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Explicit formula for ECG in convergence test
The function w(t) defined in (14) and used in the computation of the ECG in equation (15) can
be computed explicitly in the case considered in the first experiment of section 3.1. To see this,
we first observe that the boundary of the activated region Vt := {x ∈ Ω: Ψ(x) < t} is subdivided
into activation front Ψ−1(t) and the activated boundary Bt := Vt ∩ ∂Ω, thus

w(t) := −
∫

Ψ−1(ξ)

Gi∇Z · n dΣ = −
∫

Ψ−1(ξ)∪Bt

Gi∇Z · n dΣ +
∫
Bt

Gi∇Z · n dΣ. (1)

Since Ψ−1(ξ) ∪ Bt equals ∂Vt, we can apply the divergence theorem to the first term

w(t) =
∫
Vt

∇ · (Gi∇Z) dx+
∫
Bt

Gi∇Z · n dΣ. (2)

The volumetric term cancels in our case, since Gi∇Z is constant. We remark that equal
anisotropy ratio would be sufficient to cancel this term in general [1]. The boundary term
simplifies also, since our domain is a cube and all the faces F±i are planar with constant normal
direction and oriented along the axes ei:

w(t) = (Gi∇Z) ·
∑

i=1,2,3
ei
(
|Bt ∩ F+

i | − |Bt ∩ F
−
i |
)
. (3)

In the numerical experiment ∇Z = −e1, Gi = σitI+(σil−σit)e3⊗e3 thus w(t) is proportional
to the difference between the activated area on the bottom face and the activated area on the
top face:

w(t) = σit

(∣∣{Ψ(0, y, z) < t}
∣∣− ∣∣{Ψ(`x, y, z) < t}

∣∣), (y, z) ∈ [0, `y]× [0, `z]. (4)

The activated area is simple to compute when it is an axis-aligned ellipse centered in the face,
e.g. when the activation map is as follows:

Ψ(x, y, z) =

√
(x− xc)2

s2
x

+ (y − `y/2)2

s2
y

+ (z − `z/2)2

s2
z

. (5)

In the numerical experiment we have sx = sy = α
√
σt/β and sz = α

√
σl/β. After tedious but

straightforward computation the final form of exact solution reads as follows:

w(t) = σit`y`z

(
f
(
t, xc/sx

)
− f

(
t, (`x − xc)/sx

))
(6)

1



where we defined the following auxiliary functions:

g(c, r) =



4 if r ≥
√

1 + 1/c2

cπr2 if (c ≤ 1 ∧ r ≤ 1) ∨ (c > 1 ∧ cr ≤ 1),
2c
(
u+ r2 arccsc r

)
if r > 1 ∧ cr ≤ 1,

2v
c + cr2(π − 2 arctan v

)
if cr > 1 ∧ r ≤ 1,

2
c

(
c2u+ v + c2r2(arccsc r − arctan v)

)
otherwise,

(7)

f(t, s) =
{
g
(
c, 2sy/`y

√
t2 − s2

)
if t > 0 ∧ t2 > s2,

0 otherwise,
(8)

with u =
√
r2 − 1, v =

√
c2r2 − 1 and c = `ysz

`zsy
. In particular, g(c, r) is the area of the intersection

between the ellipse of semi-axes 1 and c and the square [−1, 1]2.
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