing
behavior predicted in a few of the oocytes in Fig. 6 B is a
result of the diluted fluorescence signal under nocodazole
treatment, where there is a lower effective concentration
of mRNA distributed throughout the cytoplasm rather than
an accumulation at the cell periphery. These results suggest
that, in nocodazole-treated oocytes, active transport of VLE
RNA is blocked due to microtubule impairment, and diffu-
sion may be restricted due to the large size of VLE RNA
granules. We observe that the reaction dominant simplifica-
tion of the reaction-diffusion model (model 3) (derived in
(6)) is employed for diffusion coefficient estimates for
VLE RNA in Gagnon et al. (25). However, mRNAs in
healthy Xenopus oocytes are believed to be actively trans-
ported by molecular motor proteins (25). As a result, in
the next section we consider active transport as a key mech-
anism in parameter estimation using FRAP experiments for
VLE RNA in untreated oocytes.
The application of FRAP parameter estimation to
actively transported particles, localizing VLE
RNA, using advection-reaction-diffusion models
reveals mechanistic differences between different
cytoplasm regions

VLE RNA localizes at the vegetal cortex of Xenopus oo-
cytes, and its dynamics are driven by both diffusion and
transport by molecular motor proteins. Therefore, we first
TABLE 2 Estimated Parameters for FRAP WT Average Data

Parameter 1I 1II 1III 2I

c (mm/s) 0.05 0.12 0.08 0.09

d (mm2 s�1) 0.26 1.63 0.37 1.42

v (mm/s) 0.05 0.12 0.05 0.02

s2 (mm2 s�1) 5e�12 1e�7 0.36 3.03

Average data is based on three sets of five oocytes each using model 1 for VLE R

and III correspond to the index of the average FRAP data set under considerati
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fit FRAP data from three regions in the vegetal cytoplasm
(see Materials and Methods and Fig. 2 A) to the two-state
model (model 1). Using averages of FRAP data from five
oocytes in each region, we estimate speed c, diffusion coef-
ficient d, unbinding rate b1, and binding rate b2 (see Tables 2
and S2 and fit in Fig. 7 A). We note that estimates of velocity
c and diffusion coefficient d are fairly consistent across re-
gions in the cytoplasm. The RNA is predicted to be moving
toward the cortex in Region 1 (upper vegetal cytoplasm),
while in Regions 2 and 3 (mid- and lower vegetal cyto-
plasm), a higher proportion of particles are diffusing. This
is consistent with the hypothesis in Gagnon et al. (25),
which states that transport by motor proteins in the direction
of the vegetal cortex is more effective closer to the nucleus
(Regions 1 and 2).

As outlined in Materials and Methods, we then use these
estimates to inform initial guesses for velocity cþ in the veg-
etal cortex direction and diffusion d in the four-state model
(model 2). We perform ample parameter sweeps for rates
aþ, a�, dþ, d�, and velocity c� in the nucleus direction.
Parameter estimation for individual FRAP curves yields
consistent estimates, and the results for averaged FRAP trial
data are summarized in Table 3. We note that the diffusion
coefficients are consistent across regions for all sets of
oocytes, and that the velocity toward the animal pole is
consistently higher in Region 3 compared to Regions
1 and 2. A sample FRAP data fit for an individual oocyte
is provided in Fig. 7 B. Mobility of the VLE RNA can be
investigated using the predicted fractions of particles in
each state derived in Supporting Materials and Methods.
Our results confirm the hypothesis that bidirectional trans-
port plays an important role in the dynamics of VLE RNA
(25), and further suggest that particles might spend on
average ~72.5% of time in a paused state (with standard de-
viation 21%; see Fig. S6). The RNA in nocodazole-treated
oocytes is predicted to spend most of the time in a paused
state, consistent with the results of model 3 in Fig. 6 B.

We note that the ample parameter sweeps and local re-
finements allow us to determine best choices for initial
guesses in parameter estimation. Optimizations carried out
in parallel for these guesses yield best parameter fits for ve-
locities and the diffusion coefficient that are consistent
across trials. While the estimated kinetic rates have a larger
variance across individual oocyte fits, they yield consistent
Region

2II 2III 3I 3II 3III

0.1 0.12 0.07 3e�4 0.04

1.02 0.99 0.83 2.64 1.85

0.1 0.1 0.002 0.0001 4e�6

0.005 0.37 8.53 2.62 3.71

NA, for Regions 1–3 in the cytoplasm (see Fig. 2 A). The superscripts I, II,

on.
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FIGURE 7 (A) Average FRAP data for VLE RNA in Region 2 in fiveWT

oocytes is fit with model 1; estimated parameters are c ¼ 0.09 mm/s, d ¼
1.42 mm2/s, b1 ¼ 0.003 s�1, and b2 ¼ 8e�4 s�1. (B) Sample FRAP data

for VLE RNA in Region 3 in an individual WT oocyte is fit with model

2; estimated parameters are cþ ¼ 0.51 mm/s, c� ¼ 0.91 mm/s, d ¼ 2.29

mm2/s, aþ ¼ 1e�5 s�1, a� ¼ 2e�5 s�1, dþ ¼ 0.1 s�1, and d� ¼ 0.02

s�1. To see this figure in color, go online.
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biological predictions when combined in relevant quantities
such as fractions of particles in each state and asymptotic
velocity and diffusion (next section).
Derivation of effective velocities, expected run
lengths and times on microtubules, suggests
avenues for transport PDE model selection

Given that particle dynamics can be captured using multiple
PDE models of active transport, we investigate the question
of model selection through the example of localizing RNA
in Xenopus oocytes. The analysis of these PDE systems in
Supporting Materials and Methods allows us to compute
and compare quantities of interest predicted by the two-state
model (model 1) and the four-state model (model 2). These
TABLE 3 Estimated Parameters for FRAP WT Average Data

Parameter 1I 1II 1III 2I

cþ (mm/s) 0.37 1.06 0.08 1.16

c� (mm/s) 0.04 4e�9 4e�6 0.15

d (mm2 s�1) 1.82 9.85 6.98 7.45

v (mm/s) 0.07 0.12 0.05 0.14

s2 (mm2 s�1) 0.39 1.22 0.38 1.36

Average data based on three sets of five oocytes each using model 2 for VLE RNA

III correspond to the index of the average FRAP data set under consideration. The

in Table 2.
quantities include the effective velocity and diffusion of a
particle for large time, the percentage of particles in each
state at equilibrium, and the expected run length and time
of motor-cargo complexes on microtubules (that is, how
far and how long a motor travels on average before dissoci-
ating from a microtubule). These asymptotic and dissocia-
tion-based quantities are mentioned in the experimental
literature (43) and are thus very useful in evaluating models
of active transport.

The effective velocity v and effective spread s2 for the
two-state model are the actual long-term speeds and diffu-
sion of particles given the transition rates between particle
states. These quantities are given by (see Supporting Mate-
rials and Methods for derivation):

v ¼ c
b2

b1 þ b2

; (8)
2 b1 2 b1b2

s ¼ 2d

b1 þ b2

þ 2c ðb1 þ b2Þ3
: (9)
Equivalent quantities can be calculated for the four-state
model using Mathematica (44) to yield more complex ex-
pressions that depend on all the model parameters. These
asymptotic quantities are then evaluated using estimated pa-
rameters for averaged FRAP data: the results are summa-
rized in Tables 2 and 3. For both the two-state and the
four-state models, we note that the effective velocity is
either consistently smaller (two-state model) or negative
indicating net movement in the animal pole direction
(four-state model) for Region 3 in the lower cytoplasm.
The effective diffusion also shows a consistent increase in
Region 3. Both models therefore support the hypothesis of
faster movement in the upper vegetal cytoplasm (Regions
1–2) and higher spread of particles (suggesting bidirectional
transport) in the lower vegetal cytoplasm (Region 3). The
observations in Tables 2 and 3 show results for average
FRAP data from different sets of oocytes, but the differences
between regions hold for parameter estimates in individual
FRAP data trials as well. Given that the FRAP bleaching ex-
periments are performed at the same time for all three
Region

2II 2III 3I 3II 3III

0.9 0.18 2.39 0.62 0.27

0.43 0.009 2.93 1.96 0.89

7.446 3.41 1.51 9.9 0.95

0.08 0.077 �0.39 �0.22 �0.18

1.68 0.67 4.18 6.5 2.42

, for Regions 1–3 in the cytoplasm (see Fig. 2 A). The superscripts I, II, and

sets considered are the same as used for parameter estimation using model 1
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regions in the cytoplasm, we do not expect these differences
to be a result of experimental variability.

The derivation of the effective velocity and diffusion for
large time also provides a tool for comparison of mobility
of localizing VLE RNA with mobility of RNA in cells
treated with nocodazole. Fig. 8 shows predictions for these
particle displacement quantities when fitting both types of
data to the four-state model (model 2). We note that the no-
codazole-treated trials (Fig. 8, yellow) predict almost no net
movement, as is expected when the microtubule structure is
disrupted. In untreated oocytes, the transport to the vegetal
cortex is more significant close to the nucleus (Region
1, purple) than close to the vegetal cortex (Region 3, red).
While we predict that the majority of untreated oocytes
spend similar amounts of time in transport in the animal
and vegetal directions (see Fig. S6), Fig. 8 also incorporates
the velocity predictions to highlight directional bias through
effective velocity and diffusion calculations.

The low order-of-magnitude estimates for binding/un-
binding rates using the two-state model (see Table S2)
would lead to the unlikely suggestion that either all particles
are diffusing or they are all being transported at a given loca-
tion (see Eq. 7). By contrast, the four-state model predicts a
more uniform distribution of particles in different states (see
Fig. S6), with a slight bias to a higher percentage of particles
moving in Regions 1 and 2. This suggests that the additional
complexity of considering another moving population and a
stationary state in the four-state model (model 2) is neces-
sary to model particle mobility in these experiments.

In addition, we compare predictions of the expected run
lengths and times of an RNA particle on microtubules to
experimental results. The average moving run times and
the distances for the two-state model (1/b1, respectively,
c/b1) are very large compared to experimental observations
of the processivity of molecular motor proteins. Kinesin and
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FIGURE 8 Predicted effective displacement and spread at T ¼ 200 s us-

ing the four-state model for individual FRAP data in healthy and nocoda-
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corresponds to the predicted average displacement of a particle toward

the nucleus or the vegetal cortex, and error bars correspond to the predicted
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correspond to Regions 1, 2 and 3, respectively, as in Fig. 2 A; yellow
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dynein motors have been shown to have average run lengths
of roughly 1–2 mm (45,46), and velocities of ~0.5–1 mm/s
(47), so that they are expected to spend a few seconds on
an individual microtubule filament. These run lengths may
be larger when multiple motors are attached to and transport
cargo (41,42). The time and distance spent by a particle on a
microtubule for the four-state model are given by (see Sup-
porting Materials and Methods):

expected run time up ¼ 1

g� þ d�
;

1

expected run time down ¼

gþ þ dþ
;

c�

expected run length up ¼

g� þ d�
;

cþ

expected run length up ¼

gþ þ dþ
:

The predictions for these moving states quantities given
estimated parameters for experimental FRAP data from in-
dividual oocytes are displayed in Fig. 9. We note that run
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Analysis of Active Transport by FRAP
times are on the order of seconds, and run lengths are on the
order of micrometers, as expected from previous experi-
mental measurements (42). It is also worth noting that the
results for untreated oocytes (Fig. 9) further support the hy-
pothesis of bidirectional transport of RNA in the cytoplasm
(25), with a bias to movement in the vegetal cortex direc-
tion. In Gagnon et al. (25), this hypothesis was revealed
through a more complicated photoactivation experiment,
because the standard FRAP data analysis did not account
for active transport processes. In the case of nocodazole-
treated oocytes (Fig. 9, yellow), both run times and lengths
are predicted to be considerably shorter in both transport
directions.
Accounting for the dynamics during the
photobleach process is needed to estimate the
order of magnitude of the diffusion coefficient

In analyzing FRAP recovery curves, the initial condition for
Eqs. 1–3 can play a significant role on parameter estimates.
The uniform disk model studied in Axelrod et al. (3) and
Braeckmans et al. (5) assumes that the photobleach and dy-
namics during the photobleach process are instantaneous.
The postbleaching intensity is thus assumed to have a flat
circular disk profile, which eases the derivation of analytical
solutions for FRAP recovery. We compared the results of
our parameter estimation methods for b-globin nonlocaliz-
ing RNA using the uniform disk model with results obtained
using a Gaussian initial condition of the form C0e

�ððx�x0Þ2=r2Þ

and with results using the spatial fluorescence distribution
after photobleach (fit with a biophysically justified exponen-
tial of Gaussian, see Fig. 4).

Fig. S7 shows that the diffusion coefficient estimates for
the same set of five oocytes are sensitive to the initial con-
dition. The uniform disk profile assumption yields diffusion
coefficients 35 times smaller on average than the ones that
use spatial information from postbleach intensity profiles
(see additional estimates in Fig. S8, top). Similarly, uniform
disk model estimates of the diffusion coefficient in particles
engaged in active transport (localizing VLE RNA) were on
average 33 times smaller than the postbleach profile ones for
individual FRAP data (see Fig. S8, center). These observa-
tions indicate that the assumption of instantaneous dy-
namics during the photobleach process leads to significant
underestimation of the diffusion coefficient, as previously
noted and explored in multiple studies (7,9–11,13). This
suggests that a more practical approach for FRAP data anal-
ysis consists of using the spatial distribution of fluorescence
from the first postbleach image as the initial condition for
the FRAP dynamical equations (1,8,9,11,14).

Binding rates estimates are also believed to be affected by
the assumption of instantaneous diffusion during photo-
bleaching (10). Our tests using advection-reaction-diffusion
models such as (1) and (2) reveal similar estimates for ve-
locities toward the vegetal cortex (c and cþ) for the two
initial conditions. However, estimates of velocities in the
animal pole direction, as well as some transport rates, are
affected by the uniform disk model assumption. Predictions
of the speed of transport c� in the animal pole direction in
Region 3 are underestimated when the bleaching dynamics
is assumed to be instantaneous (see Fig. S8, bottom). This
suggests that the photobleach process should be taken into
account to obtain more accurate orders-of-magnitude esti-
mates for model parameters.
CONCLUSIONS

We have presented a numerical approach to parameter esti-
mation using FRAP recovery data for models of active
transport. These methods apply to intracellular dynamics
in any organism where directed movement (e.g., by molec-
ular motor proteins) is believed to play a key role in particle
localization (see Fig. 3). The advantage of the proposed
method is that it can be applied to any FRAP bleach spot ge-
ometry, it does not require normalization of the FRAP data,
and it can take into account the postbleach intensity profile
distribution. This approach allows us to determine transport
parameters for different particle states (active transport,
diffusion, etc.) even though FRAP data does not distinguish
between these populations. As in Beaudouin et al. (14) and
Braga et al. (15), the model equations we consider cannot be
solved analytically (Eqs. 1 and 2) or have a complex initial
condition geometry (Eq. 3 with initial condition Eq. 5). This
motivates the use of efficient numerical integration for sys-
tems of advection-reaction-diffusion PDEs (38,39), and of
large parameter sweeps for the model parameters. The
computational cost of both these parameter sweeps and opti-
mization with multiple initial conditions is significantly
reduced through the use of parallel computation. The
method is validated using FRAP recovery curves simulated
with PDE models (Figs. 5 and S2) as well as with contin-
uous-time Markov chain models of the dynamical processes
(Fig. S3).

Initial conditions for these dynamical systems have been
shown to be affected by the temporal limitations of bleach-
ing and scanning in confocal FRAP experiments (13). We
used the experimental spatial distribution of fluorescence
right after photobleaching to take into account the dynamics
that may occur during the bleaching process. In our experi-
mental setup, these initial postbleach profiles were well
described by the exponential of a Gaussian (Fig. 4). Our re-
sults suggest that failing to account for the postbleach
dynamics in our experiments underestimates diffusion coef-
ficients 20- to 30-fold, and can have an impact on the order
of magnitude of parameters such as velocities and rate
constants. This observation is similar to conclusions in
studies of diffusion and binding-diffusion models, where
the assumption of negligible diffusion during bleaching
leads to significant underestimation of the magnitude of
the diffusion coefficient (11,13).
Biophysical Journal 112, 1714–1725, April 25, 2017 1723
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While analytical solutions for PDE models of active
transport are not available, we provide rigorous mathemat-
ical derivations for solutions of these systems for large
time (Supporting Materials and Methods). This allows us
to obtain expressions for the effective velocity and diffusion
of a particle for large times, given bidirectional movement,
diffusion, and binding dynamics in an arbitrary number of
states. These quantities correspond to the bulk movement
and diffusion of the particles given their transition rates be-
tween states, and provide a useful comparison to observed
timescales of intracellular movement. Model selection is
facilitated by the derivations of fractions of particles in
each state, as well as of expected run times and lengths of
cargo on microtubules (Supporting Materials and Methods).
Knowledge of biologically relevant timescales and length
scales for microtubule travel provides comparison and vali-
dation for the models of active transport appropriate in
different experimental settings (Fig. 9). This is particularly
important in applications where the regime of the parameter
space is not known, so that simplifications of the PDE
models as considered in Sprague et al. (6) are difficult.
For these situations, we propose using general PDE models
that build up to the complete range of mechanisms that are
believed to influence particle dynamics. These models can
then be further validated and compared using derivations
of biological quantities of relevance as described above.

We applied the methods described here to study RNA dy-
namics using FRAP data from Xenopus oocytes. Our results
for effective particle speed and diffusion confirm the differ-
ences in dynamics between localizing VLE RNA and non-
localizing RNA (Fig. 8). Moreover, this approach confirms
that distinct kinetics and transport directionality can be ex-
pected for RNA transport in different cytoplasmic regions of
a single cell (25). We provide further evidence that bidirec-
tional transport occurs in all regions of the cytoplasm
(Fig. 9), but the different velocities of the molecular motor
proteins in different areas of the cell (Fig. 2 A) suggest that
vegetal transport has a more clear directional bias in the up-
per vegetal cytoplasm (Regions 1 and 2) than in the lower
vegetal cytoplasm (Region 3). This is consistent with the
finding that RNA is transported by kinesin motors on a bidi-
rectional array of microtubules close to the vegetal cortex
(26). Parameter estimates for distinct cytoplasm regions
will allow for accurate two-dimensional simulations of the
transport models similar to Khuc Trong et al. (16), with
movement restricted to the microtubule cytoskeleton stud-
ied in Messitt et al. (26). This approach would provide a
direct comparison with experimentally observed patterns
of RNA localization, as well as tools for better understand-
ing the spatial and temporal regulation of different motor
proteins in various areas of the cell.

Our methods for extracting velocity, diffusion, and
binding rate information from FRAP recovery data are
broadly applicable to other systems where active transport
is involved in intracellular dynamics, such as mRNA local-
1724 Biophysical Journal 112, 1714–1725, April 25, 2017
ization in Drosophila oocytes (48) or neurofilament trans-
port along axons in neurons (19). The numerical approach
to estimate parameters based on FRAP data can be applied
to any biomolecules that are believed to undergo diffusion,
active transport, and binding kinetics (see Supporting Mate-
rial for sample code). In addition, the modeling and param-
eter estimation of FRAP experiments can also be extended
to complementary experiments such as fluorescence cor-
relation spectroscopy and photoactivation, which would
provide additional validation of parameters for transport
mechanisms.
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S1. Derivation of effective velocity and diffusion of transported particles for
large times for a general model of intracellular transport. Examples: the
2-state and 4-state models

Consider particle dynamics that can be described by the following advection-
reaction-diffusion equations:

∂u

∂t
= Au+ C∂yu+D∂2yu , (1)

where u is an n-by-1 column vector of all populations of particles with differ-
ent dynamic behavior, A,C,D ∈ Rn×n, with A the matrix of transition rates
between the n states, C a diagonal matrix with real entries corresponding
to velocities, and D a diagonal matrix with positive real entries for diffusion
coefficients, respectively, of the n populations.

Taking the ansatz

(u1, u2, . . . , un)T (y, t) = eλteνyũ0 , (2)

with ν = ik , equation (1) becomes:

(A+ νC + ν2D − λI)ũ0 = 0 . (3)



Let u0 be the eigenvector of the zero eigenvalue of A, and v be in the
generalized eigenspace V corresponding to all non-zero eigenvalues of A. Let
ψ0 be the eigenvector corresponding to the zero eigenvalue of the adjoint
matrix A∗.

Taking ũ0 = au0 + v allows us to apply a Lyapunov-Schmidt reduction
to equation (3) by projecting it onto the V and u0 spaces.

1. Projection onto V -space:

eqn− 〈ψ0, eqn〉
〈ψ0,u0〉

u0 ,

where eqn denotes equation (3). This gives:

a(A + νC + ν2D − λI)u0 + (A+ νC + ν2D − λI)v (4)

− a
〈ψ0, (νC + ν2D − λI)u0〉

〈ψ0,u0〉
u0 −

〈ψ0, (νC + ν2D − λI)v〉
〈ψ0,u0〉

u0 = 0 .

Note that Au0 = 0 and A∗ψ0 = 0 by definition, and 〈ψ0, λv〉 =
λ〈ψ0,v〉 = 0 ∀v ∈ V .
It can also be shown for the fourth term in (4) that

〈ψ0, (νC + ν2D)v〉
〈ψ0,u0〉

= νBνv ∼ O(ν)

using the Cauchy-Schwartz inequality. Here Bν is the operator sending
x→ 〈ψ0,(C+νD)x〉

〈ψ0,u0〉 . Similarly, the third term in (4) is

a
〈ψ0, (νC + ν2D − λI)u0〉

〈ψ0,u0〉
= −aλ+ aνBνu0 ∼ −aλ+ O(ν) .

Combining these observations yields:

a(νC+ν2D−��λI )u0+(A+νC+ν2D−λI−νu0Bν)v+���aλu0−aν(Bνu0)u0 = 0 .

Simplifying and separating v gives:

v = −a(A+ ν(C − u0Bν) + ν2D − λI)−1(νC + ν2D − νBνu0I)u0

≈ −a(Ã−1 + O(ν + λ))(νC − νBνu0I + ν2D)u0

≈ −aν(Ã−1 + O(ν + λ))

(
C − 〈ψ0, Cu0〉

〈ψ0,u0〉
I + O(ν)

)
u0 . (5)

2



Note that matrix Ã corresponds to the projection of matrix A on space
V , so that Ã is invertible. The inversion is allowed because the left-hand

side (v) is in the range of matrix A, and C̃u0 =
(
C − 〈ψ0,Cu0〉

〈ψ0,u0〉 I
)
u0 is

also readily shown to be in the range of A.

2. Projection onto u0-space:
〈ψ0, eqn〉 ,

where again eqn denotes equation (3)
Here, the projection gives:

〈ψ0, (A+ νC + ν2D − λI)(au0 + v)〉 = 0 .

Noting again that A∗ψ0 = 0 and 〈ψ0,v〉 = 0, and using v from (5)
results in:

〈ψ0, (−λI + νC + ν2D − ν2(C + νD)

[
(Ã−1 + O(ν + λ))

(
C − 〈ψ0, Cu0〉

〈ψ0,u0〉
I

)]
u0〉 = 0 .

(6)
Linearity of the inner product gives:

−λ〈ψ0,u0〉+ν〈ψ0, Cu0〉+ν2〈ψ0, Du0〉−ν2〈ψ0, CÃ
−1C̃u0〉+O(ν2(ν+λ)) = 0 .

Using the implicit function theorem and isolating λ = O(ν), the higher
order term at the end of the equation is O(ν3). Then λ is given by:

λ = ν
〈ψ0, Cu0〉
〈ψ0,u0〉

+ ν2

[
〈ψ0, (D − CÃ−1C̃)u0〉

〈ψ0,u0〉

]
+ O(ν3) . (7)

Returning to ansatz (2), component l of the vector of particle concentra-
tions u is described by:

ul(y, t) = e(a1ν+
a2
2
ν2+

∑∞
j=3 ajν

j)teνyũ0l(y) , (8)

where

a1 =
〈ψ0, Cu0〉
〈ψ0,u0〉

a2 = 2
〈ψ0, (D − CÃ−1C̃)u0〉

〈ψ0,u0〉
.

3



Assuming a Dirac delta function initial condition u0l = δ(y) (modeling
a single particle located at y = 0), its Fourier transform in equation (8) is
ũ0l = 1/(

√
2π). Similar to the approach in [1], this allows us to calculate the

concentration of particle population l by taking the inverse Fourier transform:

ul =
1√
2π

∫ ∞
−∞

eik(y+a1t)−
a2
2
k2t × e

∑∞
j=3 ajν

jt × 1√
2π
dk .

As in [1], the change of variables ỹ = y + a1t and k̃ = kt1/2 gives:

ul =
1

2π
√
t

∫ ∞
−∞

e
ik̃ ỹ

t1/2
−a2

2
k̃2 × e

∑∞
j=3

aj(ik̃)
j

tj/2−1 dk̃ .

In the second term in the product above, j/2−1 > 0, so that the summation
vanishes as t→∞. It is therefore sufficient to calculate:

ul =
1

2π
√
t

∫ ∞
−∞

e
ik̃ ỹ

t1/2
−a2

2
k̃2
dk̃

=
1√

2πa2t
e
− (y+a1t)

2

2a2t .

Since this holds for each population l, the solution of the advection-
reaction-diffusion PDEs for large time thus consists of a spreading Gaussian,
and the effective velocity and diffusion of the particle behavior is given by:

effective velocity = a1 =
〈ψ0, Cu0〉
〈ψ0,u0〉

(9)

effective diffusion = a2 = 2
〈ψ0, (D − CÃ−1C̃)u0〉

〈ψ0,u0〉
. (10)

We note that average transport velocity and spreading for the specific
equations modeling neurofilament transport are derived in [1] and [2]. The
spreading Gaussian solutions for large time have also been investigated for
reaction-hyperbolic systems of PDEs in [3–6]. [7] introduces diffusion in the
context of tug-of-war studies for motor-driven transport, with a focus on
diffusion in one particle population. The approach outlined above provides
analytical expressions for effective velocity and diffusion for large times for a
system with arbitrary numbers of particles undergoing diffusion, bidirectional
advection and reaction.
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Effective velocity and diffusion for the 2-state model

We calculate the expressions for effective velocity and diffusion using the
2-state model of particle dynamics (see main text).

In this case, C =

(
c

0

)
, D =

(
0

D

)
and A =

(
−β1 β2
β1 −β2

)
.

The eigenvectors ofA andA∗ in equation (7) are given by u0 =

(
β2/(β1 + β2)
β1/(β1 + β2)

)
and ψ0 =

(
1
1

)
.

This gives that the O(ν) term in (7) is:

a1 =
〈ψ0, Cu0〉
〈ψ0,u0〉

=
cβ2/(β1 + β2)

1
= c

β2
β1 + β2

, (11)

which corresponds to the effective velocity in (9).
Similarly, the O(ν2) term in (7) is:

a2 = 2
〈ψ0, (D − CÃ−1C̃)u0〉

〈ψ0,u0〉
.

Note that the non-zero eigenvalue of A is λ1 = −(β1 + β2), and its cor-
responding eigenvector is v = (1,−1)T . Then Ãv = λ1v and thus Ã−1 =
λ−11 = − 1

β1+β2
.

Therefore:

a2 = 2
〈ψ0, (D − CÃ−1C̃)u0〉

〈ψ0,u0〉
= 2

〈ψ0, (D + (1/(β1 + β2))CC̃)u0〉
1

= 2〈ψ0,

(
D +

1

β1 + β2
C

(
C − 〈ψ0, Cu0〉

〈ψ0,u0〉
I

))
u0〉

= 2〈ψ0,

(
D +

1

β1 + β2
C

(
C − cβ2

β1 + β2
I

))
u0〉

= 2d
β1

β1 + β2
+ 2c2

β1β2
(β1 + β2)3

.

Then

a2 = 2d
β1

β1 + β2
+ 2c2

β1β2
(β1 + β2)3

, (12)

5



which corresponds to the expression for effective diffusion in (10).
[8] derive expressions similar to (11) and (12) for the effective speed

and diffusion of an on/off transport particle using stochastic methods. Our
analysis yields the additional first term in equation (12) compared to the ex-
pression for effective spread in [8], which is due to our assumption of diffusion
in the off state.

Effective velocity and diffusion for the 4-state model

We also calculate the expressions for effective velocity and diffusion using
the 4-state model of intracellular transport (see main text).

In this case, we have C =


c+
−c−

0
0

, D =


0

0
0

D

 , and

transition rate matrix

A =


−(γ+ + δ+) 0 α+ β+

0 −(γ− + δ−) α− β−
δ+ δ− −(α+ + α−) 0
γ+ γ− 0 −(β+ + β−)

 .

The eigenvectors of A and A∗ in equation (7) can also be easily found:
ψ0 = (1, 1, 1, 1)T , and u0 corresponds to the proportions of each population
at equilibrium (See Section S2). u0 can be normalized so that 〈ψ0,u0〉 = 0 .

This gives the O(ν) term in (7):

〈ψ0, Cu0〉
〈ψ0,u0〉

= −(α−β−c−δ+ + α−β+c−δ+ − α+β−c+δ− − α+β+c+δ− + α−β−c−γ+

− α−β+c+γ− + α+β−c−γ+ − α+β+c+γ+)

/ (α−β−δ+ + α+β−δ− + α−β+δ+ + α+β+δ− + α−β−γ+ + α−β+γ− + β−δ−δ+

+ α+β−γ+ + α+β+γ− + β+δ−δ+ + α−δ+γ− + α+δ−γ+ + β−δ−γ+ + β+δ+γ−

+ α−γ−γ+ + α+γ−γ+) , (13)

which is the effective velocity in the 4-state example. Note that the above
expression can be calculated using Matlab or Mathematica.

The O(ν2) term in equation (7) requires calculation of a2 = 〈ψ0,(D−CÃ−1C̃)u0〉
〈ψ0,u0〉 .

Noting that R(A) = (R(ψ0))⊥, we seek a matrix representation of Ã using
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a basis in the complement of ψ0 = (1, 1, 1, 1)T . A choice for this basis is
v01 = (1, 0,−1, 0)T , v02 = (0, 1, 0,−1)T , and v03 = (1, 0, 0,−1)T , yielding:

Ãv01 = α1v01 + α2v02 + α3v03 ,

Ãv02 = β1v01 + β2v02 + β3v03 ,

Ãv03 = γ1v01 + γ2v02 + γ3v03 .

Note that αi, βi, γi have simple expressions that Matlab’s or Mathematica’s
symbolic environments can readily find. This is done by solving equations of
the form V0(α1, α2, α3)

T = Ãv01, with V0 = (v01,v02,v03).
Since we are interested in Ã−1C̃u0, we seek x̄ = x̄1v01 + x̄2v02 + x̄3v03

such that Ãx̄ = C̃u0 . Writing C̃u0 = x = x1v01 + x2v02 + x3v03 gives:

α1x̄1 + β1x̄2 + γ1x̄3 = x1 ,

α2x̄1 + β2x̄2 + γ2x̄3 = x2 ,

α3x̄1 + β3x̄2 + γ3x̄3 = x3 .

Note that xi can also be readily found for this example by solving V0(x1, x2, x3)
T =

C̃u0 in Matlab. The equation for x̄i is therefore:α1 β1 γ1
α2 β2 γ2
α3 β3 γ3

x̄1x̄2
x̄3

 =

x1x2
x3

 . (14)

Given that αi, βi, γi and xi have expressions that can be determined as de-
scribed above, this linear system can be solved in Matlab or Mathematica.
This recovers x̄ = Ã−1C̃u0 = x̄1v01 + x̄2v02 + x̄3v03 .

The O(ν2) term in the expression for λ is:

a2 = 2
〈ψ0, (D − CÃ−1C̃)u0〉

〈ψ0,u0〉
= 2

〈ψ0, (D − CÃ−1C̃)u0〉
1

= 2〈ψ0, Du0 − Cx̄〉

= 2ψ0
T (Du0 − Cx̄) . (15)

An analytical expression for this term can be found using the symbolic envi-
ronments in Matlab or Mathematica.
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S2. Calculation of percentages of particles in different states, and of expected
run times and run lengths for cargo transported on microtubules

The equilibrium distributions of particles in different states given the
general model (1) is readily obtained by solving

Au = 0 . (16)

Then the additional assumption:
∑n

i=1 ui = 1 yields the percentages of par-
ticles in each dynamic state at equilibrium.

An alternative approach to modeling particle mobility is by using a continuous-
time Markov chain (CTMC) of the times and states of a particle undergo-
ing intracellular transport. In this framework, we introduce matrix A with
Aij the rate of the transition from state i to state j, which corresponds to
the transition matrix of the CTMC. Solving the linear system (16) becomes
equivalent to solving the equilibrium or balance equations of the Markov
process [9]. For the advection-diffusion 2-state model in the main text, the
fractions of particles in each state are simply:

fraction moving =
β2

β1 + β2
(17a)

fraction diffusing =
β1

β1 + β2
. (17b)

The 4-state model expressions for fractions in each state are computed in a
similar way and depend on all model transition rates.

The CTMC modeling approach is also useful in determining the dissociation-
based quantities that appear in experimental literature, such as distances and
times spent on microtubules before a motor-cargo complex unbinds [10]. It
is well established that sojourn times of a homogeneous Markov chain in
each state i are exponentially distributed with parameter qi, where qi is the
transition rate of leaving state i for any other state [9]. This means that the
mean sojourn times for the 2-state model are:

expected run time =
1

β1
,

expected run length =
1

β2
.

Similarly, the mean times in the states of the 4-state model are given by:
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expected run time up =
1

γ− + δ−
,

expected run time down =
1

γ+ + δ+
,

expected time diffusing =
1

β− + β+
,

expected time pausing =
1

α− + α+

.

The expected run length of motor-cargo complexes on microtubule fil-
aments is then simply the speed in the desired direction times the mean
sojourn time in the corresponding moving state. For the 4-state model, this
yields:

expected run length up =
c−

γ− + δ−
,

expected run length down =
c+

γ+ + δ+
.

9



S3. Supplementary Figures and Tables

Figure 1: Shown is a representative oocyte in which three 5 µm circular ROIs of βG-MS2
RNA (β-globin RNA) bound by MCP-mCh were bleached as detailed in the main text.
Scale bar corresponds to 10 µm. Note that Figure 4B in the main text shows a sample
postbleach intensity profile extracted from a similar image. That profile is then used as
an initial condition for the numerical parameter estimation.
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Figure 2: Parameter estimates from Region 1 VLE RNA FRAP data for individual oocyte
trials are validated using PDE-generated FRAP recovery curves (5 trials shown).
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Figure 3: Sample synthetic data generated using the Markov Chain approach (104, re-
spectively 106 RNAs) based on the 4-state model are fit using our parameter estimation
procedure. The synthetic data on the left is not smooth since this stochastic model for
data generation creates realistic noisy FRAP recovery curves. We note that the approxi-
mately 108 RNAs injected in the oocytes correspond to roughly 104-106 RNAs given the
spatial domain considered in our simulations.

Table 1: Table of input and output parameters for Figure 3. Input corresponds to param-
eters used for data generation, Output (104) corresponds to parameters estimated using
data generated with 104 RNAs, and Output (106) corresponds to parameters estimated
using data generated with 106 RNAs.

c+ (µm/s) c− (µm/s) d (µm2s−1) α+ (s−1) α− (s−1) δ+ (s−1) δ− (s−1)
Input 0.157 2e−4 0.11 0.008 4e−6 3e−4 0.12

Output (104) 0.114 2e−6 0.05 0.002 0.005 0.03 0.08
Output (106) 0.13 3e−5 0.09 3e−5 0.008 0.03 0.05

Table 2: Estimated parameters for FRAP WT average data based on 5 oocytes using the
2-state model for VLE RNA. While the estimates for speed c and diffusion coefficient d
are provided in the main text as well for this set, here we also include the estimates of
reaction rates β1 and β2.

Region c (µm/s) d (µm2s−1) β1 (s−1) β2 (s−1)
1 0.05 0.26 2.3e−14 0.006
2 0.09 1.42 0.003 0.0007
3 0.07 0.83 4e−5 1.4e−6
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Figure 4: Sample oocyte β-globin RNA FRAP data for all 3 regions is fit using our
parameter estimation procedure. Note that the same estimated parameters generate fits
to data from all 3 bleach spots in the initial condition (see Figure 1). Estimated parameters
are D = 2.77 µm2/s, β1 = 0.03 s−1 and β2 = 0.05 s−1.
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Figure 5: Predicted fractions of nonlocalizing β-globin RNA (G) in diffusing and stationary
states for two additional sets of 9 healthy oocytes each (individual oocyte trials). The
sets provided here and in the main text are each from FRAP experiments carried out
on different days. The average diffusion coefficient d for the first set is 1.8 µm2/s (with
standard deviation 1.1 µm2/s), and for the second set 3.1 µm2/s (with standard deviation
1.5 µm2/s). mRNA particles are predicted to spend on average 60% of time in a paused
state (with standard deviation 32%) for the first set, and 51% of time (with standard
deviation 31%) for the second set. Parameter estimation is set up with a three bleach spot
initial condition for β-globin RNA (see Figure 4B in the main text).
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Figure 6: Predicted fractions of localizing VLE RNA in different states for individual
oocyte trials in healthy and Nocodazole-treated (N) oocytes. The fits are carried out
using the 4-state model.
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S4. Adjusted FRAP data

The procedure for adjusting the raw FRAP data to correct for photofad-
ing during image acquisition is outlined in [11]. We provide the details here
for completion.

We refer to the raw time series fluorescence data for each photobleached
region of interest in the vegetal cytoplasm of Xenopus oocytes as ROI(t).
Additional measurements available from FRAP experiments are the fluores-
cence data from the non-photobleached regions outside and inside the oocyte
at time t, which we denote by ROIo(t) and ROIn(t), respectively. To correct
the raw FRAP data for acquisition photobleaching, we calculate the adjusted
fluorescence time series A(t) as

A(t) = F (t)× Fpre

Fn(t)

= (ROI(t)− ROIo(t))×
(ROIn(1)− ROIo(1))

(ROIn(t)− ROIo(t))
. (18)

Here the background subtracted fluorescence at time t is denoted by F (t), the
background subtracted average intensity for all prebleach frames is denoted
by Fpre, and Fn(t) denotes the background subtracted fluorescence intensity
value in a neighboring region at time t. It is worth noting the meaning
of the second equality in equation (18): to obtain F (t), we subtract the
background fluorescence ROIo(t) from the fluorescence intensity in the region
of interest ROI(t); to obtain Fpre, we subtract the background fluorescence of
the prebleach frames ROIo(1) from prebleach fluorescence outside the cortical
region ROIn(1); and to yield Fn(t), we subtract the background fluorescence
intensity ROIo(t) from the fluorescence at the neighboring region outside the
cortical region ROIn(t).

S5. Numerical Methods

Numerical integration of equations of the form (1) is done using expo-
nential time-differencing Runge-Kutta methods [12, 13] coupled with space
discretization using Fourier spectral methods. The boundary conditions for
the PDE systems are taken to be periodic in both the x and y dimensions.
The spatial domain size is taken to be large relative to the bleach spot size,
with length scales of 40 µm in the horizontal direction x, and 60 µm in the
vertical direction of movement y. We used 64 Fourier modes in the spectral
decomposition in both directions, which is sufficient for the purpose of our
simulations. Finally, different time steps were tested, and ∆t = 0.1 was cho-
sen for yielding consistent results while also minimizing computation costs.
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Figure 7: Estimated diffusion coefficients for β-globin RNA using the same set of 5 oocytes
with instantaneous photobleach (flat circular disk initial conditions), Gaussian initial con-
ditions, and the experimental photobleach profile (exponential of Gaussian initial condi-
tion), left to right. Note the different scales of the vertical axis.

Matlab code for generating synthetic data and for performing parameter
sweeps and estimation is included in the S5 Matlab code FRAP.zip file.

S6. Accounting for the dynamics during the FRAP photobleach process: Sup-
porting figures

Section 3.5 in the main text outlines the importance of accounting for the
dynamics occurring during the photobleach process when modeling the initial
condition for our numerical FRAP parameter estimation methods. Figure 7
shows the sensitivity of the diffusion coefficient estimates for the same set of
5 oocytes to the initial condition (flat circular disk, Gaussian, or exponential
of Gaussian initial condition). In Figure 8 we include additional diffusion
coefficient estimates for β-globin RNA using the instantaneous bleaching and
photobleach profile (exponential of Gaussian) initial conditions. In addition,
we also include estimates of diffusion coefficients for a set of 7 oocytes and
speed in the animal pole direction in region 3 (c−) for a set of 5 oocytes using
both settings.
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Figure 8: Estimated diffusion coefficients for β-globin RNA, diffusion coefficient for VLE
RNA, and speed in the animal pole direction in region 3 for VLE RNA using the in-
stantaneous photobleach and experimental photobleach profile initial conditions (top to
bottom).
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