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1. Appendix: Proofs

PROOF (PROOF OF THEOREM 4.1). Recall the definition of Q,(q,3) and define

Q(q, B) := (Eh(x,q, B)E(y.x,q, B)) W(E[h(x,q, B)E(y.x,q,8)]). (1)

It follows from (C1) and (C4) that sup, g)co |9n(a, B) — Q(q, B)| 20, while it follows
from (C2), (C3), and (C5) that for any € > 0, we have

Qax,B,) =0< . inf Q(q, B).
(a,8):dist a(a,a.)+1B—B, | >e

A

Thus, consistency of (G, 3) in (16) follows from Theorem 5.7 in (van der Vaart, 1998).

The proof of Theorem 4.1 (b) consists of two parts as follows.

e Part 1 is to show that Theorem 4.1 (b) is valid when M is an open subset of
the Euclidean space R? and ¢ = id. Since this result is a classical result (Newey,

1993), we omit it for simplicity.

e Part 2 is to show that Theorem 4.1 (b) is valid when M is a RSS. We focus on
part 2 below.

tAddress for correspondence and reprints: Hongtu Zhu, Ph.D., Department of Biostatistics,
Gillings School of Global Public Health, University of North Carolina at Chapel Hill, Chapel
Hill, NC 27599-7420, USA, hzhu@bios.unc.edu.
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When M is a RSS, we consider a chart (U,¢) on M near q. with t. = ¢(qs). As

(q, B) is a consistent estimator for (q«,3,), @ € U holds with probability approaching
one, as n — oo. When q € U, we define t = ¢(q). If follows from the continu-
ous mapping theorem that (¢(q)7, BT)T is a consistent estimator for (¢(q.)”, 87)7 in
Rldnm+ds) - Conditions (C6)-(C10) hold for (¢(qs)”, BL)T and functions (t7, 37)T —
h(x, 671 (1), B)E(y, x; 0 L(t), B). Let Hn(q, B) = 0.59(q,3)2n(a, B). To establish Theo-

rem 4.1 (b), we can apply the proof of part 1 in (Newey, 1993) to the following function

", 817" = (o7 (L), B).

Compared with Euclidean case, although H,(¢~!(t),3) is a function of random vari-
ables (y;,x;) with y; being M-valued, &(y;,x;; ¢~ (t),3) and Ot,8)E (Vis X33 o~ 1(t),B)
are real vector-valued variables for all (t,3) and 7. Thus, all arguments in part 1 still
hold for part 2.

By using the chain rule and ¢/ = (¢’ 0 1) 0 ¢ near q., we can establish the last
statement of Theorem 4.1 (b).

PROOF (PROOF OF THEOREM 4.2 ). Theorem 4.2 (i) directly follows from Theo-
rem 4.1 with ¥% = (G;‘)TWng;)_l, where G is given by

B [ 1530008/ € (0% 671 (6), 8.) oLy q. )| X] = BIDs(x)2(x) " Dy(x)7].

and Wj = (Var[h;;(x)é'(y,x; q*,,@*)]) = G;’;jl. Thus, we have

5 = (G565 65) 7 = G = (BDg(x)2(x) " Dy(x)T]T)

To show Theorem 4.2 (ii), it is sufficient to show that (X%)~" — (E;pz)*l is non-
negative for any s x d matrix-valued function h(x;q, 3). With some simple calcula-

tions, we can show that (3})" — (E;{)i)*l is equal to
E[(Q72{Dy(x) —Qx)h(x)" E[h(x)Q(0)h(x)"] " Elh(x) Dy(x) "1} *?],

which is non-negative definite.

Theorem 4.2 (iii) is derived in the main paper right after the theorem’s statement.

PRrROOF (PROOF OF THEOREM 4.3). The proof consists of two parts as follows.
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e Part 1 is to show (¢(qg), Bg) —F (¢(q«), B,) as n — oc;

e Part 2 is to show that v/n[(¢(qg)?, ,BE)T — (¢(q)™, BL)T] is asymptotically nor-
mally distributed.

To prove Part 1, we proceed as follows. Recall the definitions of lAzE7¢(xi), WE,qs,

and (¢(dg), Br). We need to prove two sufficient results as follows:
(1) sup(q,) |[Pa{[Amo(xi) = P 4 (IE (y, x: 0, B)}| =P 05
(i) IWeg — W gll =7 0.

Based on the results (i) and (ii), we can show that in probability, Q,(q,3) based on

h E,0(xi) and WE7¢ converges uniformly to

Qi1(q, B) = (E[h(x, qx, B.)E (Y, x:q, B)) W 4(E[h(x, ax. B,)E (v, x; q, B))).

Then, we can apply the same arguments of Theorem 4.1 to finish the proof of Part 1.
We prove Part 1 (i) as follows. It follows from the triangle inequality, the Cauchy-
Schwarz inequality, the trace inequality, and (C16) that

1P {lm,6(%) = W ()€ (y, 0, B}
< Pafllz,s () = W 00| PHPa{ foly. x)*}] (2)
< 0p(1) |Pul[Dy(x) = Dy(x)I[*IIV (ar, B7) "I
Pl 1Dy () P11V (@, B) 7 = Vil 7]
It follows from (C3) and (C6) that V(d7, 3;) ! converges to V! in probability. Com-
bining this result with (C19) leads to Part 1 (i).
We prove Part 1 (ii) as follows. We first prove H(WE7¢)*1 - (WE’QS)”H —P 0. Now

(WE’(zs)_l - (WE@)_I can be decomposed as the sum of three terms given by
(111) - Pn{[h’*E,d)(X)g(ya X5 Qx, B*)]®2} - (WE’,qS)il’
(112) - Pn{[h’*E,d)(X)g(ya X3 61]7 BI)]®2 - [h*E,¢<X)5<Z/> X5 Qx, /8*)]®2}7
(ii3) = Puf[hme()E(y, x: 1. 8] = (W 4(x)E(y. x; ar, B1)] %}

It follows from (C15) that (ii.1) converges to zero in probability. It follows from (C17)

and a Taylor’s series expansion that

(iL.2) < 0p(1)E[foly, x)* 1(x)%] = 0p(1).
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To prove (ii.3), we define

B(y.x) = hps(x)E(yx:dr, Br) and Bly,x) = h 4(x)E(y, x: 1. By)-
Then, similar to the arguments in (2), we have

(.3)] = [Pa[B(y,x)B(y,x)" = B(y,x)B(y,x)"]|
Pn{HB<y7X) - B(y,X)H2} + 2Pn{HB(y7x) - B(an)H”B(YJaX)H}
Op(D[Pa{llm,6(x) = M ()12 [Prd foly, %) f1 ()12

IN

IN

Therefore, it follows from (C3), (C6), (C17), (C19), and (2) that (ii.3) converges to
zero in probability. Therefore, this completes the proof of Part 1.
To prove Part 2, we proceed as follows. We define H,,(t,3) to be

(Pulli,6(x)06, 3)E (4% 671 (£), B)]) "W o (Pulhp,o(x)E(y, x5 67 (t), B)]).-

It follows from a Taylor’s series expansion and some simple calculations that as n — oo,

we have

\/ﬁ[(gb(QE)T?B;)T - (tl—aﬁ*—r)—r] = [_8(t,ﬁ),Hn(Ea B)]_l\/ﬁ’Hn(t*w@*)v

where (¢~1(t), ) € B((t«,3,),0) for any § > 0 in probability. We need to prove two

results as follows:
(i) /nHn(ts, B,) is asymptotically normal;
(ii) =9, Hn (t, 3) converges to a positive definite matrix in probability.

Combining Part 2 (i) and (ii) finishes the proof of Theorem 4.3.

To prove Part 2 (i), we need to show three results as follows:
(11) ViPn{hp 4(x)E(y, x; 07 (), B.)} =" N0, (W 4) )5
(1:2) Poflhmo(x) = hy o (x)]10,8)E (4% 671 (£4), B.)} =P 0;
(i:3) ViPu{lhps(x) = by 4(X)E(Y x; 67 (), 8,)} = 0.

Part 2 (i.1) follows from the standard central limit theorem. Part 2 (i.2) follows from

the same arguments used in (2). We prove Part 2 (i.3) as follows. Note that the left
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term in (i.3) can be written as the sum of two terms, given by

VP {[Dg(x) — Do(x)1V(ar, Br) ' E(y, %67 (), 8.}, (3)
\/ﬁpn{DCf)(X) [V(QD BI)_l - VE_*I]g(ya X3 (b_l(t*)? /6*)} (4)

Let e; be the (da + dg) x 1 vector with a 1 at the j-th component and a 0 otherwise
for j =1,...,dnm + dg. It follows from (C18) that

|[ViPafe] [Dy(x) — Dy (IV (ar, Br) '€y, x: 0 (t:), B.)}|
= Jor V(@ B7) " VAP {E (.3 67 (t2), B)e] (Do) — Do(x)]}) |
< V(@ B0 VAP E (Y, x; 67 (8.), B.)e] [Do(x) — Do)}
< 0,(1)oy(1) = 0,(1).

It follows from (C15) and (C16) and standard central limit theory that
VB {Dy(x)E(y, x; 67 (t:),8,)} = Op(1).

Therefore, after some simple calculations, we have

|VnPa{e] D)V (ar. B1) ™" = Vias, B,) "HE(y, x5 071 (t.), B,)}] <
IV (&, 87" = Viaw B) Ml VAP {E(y, x; 6~ (t*),ﬁ*)eJTD¢(X)}\I=0p(1)-

Based on these results, we obtain

ViHa(t, B.) = Gons Wi oVnPu{lip 4 (X)E(y, %67 (£.), 8,)}
_>L N(()? G¢7h2,¢ng¢G¢’h*Ev¢).

To prove Part 2 (ii), we need to show two results as follows:
(ii.1) as n — 00, Po{hf 4(x)E(y, x5 07 (ts), B,)} =7 0
(ii.2) as &, — 0,

sup P ()0l 5)€ (5,5 61 (8), B) b 5 (X)L € (4, X3 1, B}
(¢=(t).8)€B((ax,B.),0n)

converges to zero in probability for [ = 0,1, and 2.
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Part 2 (ii.1) follows from the law of large numbers. We prove Part 2 (ii.2) as follows. It

can be shown that iLE#,(X)ﬁftﬁ)S(y,x; o), B) — h*E7¢(x)8€tﬁ)E(y,x; q«,3,) can be

written as the sum of three terms, given by

Ty(y, x:t.8) = [Dy(x) = D)V (@, B1) 0l )€y, x: 671 (8), B),
TQ(y? X3 ta B) = D(b(X) [‘7(61[7 BI)_l - Vii}aét,,@)g(yv X3 ¢_1(t)7 B)v
T3 (y7 x;t, B) = h*E,¢>(X) [6€t,ﬁ)g(y7 X3 ¢_1 (t)a 16) - aétyﬁ)g(y7 X5 s B*)} :

By using the same reasoning as in (3), (4), and (C16), we have

2

sup [P {T(y, x; 8, B)}| =7 0.
(671 ().B)EB((a..8.).8,) j=1

It follows from (C17) and the law of large numbers that

sup Pu{T3(y, x;t,8)} < 0p(1) =
(¢~ 1(t),8)eB((a+,B.),0n)
sup |E{T3(y,x;t,8)}|
(¢=1(t),8)eB((a+,8.),0n)
+ sup P T3(y,x5t,8)} — E{T3(y,x;t, 8)}.

(¢~ (t),8)€B((a-,8.),0n)
Based on these results, we obtain

~sup | = 0,8 Hn(t, B) — Gony, Wr Gony Il =70
(t,8)eB((t.,8.),0n)

as 0, — 0 and n — oo.

PROOF (PROOF OF THEOREM 4.4). The proof follows similar steps as in Theorem

4.3 with straightforward modifications, which for brevity are omitted.

PROOF (PROOF OF THEOREM 4.5). Let (U, ¢) be a chart on M near q..

(i) We only prove the result for Wﬁ; as follows. Under Héz), the true value qx
equals qo and (U, ¢) is a chart near qg. As qg is a consistent estimator for q, it follows
that g € U, for n large enough, with probability approaching 1. From the CLT for

dg, we have that, under H(SQ),

Vi (i) — ¢(qo)) S Ny, (0, (I, 0)X 5 (14, 0)F)
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As n¥p g S E,$, by the continuous mapping theorem, we get

7= [ 0 0] 5 ({1 008 (T, 01

Then, using Slutzky’s theorem, we have

—-1/2

—-1/2

[(IdM 025,614, O)T} (6(dr) — d(qo)) % Ng,(0,14,,)

which implies W7§2¢)> A X?ZM'

(ii) Since B g and the lower-right dg x dg submatrix of 5 E,s are independent of the
chart (U, ¢), so is Wéld))

(iii) Let (U’,¢’) be another chart near qo with g € U’. A Taylor’s series ex-
pansion of the transition function ¢’ o ¢ about ¢(qo) shows that ¢'(qr) — ¢'(qo) =
(J(@' © B)g(q0) + 0p(1))(@(aE) — #(do)). Let q be the consistent estimator of q that
the asymptotic covariance estimator 5 B,6 is based on. As b E,¢ 1s compatible with the

manifold structure of M and J(¢' 0 ¢)4@q) = J(¢' 0 @) g(q) + 0p(1), We have

W2, = [8am) - ¢(a0)] (¢ © 6)g(q,) + 0p(D]
%[ (J(& 0 Do) 0) Smp (J(& 0 By 0)7 |
X[ T(8 © $)ofqn) + 0p(V][6(8) — $(a0)]
= [6@@p) — ¢(a0)]"[J (9 0 ¢) 5, T op(D] 7T
< (76" 0 D)otan) + 0n(1) 0) S (J(&' 0 D)qn) +0p(1) 0)7]
X[T(@ 0 8) k) + o (V] [6(an) — d(a0)]
= [6(ap) ~ 6(@))" [y 0) S (ay, 0 +0,(1)] " [B(as) — b(an)]

= W) +op(1).

n,

Thus, Wr(i; and Wﬁ; are asymptotically equivalent.

(iv) Let ¢ and ¢’ be two normal charts on M centered at qg. Thus, ¢(-) = Ao
Log;,,(-) and ¢/(-) = A’ o Logg, (), where A, A" : Ty, M — R are two isomorphisms
of linear spaces induced by the coordinates with respect to two orthonormal bases of
T5, M. Therefore, ¢/(-) = O¢(-), where O = A’A~! corresponds to an orthonormal
matrix, and §E7¢/;11 = OiEmnOT. Thus, iE;ll =A1lo §E7¢;11 o A is independent

of the chart ¢ and is a 1-1 linear map from 75, M onto itself. Since A preserves the
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inner product, we have

W = tr{[S5},A(Logg, (a0))] T A(Logg, (o))}
o {[A((Sp11) " Togg, (a0))] T A(Logg, (d0))}

= qu(iE;n)_lLquE (q0), Logg,, (qo)) = W]E/?n

PROOF (PROOF OF THEOREM 4.6). The proof follows from a straightforward ap-
plication of a Taylor’s series expansion and Slutzky’s theorem. We only prove (ii). We

have that, under H (2)

1,n
- d
\/ﬁ(ﬁf)(QE) - ¢<qn)) — NdM (07 (IdM O)EE,¢(IdM O)T)’
where q, = Exp (v/v/n +o0(1/y/n)). As niE@ 2 ¥4, by the continuous mapping
theorem, we get niﬂ@ll LN Y E,¢:11 Then, using Slutzky’s theorem, we have

}_1/2

Sean| " (6(@E) - 6an) 4 Na, (0.1a,,)

From Taylor’s series expansion of the map ¢ o Exp, at 0, we have

V(é(dn) — é(qo)) = J (¢ 0 Expg,)o(v) + o(1).

Thus, again using Slutzky’s theorem, we obtain that

|7 (6(@8) — 6(00)) % Nav,([Bga] ™ T(6 0 Bxpy, )o(¥). La),

(2)

1,n

[Ew;n

which implies that, under H Wﬁi converges in distribution to a noncentral X?l
) M

with noncentrality parameter

. ~1
J(9 © Bxpg Jov)" [Smgni|  J(@ o Fxpg,)o(v).
(iii) It follows from (ii) applied to a normal chart ¢ = Logg, near qg.

PROOF (PROOF OF THEOREM 4.7). Consider a Taylor’s series expansion of the

real-valued function dist(q, qo)? around the point q.

+ gradg (distar( 0)*) (Log (@)
+ g Hessq. (distad (o)) (Loge, (), Logg, ()
+ O(Log, @),

dist o (q, qo)? = dist r(as, do)?
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for any q in a normal chart centered at q, with distaq(q, q«) < p’. The result depend-

ing on which method is used, implies

~ d
vnLogy (4r) = Nay (0,25 Lo, ) (5)

where 2 E,Log,. is the matrix representation of the asymptotic covariance matrix of
dr with respect to the orthonormal basis in 7, M associated with the normal chart
under consideration. The squared distance function becomes dist p(Exp,, (v),qs)? =
Hv||%q*M, for any v € Ty, M with ||v|7, m < pjy, and the matrix representation of
its Hessian at the chart center g, is the identity matrix I;,,, with respect to any
orthonormal basis of T, M.

(a) Under the null hypothesis Hé2), qge belongs to a normal chart centered at qg
with probability approaching one, and

Waist = mg, (Logg, (4r), Logy, (4r)) = (Logy, (4r))" (Logg, (4r)),

when Log, (Gr) is expressed in the orthonormal basis of Ty, M associated with the
normal chart centered at q. = qo. From this and (5), it follows that nWy; 4
X2()\1, SN /\dM), where /\1, ey >\d

by E,Log,, and Z/E,Logqo be the matrix representations of the asymptotic covariance ma-

. are the eigenvalues of the matrix X E,Log, ,11- Let
trix of gz in two normal charts centered at qg. Then ZIE,Loqu,ll = OZE,Logqo,lloTa for

some daq X dpaq orthogonal matrix O, so the eigenvalues A1, ..., \q,, are independent

M
of the normal chart.
(b) Under the alternative hypothesis H }2), from the Taylor’s series expansion above,

we have

grady_ (dista (-, a0)*)[Logq, (dr) + Op(|[Logy, de|*)]
= [Dgiss + 0p(1)]Log, (@p)-

Waist — distam(qs, qo)?

Using Slutzky’s theorem, we get

. d
V(Waist — distm(ae, 00)*) = Nay, (0, D3y S 5 Log, 11 Daist)-

In the case when (g is close to g4 so that qg is in a normal chart centered at q,, then

Dyjst = grad,, (distp (-, q0)?) = —2Log,.qo and we have

. d
Vn(Waise — dista(ax, 40)®) <+ Na,, (0,4[Log, qo]” Lk Log, 11 [Logq. o],
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which completes the proof.

PrROOF (PROOF OF THEOREM 4.8). We introduce some notation. For any chart
(U,¢) on M with qp € U, we define F(ZZ. and U* in a similar way as Fy; and U¥,
respectively, by replacing (qo, 3;) with (qx, 3,). That is,

F‘Zl = (Fdn 15 Fd)l 2) - a(t7ﬁ)dIStM (f(xl7 qb_l(t)?l@)? yi)Z}t:(ﬁ(q*)’ﬁ* ’

U*
U= ( N ) Z G, B)dlStM(f(XiaWl(t)’ﬂ)’y")z‘

Uﬁt Uﬂﬁ i1 t=a(a),8.

where the subcomponents F*/ i1 and F*. 02 correspond to t and 3, respectively.
(i) The key idea in deriving the asymptotic distribution of Wsc 4 consists of two

steps. In Step 1, using a Taylor’s series expansion of > 7" ; sz"g at (#(q«), B,), we can

show that, under the null hypothesis H(()z),

B, — B, = (*Uzg)_l ZF&Q +Op(n™h).
i=1
In Step 2, under H(()z), we expand Y ;| Fyiq at (¢(qs), B,) to get

S Fun = > Fiiy+Uig(Br— B[+ 0p(1)]
=1

=1

n
= > Fhia - UigUss( ZF¢>12 [1+0p(1)]
3 =1

= (lip,—Uis(Ugg)™ (ZFm) [1+0,(1)].

Thus, by using Slutzky’s theorem, we have

(Ian, —Uss(Upg) ™" (Z Fm) N, (0,34,q.),
where Yy . is given by
E{[(Tap: ~Uia(Upg) ™) adist a0, 671(6), 8,1 _yq 1}

Since Xy q=[n"" S0 [(Ia,,, —UtBUEé)(F@- —F )% gE(b, it follows from the contin-
(2)

uous mapping theorem and Slutzky’s theorem that under H;™’, the score test statistic

-\ q
Wscs = (i Fain) "85 4 (i Foia) = X3,
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(ii) Let (U’, ¢') be another chart on M with qo € U’. Under H(()2), by the chain rule,

we have F¢/’i = diag(J(qb o (;5,71)45/(%), Idﬁ)Tpd,’i and Ud)’,t’,@ = J(¢ o (;5/71) Uqﬁ,tﬁ‘ It

immediately follows that

T
#'(do)

Fyin = J(60¢ ) 0 Foit,
= -1 ~ -1
Spq = J(pod )g,(qo)2¢,qj(¢o¢’ )¢ (o)

which implies Wsc ¢ = Wgc,¢. Thus, the score test statistic Wgc 4 is independent of
the chart (U, ¢) near qg.

2. Intrinsic Regression Model - Multicenter link functions

In the paper, we mainly discussed single-center link functions, as defined (1) of Section
3.1. We may also consider a multicenter link function to account for the presence of
multiple discrete covariates, such as gender and diagnostic group. Let x; = (x;,¢,Xi,p),
where x; p and x; ¢ are, respectively, a dx,p x 1 vector of all the discrete covariates and
a dx,c % 1 vector of all the continuous covariates and their potential interactions with
x;,p. We may introduce a center for each covariate class based on x; p (McCullagh and

A Nelder, 1989). In this case, we may define the multicenter link function as follows:
p(x,q(xp), ) : R* x M x R% — M, (6)

where dp is an integer associated with the number of covariate classes and 3 is primarily
associated with continuous covariates. Moreover, it is assumed that p(x,q,3) satisfies

a multicenter property as follows:

1((0,xp),q(xp), B) = p(x,q4(xp),0) = q(xp). (7)

When the regression coefficients vector 3 equals 0, the link function is independent of
continuous covariates and reduces to q(xp) in M. When all continuous covariates are
equal to zero, the link function is independent of the regression coefficients and reduces
to the center q(xp) in M. For instance, we may extend the geodesic link function (3),
Section 3.1 of the paper, to the scenarios with multiple discrete covariates by assuming

d

H(X,Q(XD)75) = EXPQ?XD)(Z inkvq(xD),k:)’ (8)
k=1
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where V{x,)x’s are tangent vectors in Tj(x,)M for all possible xp.

More generally, we will consider a general link function defined as
wu(x,0) : R x © — M, (9)

where 6 is a vector of unknown parameters in a parameter space ©. For the multicenter
link function (6), @ contains all unknown parameters in q(xp)’s and 3 and © equals
M x Rl However, for notational simplicity, throughout the paper we focus on
single-center functions (1), as defined in Section 3.1 of the paper, since the extension

to (9) is trivial.

3. Differential Geometry - Technical Details

3.1. Riemannian Metric, Distance, and Geodesics

A Riemannian manifold (M, m) is a smooth manifold M together with a metric m.
The m = (mp)pem is a family of inner products my on the tangent space T, M of M
at p € M, and for any smooth vector fields X = (X;)pem and Y = (Yp)pem on an
open set U C M, the real valued map p — m,(X,,Y},) is smooth on U. Let dag be
the dimension of M. The tangent space T, M is isomorphic to R%. For a local chart
(U, ¢), U is an open subset of M and there is a homeomorphism ¢ : U — ¢(U) C RM,
where ¢(U) is an open set containing ¢(p) = t = (¢,...,t%)T. Let 9; denote the
tangent vector with respect to the coordinate curves 9/9t/ for j = 1,...,dpy. The
vector fields % = (01,...,04,,)7 induce a basis at each of the tangent spaces Ty-1(5yM
for t € ¢(U). In this basis, the metric can be expressed by a symmetric positive definite
matrix Mg(t) = [my(t)], where m;x(t) = my-1()(9;, k). The matrix My(t) is called
the local representation of the Riemannian metric in the chart (U, ¢), and for any

p € U, the inner product of v and w € T, M is given by m,(v,w) = {fTM¢((;S(p))W,
where v = (v!,...,v™) T and w = (w',...,w?™)T are the representations of v and
w, respectively, in the chart (U, ¢), i.e., v = ;lgl v19;.

The length ¢(vy) of a Cl—curve v : [tg,t1] — M on a Riemannian manifold M is

defined by £¢(v) = ftil \/ m,;y(7'(t),7'(t)) dt. The length of a continuous, piecewise

smooth curve on M is defined as the sum of the lengths of its smooth pieces. The
geodesic distance dist p(p,q) between p and q € M is defined as the infimum of L(~)

taken over all continuous, piecewise smooth curves v : [a,b] — M with y(a) = p and
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~v(b) = q. The Riemannian manifold (M, dist) is a metric space and geodesics are

then, by definition, the locally distance-minimizing paths. The geodesics are the curves

satisfying the second order differential system in the chart (U, ¢) given by
4 DT’ =0,
)l

where F{,l =0.5 Zj, m?' 7 (Opmy; + Ojmyy — dmj) are the Christoffel symbols of the
first kind.

For p € M and v in T, M, there exists a unique geodesic v = y(;;p,v) : I - M
satisfying v(0) = p and 7/(0) = v, where I is a maximal open interval in R containing
0. Moreover, v depends smoothly on both p and v. In general, I may not be all of R.
The manifold is said to be geodesically complete if the maximal interval I is the entire
real line R for all geodesics. For example, the Euclidean space R™ and the unit sphere
S™ are geodesically complete manifolds, while R\ {0} is not. The Hopf-Rinow-De
Rham theorem states that a geodesically complete Riemannian manifold is complete
as a metric space with the distance induced by the Riemannian metric, and that there
always exists at least one distance minimizing geodesic between any two points of the

manifold.

3.2. Exponential and Logarithmic Maps
For a general Riemannian manifold, given a vector v in 7, M and a real number 7 € R,
we have that v(¢;p,7v) = y(t7;p,v), for all ¢t € R with ¢7 in the definition domain of
v(+;p, v). Therefore, for a tangent vector v € TpM with ||v||, := (mp(v,v))"2 < 7(p)
for some small r(p) > 0, the geodesic starting from p and with initial velocity v is
defined on an interval containing [0, 1]. The manifold ezponential map at a point p € M,
Expf)\/l : Bp(0,7(p)) = M is defined by ExpgA(V) = v(1;p,V) for V € B,(0,r(p)),
where, B, (0,7(p)) denotes the ball of radius r(p) centered at the origin in T, M. The
exponential map Expf)\/l is a locally smooth diffeomorphism around 0 € T, M, i.e. there
is a r.(p) € (0,7(p)) such that Expﬁ" is a diffeomorphism from By(0,r«(p)) into M.
The inverse map is denoted by Logf)w and it provides normal coordinates on M around
p.

For q € Expéw(Bp(O, r+(p))), the geodesic distance from p to q can be expressed as
dist pm(p, q) = ||Log,qllp, and thus Expﬁ/[(Bp(O7 7+(p))) is the ball BM(p,r*(p)) in M,
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with the induced distance, centered at p of radius 7*(p). As the tangent space T, M

is isomorphic to R, the logarithmic map Log,, provides a local chart near p. If the
tangent space of M at p is endowed with an orthonormal basis, then such a chart is

called a normal chart and the coordinates are called normal coordinates.

3.3. Cut Locus and Radius of Injectivity

From now on, we will assume that the manifold M is geodesically complete, and thus
the exponential map Exp, is defined on the entire tangent space T, M. A geodesic
~(t; p, v) is either always minimizing the distance from p to y(¢;p, v) from ¢ = 0 to oo,
or it is minimizing up to a finite point ¢y and no more thereafter. In the latter case, the
point (tg; p, v) is called a cut point for the geodesic 7(+; p,v) and the tangent vector
tov is called a tangential cut point. The set of cut points of all geodesics starting from
p is called the cut locus of p and denoted by C(p) C M. The set of corresponding
tangent vectors is called the tangential cut locus of p and denoted by C(p) C T, M. We
have C(p) = Exp,(C(p)) and thus, the maximal definition domain of the normal chart
centered at p is the domain D(p) C T, M containing 0 and bounded by C(p). The
domain D(p) is connected and star-shaped with respect to the origin and its image via
Exp, is the entire manifold except the cut locus of p (Pennec, 2006). Hence the normal

chart centered at p is given by
Log, : D(p) = M\ C(p) = D(p) C R™.

Here T, M is endowed with an orthonormal basis and identified with R The size of
this chart is quantified by the radius of injectivity of M at p, p*(M, p) = dist, (0,C(p)),
which is the maximal radius of origin centered balls in 7, M on which the exponential
map is one-to-one. The radius of injectivity p’, of the manifold M is the infimum
of the radii of injectivity at all points over the manifold. For example, in the case of
Euclidean space R?, the maximal definition domain of the normal chart is D(t) = R%,
for all t € R, and therefore the radius of injectivity is pra = 00. In the case of the unit
sphere S*, the Riemannian metric induced by the canonical inner product on RF*!,
the cut locus of a point p € S* is C(p) = {—p}, and the tangential cut locus is C(p) =
Sk=1(7) C T, S*. Therefore, we have D(p) = B(0,7) C T,S*, D(p) = S*\ {-p}, and
p*(S*,p) = 7 for all points p on S*. Thus, the radius of injectivity of S* is Por = T.
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3.4. Taylor's Series Expansion of Real Functions on Riemannian Manifolds

Let f: M — R be a smooth real-valued function. The gradient grad, f of f at point p
is the linear form on 7, M. Thus, it can be uniquely identified with a vector in T, M via
the inner product my(+, -) such that grad, f(v) corresponds to the directional derivative
Ovf. In alocal chart (U, ¢) near p with ¢(p) = 0, the expression of the gradient is

oh~NT  Im
N0 S s oo™,

=1

gradd)_l (t)f = M;l (t)

The Hessian of f at p in a local chart (U, ¢) near p is given by

Hessy-1(¢)f = Z {0 (f ZFH o(foo H}dtidt .

7]7

Let ¢p be a normal chart at p, i.e. ¢,(q) = Log,(q), and f, = f o Exp,. Thus,
fp(0) = f(p). The Taylor’s series expansion of f,(v) around 0 is given by

1
Fo(V) = £p(0) + Jp, 0V + SV Hy, ov + O(|[v][*),

where Jy o = [0;fp(0)] and Hy o = [0j;: fp(0)]. In a normal chart, Jy, o reduces to
grad,, fT, and the Christoffel symbols vanishes at the origin such that H f,,0 corresponds
to the Hessian Hess, f of f at p. Thus, for all v € D(p), we have

f(Exp,(v)) = f(p) + grad f(V)+%Hesspf(V7V)+0(||V||3)- (10)

3.5. Lie Groups
A Lie group G is a group together with a smooth manifold structure such that the
group operations are compatible with the smooth structure, that is, the operations of

—1 are smooth maps. Let G be a C™®

multiplication (a,b) — ab and inversion a — a
Lie group of dimension dg and with the identity element e. Let T,G be the tangent
space of G at a € G, which is a dg dimensional linear space, and let T'G be the tangent
bundle on G, which itself is a 2dg dimensional manifold. For a € G, let L, and R, be,

respectively, the left and right multiplications by a, which are defined by

Lo:G—G, Lyb)=ab, beG,
Ry:G— G, Ry(b)=ba, beG.
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These maps are C°°-diffeomorphisms and the inverses are L;! = L,-» and R; ' = R,-1,

respectively. They include maps of the tangent bundle to itself given by Lgs : TG —
TonG and Ry : TG — TyoG for a,h € G. They are C°°-diffeomorphisms and their
inverses are, respectively, L;! = L,-1, and R} = R,-1,. Moreover, for any b € G, we
have TopG = Lax(TpG) and Ty G = Res(TpG). The fiber map Lgyp (or Rgyp) is the
restriction and corestriction of L. (or Rg.) to TG and is a linear isomorphism from
TyG onto Ty, G (or Tp,G) with their inverse L;*{b = Lg-14,ap (OF R;*l’b = Ry-14pa)-

A Lie group is equipped with a canonical vector-valued one form, the so called
Maurer-Cartan form w(X,) = Lg-14(X,) for X, € T,G. Thus, the tangent bundle to
G is trivial TG 2 G x T.G. A left-invariant vector is completely defined by its value at
the group unity e. In particular, there is an isomorphism between the tangent space at
the origin and left-invariant vector fields. Since the Lie bracket of such fields is again a
left-invariant vector field, the Lie algebra structure on vector fields is inherited by the
tangent space at the origin T.G. This algebra is called the Lie algebra of the group G
and it is denoted by g. We also have T,G = L.(g), for any a € G.

The exponential map of G at the unity e is the map ExpeG : g — G defined as follows.
For v € g, the exponential of v is defined by Exp%(v) = v%(1;v), where 7% (;v) : R —
G is the unique one-parameter subgroup of G with v%(0;v) = e and %*yG(O; V) = V.
It follows easily from the chain rule that Exp%(tv) = 4% (t;v). The map 7 (-;v) may
be constructed as the integral curve of either the left- or right-invariant vector field
associated with v. The integral curve exists for all real parameters followed by left-
or right-translation of the solution near zero. Therefore, Expf is globally defined on g
with Exp%(0) = e, and Exp&(—v) = (Exp%(v))~! for v € g. Moreover, the exponential
map Expg is a local C*°-diffeomorphism around 0 € g = T.G.

For a € G, the exponential map of G at a, Expac, is the unique map from 7,G into

G that satisfies the following condition
Exp% o Ly = L, 0 ExpY (11)

on g. Therefore, Expl is globally defined on T,G, Exp&(0) = a, and Exp¢ is a local

C*°-diffeomorphism around 0 € T,G. Assume that Xi,..., Xy, is a given basis for

G
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g=T.G. Any v € T,G can be uniquely written as

da
v = Z véXg.
(=1

Let X14,...,X4,,a be the (unique) left invariant tangent vector fields with values
Xi,...,Xq, ate,ie Xypq = Lou(Xy)forl =1,...,dg,anda € G. Then, X1 4,..., X4,
at a form a basis for T,G, for all a € G, so they define a trivialization of the tangent

bundle of G as follows:
da
fiTG =G xR O Ka) = (a,(c!,... %)) (12)
(=1

Let < -,- >¢ be an inner product on 7.G and < -,- > be the Riemannian metric
defined as in (13). A Riemannian or pseudo-Riemannian metric on a Lie group G is

left invariant if it is preserved under every left multiplication L,, that is,
<V, W >p=< Lg+(V),Lax(W) >q, for v,weT,G, and b,a €G.

A left-invariant metric is uniquely defined by its restriction to the tangent space to
the group at unity, hence by an inner product on g. Therefore, any inner product
< - >, on T.G can be extended to a (unique) left invariant Riemannian metric

< - >={< -, >4}acc on G, namely
< X)Y >p=< Lg-1,(X), La-1.(Y) >, X, Y €T,G, a€G. (13)

The associated norm is denoted by || - ||, and || X || =< X, X >a = | La-14(X)||e-

It is easy to see that the exponential maps Expf and ExpaG defined as above using the
algebraic structure of G coincide with the manifold exponential maps defined when G is
viewed as a Riemannian manifold (with a left-invariant metric). Moreover, the maximal
domain on which the exponential map Exp$ is one-to-one is D(a) = La.(D(e)) and
so p*(G,e) = p*(G,a), for all a € G. Therefore, the radius of injectivity of G is
pe: = p*(G,e). Let Log% and Log® be the inverse maps of Expl and ExpS. We have
that Log¥(b~') = —Log(b) provided b € D(e). For b € D(a) = ExpS(D(a)), the

geodesic distance from b to a can be expressed as

distg (b, a) = |Logg (b)[la = |[Logd (a~'b)]. (14)
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3.6. Riemannian Symmetric Spaces

A map f: M — M defined on a neighborhood of p € M is said to be a geodesic
symmetry if it fixes the point p and reverses geodesics through that point, i.e. if
v(-) is a geodesic with y(0) = p and f(y(t)) = ~v(—t), for any ¢. A Riemannian
symmetric space RSS is a connected Riemannian manifold M with the property that
at each point, geodesic symmetries are isometric or distance preserving (Boothby, 1986;
Helgason, 1978). They arise in a wide variety of situations in both mathematics and
physics. Basic examples of RSS’s are Euclidean spaces, RY, spheres, S*, projective
spaces, PR%, and hyperbolic spaces, H?, each with their standard Riemannian metric.
Symmetric spaces arise naturally from Lie group actions on manifolds. Many common
geometric transformations of Euclidean spaces - rotations, translations, dilations, and
affine transformations on R - form Lie groups. In general, Lie groups can be used to
describe transformations of smooth manifolds.

Given a smooth manifold M and a Lie group G, a smooth group action of G on
M is a smooth mapping G x M — M, (a,y) — a -y, such that e -y = y and
(ab) -y = a-(b-y) for all a,b € G and all y € M, where e is the identity element
of G. The group action should be interpreted as a group of transformations of the
manifold M, namely, {L,}q.cc, where L, is the action of the group element a on M,
Ly: M —= M, Ly(y) =a-yforye Mand a € G. L, is a smooth diffeomorphism on
M and its inverse is L,-1. Given y € M a point on M, let ¢, denote the action of G
on the point y, i.e. 1y : G = M, 1y(a) = a-y = Lo(y) for all a € G. The ¢, is a smooth
map from G into M. For example, for any Lie group G, the group multiplication
defines a group action of GG on itself, and the action of an element a on the group itself
is exactly the left-multiplication by a. Another example is SO(d), which is a Lie group
and it acts on R? as rotations, i. e. R-y = Ry for all R € SO(d) and y € R®.

We now introduce some common concepts related to group actions. The orbit of a
point y € M is defined as G(y) = {a-y|a € G}. The orbits form a partition of M, and
we say that two points y,y’ € M are equivalent if they belong to the same orbit. In
the case that M consists of a single orbit, we say that the group action is transitive or
G acts transitively on M, and we call M a homogeneous space. The isotropy subgroup
of a point y of M is defined as Gy, = {a € G|a-y = y}. For example, for the action of
the group, SO(2), the isotropy subgroup of the zero vector is Go = SO(2) and for any
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non-zero vector y € R?, the isotropy group Gy reduces to the trivial subgroup {I}.

Let H be a closed Lie subgroup of the Lie group GG. Then the left coset of an element
a € G is defined by aH = {ah|h € H}. The space of all such cosets is called a quotient
space of the group G with respect to the subgroup H, denoted by G/H, and it is a
smooth manifold with the quotient topology. When a Lie group G acts smoothly on a
smooth manifold M for any y € M, there is a natural bijection from the orbit G(y)
onto the quotient manifold given by the mapping a -y — aG,, which is well-defined
and smooth, so G(y) = G/G,.

Now let M be a symmetric space and choose an arbitrary base point p € M. We
can always view M as a homogeneous space M = G /G, where G is a connected group
of isometries of M and the isotropy subgroup G, is compact. We call G' a group of
isometries of M if for all a € G, distp(y, z) = distpq(a - y,a - z) for all y,z € M. Any
Lie group G can be viewed as a symmetric space with a Riemannian structure induced
by an inner product on 7T.G, and G acting on itself by left multiplication. Obviously,
this action is transitive and the isotropy subgroups are trivial, i.e. G, = {e}, for all
a€G.

A very common example of a symmetric space is S?, which is a 2-dimensional
compact Riemannian manifold. The Lie group, SO(3), of all rotations in R acts
smoothly and transitively on S2. For example, let us choose the north pole p =
(0,0,1) € S? as the base point. It is easy to see that the orbit of p is the entire
sphere and thus S? is a homogeneous space. The isotropy subgroup of p is the group
of all rotations about the z-axis in R3, which can be identified with the group of
2D rotations, SO(2). Hence, S? can be naturally identified with the quotient space
SO(3)/SO(2). Similarly, the k-dimensional unit sphere, S¥, can be identified as the
quotient space SO(k 4 1)/SO(k). The sphere S* is a compact Riemannian manifold.

Other examples of symmetric spaces can be obtained by taking Cartesian products
of symmetric spaces. Consider two manifolds M; and M and two Lie groups G; and
Go so that G; acts transitively on M; for j = 1,2. Thus, the group G = G1 x G2 is a
Lie group and acts transitively on the manifold M = M; x Ms. Given a base point
p = (p1,p2) in M, the isotropy subgroup of p in G is G, = G1p, X Gap,. Thus, we
can write My x My as a homogeneous space G/Gp = (G1/G1p,) X (G2/Gayp,).

An example of a symmetric space used in the study of 3D geometric objects is the
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(b)
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Figure 3. (a) A medial representation model m = (O, r,sg,s;) at an atom, where O is the
center of the inscribed sphere, r is the common spoke length, abd {sg,s;} are the two unit
spoke directions; (b) a skeleton of a hippocampus with 24 medial atoms,; (c¢) the smoothed

surface of the hippocampus.

space of medial atoms, M = R3 x RT x S? x §? (Shi et al., 2012). See Figure 3 for an
illustration. The group G = R? x Rt x SO(3) x SO(3) acts smoothly on M. For an
element a = (O, ', Ry, R1) € G and an medial atom q = (O, r,s¢,s1) € M, the group
action is defined by

a-q=(0+0" ' Rysg, Ris1),

which is a transitive action. Consider the atom p located at O = (0,0,0) with radius
r = 1 and spokes sp = s; = (0,0,1). Then, the isotropy subgroup of p is G, =
{0} x {1} x SO(2) x SO(2), and we can write the medial atom space as the quotient
space M = R3 x RT x (SO(3)/S0(2)) x (SO(3)/SO(2)).

From now on, it is assumed that the manifold M is a symmetric space, M = G/G,,
with G being a Lie group of isometries acting transitively on M. Geodesics on M are
computed through the action of G on M. Due to the transitive action of the group G
of isometries on M, it suffices to consider only the geodesic starting at the base point
p. For an arbitrary point y € M, geodesics starting from y are of the form a - v(-),
where 7(-) is a geodesic starting from p with 7(0) = p and y = a - p for some a € G.

Due to the local uniqueness of geodesics, if y = a’ - p for some other @’ € G, then

@) =a (),



RegRSS 21
Geodesics on M starting from p are the images of the action of a 1-parameter

subgroup of G acting on the base point p. In other words, for any geodesic v on M,
~v(-) : I — M, starting from p, there exists a 1-parameter subgroup () : R — G such
that v(t) = ¢(t)-p for all t € I. The manifold exponential map Expf)w at the base point
p is defined by

Exp)(tv) = y(t;p,v) = c(t;e,u) - p,

where v(0;p, v) = p, %7(0; p,v) =v e TyM, c(0;e,u) = e, and %C(O;p, u)=ucTlG
with u so that tp«.(u) = v for small t € R. That is,

Exp{)\/t (tipre(u)) = Expg(tu) P,

for all u € T.G and t € R with small ||tu]].
Moreover, the manifold exponential map Expé\/l of M at a point q is defined by

Expaw (LaxpV) =a - Exp{)\/t (v)

for any a € G with q = a - p and any small v € T, M, where L, is the action of the
element a on the points of M. Due to the uniqueness of geodesics, if ¢ = a1 -p =
az - p with a1,a2 € G and W = Lg . (V1) = L« p(v2) with vy, vy € T, M, then
ap - Expf)\/( (vi) =az - Expﬁ/l (vg). Since G is a group of isometries on M, the radius of
injectivity EquM of M at q is independent of the point ¢, so p’, = p*(M,p).

The unit sphere S¥ is a compact Riemannian manifold of dimension d and injectivity

radius p = 7. The tangent space at q € S* is
T,S* = {v e RF1 . vTq = 0}.

The tangent space is endowed with the metric tensor from RF*!, mq(vi, va) = vIvy
for all vq,vo € TqSk. The geodesic distance between two points qq,q2 € S* is given by
dist A1(q1, q2) = arccos(qf qz), which lies between 0 and 7. The exponential map takes
the form

Exp, : T,S* — Sk, Exp,(v) = cos(||v|)q +
It is a diffeomorphism from B(0,7) C T,S* onto S*\ {—q}, and the logarithmic map
is given by
arccos(q? q)

1—(qFq)?

T

Log, : ¥\ {—q} = B(0,7), Expy(q1) = — (afq)a) ,
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for all q; € S* with q; # —q.

3.7.  Symmetric Positive-definite Matrices

We review some basic facts about the geometric structure of Sym™ (k) (Schwartzman,
2006; Lang, 1999; Terras, 1988; Fletcher et al., 2004; Batchelor et al., 2005; Zhu et al.,
2009; Yuan et al., 2012; Osborne et al., 2013). Let Sym(k) be the set of k x k symmetric
matrices with real entries, which is a topological linear space of dimension k(k + 1)/2.
The Sym™ (k) is an open subset of Sym(k) and T,Sym™ (k) is a copy of Sym(k) for
q € Sym™ (k). Let q = CquT be the Cholesky decomposition of ¢, where Cj is a lower
triangular matrix with strictly positive diagonal entries. Then, for q,q’ € Sym™(k),
the map (q,q') = qoq := Cqq Cg induces a (non-commutative) Lie group structure
on Sym™(k), denoted by G. The unit element of G is the identity matrix I and the
inverse of a matrix q € G with respect to the operation on G is q~! = Cq 1C’q_ T. The
Lie group G can be entirely covered with a single chart. We also have Lq(q") = Cqd/ Cg
and Ly« (A) = C'qAC'g; for q,q' € Sym™(k) and A € Sym(k). The associated Lie
algebra is sym(k) = Sym(k) with the bracket map being [A;, A2] = A1 Ay — Az A, for
A1, Ay € Sym(k). Let exp(-) and log(-) be, respectively, the matrix exponential and
logarithm. The manifold exponential at Ij, Exp;,, is the matrix exponential exp(-)

and its inverse map is Log; = EXPI_,} =log(-). For A € Sym(k) and ¢’ € Sym™ (k), we

have
Expy(4) = (LqoExp;, o Lq~1.)(A) = Cqexp(CorAC T)CT,
Logy(q) = Expy'(d) = Cqlog(Cy'q'Cy MOy
We consider the trace norm ||A|| = /tr(A2) on Sym(k), identified as Ty, Sym™ (k).

This norm is actually the 2-norm of the in R** of the vectorized form of the matrix.

This allows to introduce the following metric on Sym™ (k)
< Al, As >qi=< Lq~1 * (Al), Lq~1 * (AQ) >1.= tI‘(Alq_lqu_l),

for Ay, Ay € T,Sym™ (k) and q € Sym™ (k). This metric induces a Riemannian structure
on the group Sym™ (k), and the above Exp, and Log, are the Riemannian exponential

and logarithmic maps, respectively. The curve t — v(t;q,4) = Exp,(tA) is the
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geodesic curve starting from q with initial tangent vector A € T,Sym™ (k). The radius

of injectivity is p*(Sym(k)) = p*(Sym(k), I) = occ.

We introduce the intrinsic regression model for Sym™ (k) —valued responses. Suppose
that we observe {(y;,x;) : i = 1,...,n}, where y; € Sym™ (k) for all i. We define a
function f(x,3) given by

F(-,) : R% x R% — RF:HD/2 with f(0,-) = f(-,0) = 0.

An example of f(-,-) is f(xi,3) = Bx; (Zhu et al., 2009), where B is an k(k+1)/2 X dx
matrix of regression coefficients and B includes all components of B. Let {E;; : 1 < ¢ <
J < k} be the canonical basis of Sym(k), where Ej, is the m x m matrix with the (7, ¢)
and (¢, j) entries being 1 and 0 otherwise; let f(x;,3);(j—1)/2+¢ be the j(j — 1)/2 + (-th

component of f(x;,3). We consider a single-center link function given by
p(x,q, 8) = Expg(u(xi, B)) = Cqexp(Cy hu(x, B)C; 1) Cy

where u(x;,3) = 2?21 Zi=1 f(xi,8)(j—1)/2+¢Ej¢ and q = CqC’g € Sym* (k) is the

‘center’. The rotated residual is given by

g(yi7xi7 q?/B) - lOg(CZ(q, ﬁ)ily’bcl(qa B)iT)a

where C;(q, 3)C;i(q,3)T is the Cholesky decomposition of f(x;,q, 3).

3.8.  Special Orthogonal Group SO (k)

We review some basic facts about the geometric structure of SO(k) (Grenander et al.,
1998; Moakher, 2002; Gallier and Xu, 2002). This is a compact (C*) submanifold of
RF*k of dimension k(k — 1)/2 as well as a Lie group with respect to matrix multi-
plication. The unit element of SO(k) is the identity matrix I and its associated Lie
algebra so(k) = T7,SO(k) is the linear space of all k& x k skew-symmetric matrices g,
i.e. I = —q, denoted by SkewSym(k). For q € SO(k), T,SO(k) is given by

T,SO(k) = {A € R** . AT = —qT AqT} = q SkewSym(k).

We consider the trace metric on T4SO(k). The trace metric is also a left-invariant
Riemannian metric on SO(k). Specifically, since qq’ = I, for Ay, Ay € T1, SO(k), we
have

< qA1,qAs >q= tr[(qA1)T (qA2)] = tr(AT Ay) =< A1, Ay >, .
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The Lie exponential map at I is given by the usual matrix exponentiation. Although

the Lie logarithmic map at I has a closed form, the formula for a general k is quite
complicated. We present the Lie logarithmic map for £ = 2 and 3 in the supplementary
document. Generally, the Lie exponential map of A € T,SO(k) at q € SO(k) and its

corresponding Lie logarithmic map are, respectively, given by

Exp,(4) = qExpy, (9" A) = qexp(q” A) and Log,(q') = qLog;, (4" ¢).

We introduce the intrinsic regression model for SO(k)—valued responses. Suppose

that we observe {(y;,x;) : i =1,...,n}, where y; € SO(k) for all i. We define a function
f(x,8) given by

F(-,) s R% x R% — RF:=1/2 with f(0,-) = f(-,0) = 0.

An example of f(-,-) is f(x;,8) = Bix;, where B; is a k(k — 1)/2 x dx matrix of
regression coefficients and @ includes all components of By. Let {Ejg 1<e<j<k}
be the basis of SkewSym(k), where Ejy is a k x k matrix with the (4,¢) and (¢, 5)
entries being (—1)7 71 and (—1)7*¢, respectively, and 0 otherwise. Let q € SO(k) be

the ‘center’, and we consider a single-center link function given by
IJ’(X7 q, /6) - Equ(u<Xia /6)) - lep(“(Xi7 16))7

where u(x;,3) = Z?:z Zi;i f(Xi,IB)(j_z)(j_l)/2+gE~Ijg € SkewSym(k). The rotated

residual is given by

E(yi, xi3q, B) = Logy, (exp(—u(xi, 8))q" ys).

The explicit form of &(y;,x;;q,3) for k = 2,3 can be found in the supplementary

document.

3.9. Unitcircle S* in the complex plane

Let S' = {z = cos(¢) + jsin(¢) : ¢ € R} be the unit circle in the complex plane C,
where j = /—1. The S! with the usual multiplication of complex numbers forms a
compact 1-dimensional C* Lie group with 1 as the unity. The tangent space of S' at
a = cos(fp) + jsin(fp) € St is given by T,(S?) = {t (—sin(fy) + jcos(6p)) : t € R},

which is a 1-dimensional real linear subspace of C formed by all z = 2z, + jz,’s that are
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orthogonal to a as vectors in R?. The Lie algebra of S' is T1S' = {jt : t € R} and the

exponential map at unity is given by Exp, (jt) = /' = cost + jsint. Thus, we have
Exp,, (t (—sin(6y) + j cos(fy))) = cos(t + 0y) + j sin(t + 6p).

Geometrically, Exp, “wraps” the tangent line at a around the circle, and thus the
injectivity radius p equals 7.

Suppose that we observe {(y;,%;) : i = 1,...,n}, where y; = cos(¢;) + jsin(¢;) € S!
for all i. We define

I(-,): R%™ x R% — R with I(0,-) = I(-,0) = 0.

For an a € S', we consider a single-center link function and its corresponding rotated

restdual, which are, respectively, given by

l’l’(X'H a’ 16) — aejl(xiwa) — ej(90+[(xi7ﬁ))7

Ei(a,B) = j(¢i — 00— I(xi,8))mod 2r

where ty,0427 is the unique number in (—m, 7] so that ¢ — tyoq2x € 27Z. Thus, the

intrinsic regression model is written as

El&i(a,B)|x] =0, i=1,...,n. (15)

3.10. Lie Logarithmic Maps of SO(2) and SO(3)

When k = 2, SO(2) is the set of all 2 x2 matrices of the form (a: y> with 22 +5? = 1
y
for z,35 € R. The group SO(2) of rotations in R? is isomorphic with S*. The canonical

Ty

Yy oz
written as B = \J, where A € R and

J:((l) ‘01).

There is a canonical isomorphism from the linear space T7,SO(2) into the space of pure

isomorphism is < ) — 2z =1z + jy. A2 X 2 skew-symmetric matrix B can be

imaginary numbers, jR, namely, AJ — jA for A € R. It can be shown that

eB =M = cos(\) I + sin(\).J.
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and, since J% = —1I>, it follows

cos(A) = %tr(eB) sin(\) = —%tr(eBJ).

Thus e? determines A\ uniquely up to an additive multiple of 27.

Given a rotation matrix O € SO(2), the Lie logarithmic map at I of O is given by
Logy,(0) = A\J, (16)

where cos(A) = 0.5tr(R) and sin(A) = —0.5tr(RJ) for A € (—m, 7]. Thus, when SO(2)
is endowed with the trace metric, it follows immediately that the radius of injectivity
of SO(2) is Ps0(@2) = V2.

When k = 3, a 3 x 3 skew-symmetric matrix B is of the form

and letting A = \/cf + ¢3 + ¢3, we have the well-known Rodrigues formula

B2.

sin(A) B4 [1 — cos(\)]

B _
e 22

It may be more convenient to normalize B such that one can write B = AB; (or,

B

equivalently, By = B/, assuming A # 0). In this case, e” can be written as

eB = e = I3 4 sin A By 4 (1 — cos \) B3,

Observing that tr(e®) = 1+ 2cos()\) and 0.5[e® — (eP)T] = sin(\) By, the logarithmic
map at I3 of a rotation O € SO(3) is given by

Logy, (O) = ABy, (17)

where A = arccos((tr(O) — 1)/2) and B; = (O — OT)/(2sin\). When A =0 or A = T,
the above formulae cannot be used. When A = 0, we have O = I3 and B; = 0, so
Log;(O) = Log;(I3) = Os, and Eq. (17) still holds. When A\ = 7, we need to find B
such that Bf = $(O — I3). As B is a skew-symmetric matrix, this amounts to solving

a simple system of equations with three unknowns. When SO(3) is endowed with the
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trace metric, elementary calculations on the Rodrigues formula yield that Exp; is one-

to-one on the ball B(0,v/27) in T7,S0(3), but not on any ball B(0, p) with p > /2.
Therefore, the radius of injectivity of SO(3) is P50@3) = V2.

Suppose we observe an element q; € SO(k) and a d, x 1 covariate vector x;
for ¢ = 1,...,n. We consider an intercept rotation matrix O. Then, for a given
map f(xi,ﬁ) with f(-,-) : R% x R% — RFE-1/2 with £(0,-) = 0, let A(x;,8) =
S 22 L (xi, B) (k—1)(k—2)/2+¢Xke € SkewSym(k), and consider the “directional”
matrix u(x;,q, 3) = qA(x;, 3) as a tangent vector to SO(k) at q € SO(k). By consid-

ering the “conditional mean”

w(xi,q, B) = Expy(u(xi, q, 8)) = qexp(A(x;, B)),

the intrinsic residual is given by

E(xi,q,B) = &l(q, B) = Log(e P qTq,).

When k£ = 2, both the manifold SO(2) and the linear space SkewSym(2) have

dimension 1, so f(x;,3) is a scalar map. We have

A Xy = X J =
(xi, 8) f(xi,8) (f( )

cos(fp) —sin(bp) cos(6;) —sin(6;)
q = , Qi =
sin(6p)  cos(fp) sin(6;)  cos(6;)
where 0; are in (—m, 7] for ¢ = 0,...,n. The “conditional mean” becomes

(i, B) = (COS(90+f(Xivﬂ)) —sin(0 + f(xi,ﬂ))>

sin(0o + f(xi,3))  cos(fo + f(xi,8))

and the “intrinsic residual” is

S(th’ﬁ) = ((bl — 6y — I(Xiyﬂ))mod or .

We observe that we recapture, via the canonical isomorphism between SO(2) and S*,
the intrinsic model presented in Example 2. When SO(2) is endowed with the trace
metric, the Riemannian distance on SO(2) between two rotations is a constant multiple
of the Riemannian distance on S between their counterparts in S'; the multiplicative
factor is v/2.
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When k = 3, the manifold SO(3) and the linear space SkewSym(3) have dimension

3, and the above “conditional mean” becomes

M(Xiaqvﬁ) :q<l3+su;\(x<:’(ﬁ))A(X’mB)+ ( ;(O)j“é};Q ))A(leﬂ)2> )
where A(x;,8) = || f(xi,3)||, and the “intrinsic residual” is

E(xiq,8) = 2sin(0:(q, B))

[(a"a — af )
- W (AGxi; B)a’ a; + af ah(x;, 8))

[1 — cos(A(xi,03))]
- A(x;,8)?

(AGxi, B)*a"ai — af ah (i, ﬁ)z)} ,
where 6;(q, 8) is given by

sin(A(x;, 3))
A(xi, B)

tr (A(xi,B)Qqqu‘)} - 1} .

arccos {; [tr (q” ;) — tr (A(xi, B)q" @)

(1 — cos(A(xi; 8)))
A(xi, 8)?

3.11. Kendall’s Planar Shape Space %%

We review the definition and some basic facts about the geometric structure of the
shape space 215 formed by k landmarks in R?, & > 2 (Kendall, 1984; Kendall et al.,
1999; Dryden and Mardia, 1998; Huckemann et al., 2010; Su et al., 2012). Geometrical
planar objects are studied by placing £ > 2 landmarks at specific locations of each
object, usually on the boundary of the object. Then each object is described by a
k x 2 matrix y € RF*2, each row y™ denoting the coordinates of a point in R? for
m =1,...,k. It is often convenient to identify points in R? with complex numbers, i.e.
Yy = (y"™lym?) = 2™ =y 4 jy™? € C, where j = v/—1. In this representation, a
configuration y with k landmarks is an element z € C*¥. We remove the translations by
restricting to those elements of C* whose average is zero, Z:lzl 2™ =0, and the scale
variability by rescaling the matrix to have norm one, ||z||3 = 272 = Zﬁlzl 2Mem =1,
where the “overline” denotes complex conjugation. Thus, we obtain a set D* = {z =
(24,..., 2T e Cr k! an:l 2™ = 0,]|z||2 = 1} called the pre-shape space. Here, DF

is a unit sphere and we can utilize the geometry of a sphere to analyze points on it.
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Thus, DF has the canonical structure of a real Riemannian manifold of real dimension

(2k — 3), with the metric induced by the standard inner product on R¥*2 which is the
real part of the complex inner product on C*. The tangent space of D* at a point z
is T,DF = {v=(v,...,0")T € C*| Re(zTv) = 0, k™! 251:1 v"™ = 0} and the geodesic
distance on D is the spherical distance dpx(z,2’) = arccos(Re(z_’Tz)). The special
unitary group G = SU(V) = SU(k — 1) C SU(k) acts transitively on DF, where V
is the complex-orthogonal complement of spanc+{(1,...,1)} in C*¥. V has complex
dimension k — 1. SU(k — 1) is a real Lie group of dimension (k — 1)? — 1. The isotropy
subgroup of z is G, = SU(k — 2). Thus, D* is a Riemannian symmetric space.

To obtain the shape space, we remove the planar rotations of pre-shapes. For
z € DF, let [2] be the set of all planar rotations of a configuration z according to
[2] = {¢' = €/?2]0 € S'}. One defines an equivalence relation on DF by setting all
elements of the set [z] as equivalent, i.e. z ~ 2’ if there is an angle 6 such that
2" = €%z, The set of all such equivalence classes is the quotient space D¥/S'. This
space is called Kendall’s planar shape space and is denoted by 212“. Since S! acts freely
on DF, ie. the only element of S! whose action has fixed points is the unit element
of S1, then the quotient space Y% is a (2k — 4)-dimensional real Riemannian manifold.
In fact, this space can be identified with a complex projective space CP*~2. Since,
z ~ 2 implies Uz ~ Uz, for any z,2' € DF and any U € SU(V), the group G acts
transitively on ¥ as well, and the isotropy subgroup is G =SU(k-2) xS L. The
natural Riemannian structure on X5 (as CP*~2) is given by the Fubini-Study metric,
which is defined as follows.

The tangent space of Y5 at a point q = [z4], with z, € DF, is
— T LN
Xy = {v=(@'...,o")T € C%|Re ((ejezq) v) =0,0c 8" k! ZU’ =0}
i=1

k
_ {V: (Ul,...,vk)TECk|7qTV:0, k‘_lz’ui:(]},
i=1

and it is equipped with the complex inner product induced from C¥, that is, <
V, W >qi= wlv, for v,w € TqZIQC, which is well-defined.

A geodesic between two elements qi,qs € Y5, with q = [24], [ = 1,2, is given

by a spherical geodesic on D* between z,, and Z4,» Where 27, = el?” Zq, and 0" is the
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optimal rotational alignment of zy, to zq, given by 221; zg, = %" |§c71; Zq, |. The geodesic

distance on Y5 between qi, qg, ds(q1,q2), is the spherical distance dpx (2q,,23,) =
arccos(%Tqu) = arccos(|Zq, L 2, |)- The definitions of both the geodesics and geodesic
distance are independent of the choice of representatives for the equivalence classes
q1 and qg2. For v € TqZIQ“, the Riemannian Exponential map is given by Exp,(v) =
cos(||v|)zq + sin(|]v||)ﬁ. The exponential map is well-defined and it is a bijection on

the set of [(zq, V)] so that ||v|| € [0, 7). The Riemannian Logarithmic map is given by

_r _

Log,(qd') = arccos(|Zq L 24 )V/||V] = S0

v, where v = 2} — [Zq7 zq|2q, 7 = dsi(q, ),
and z7, is the optimal alignment of zq to zq. It is easy to check that all the definitions
above are independent of the choice of representatives for the corresponding equivalence
classes.

Note that with respect to a chosen complex orthonormal basis {Z1,..., Zy_o} for

T ng , the normal chart ¢ centered at p has the expression

d)(q) = C = (<17 DRI Ck—Q)T € CkiQ?
t=(t1,...,top_q)! € R?F4 (18)

where (y = top_1 + jtop and

sin(r) Zq" 2p]

for ¢ =1,...,k — 2 (Bhattacharya and Bhattacharya, 2008).
We introduce the intrinsic regression model for E’g—valued responses. Suppose that
we observe {(y;,x;) :i =1,...,n}, where y; € ¥§ and x; € R%, for all i. We define a

function f(x,3) given by
f(-,-) : R*™ x R% — R?**** with f(0,-) = f(-,0) =0. (20)

An example of f(-,-) is f(x;,3) = Bx;, where B is a (2k — 4) x dx matrix of regres-
sion coefficients and 3 includes all components of B. We fix a point p € Y5, as the
base point, and {Z1, ..., Z,_a} an orthonormal basis for 7,55 /+/(¢ + 1)(¢ + 2). Thus,
{Z1,..., Zy_2} forms a complex orthonormal basis of 7,5 when viewed as a complex
linear space, and, equivalently, {Z1,jZ1,...,Zx_2,jZk—2} forms a real orthonormal

basis of szg when viewed as a real linear space. Letting q € 212“ be the ‘center’, we
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consider a single-center link function given by

(i, q, 8) = Exp,(u(x;, q, 8)) € 5, (21)

where u(x;,q, 3) € Ty¥5. An example of u(x;,q, 3) is given by

k—2

u(xi, q, 3) = [Z(f(xiﬁ)%q + 5 f(%i, B)20)Us, z: Zo

(=1

€ quga (22)

where p = [2p], 4 = [24], With 2p,24 € D*. Here, for 21,20 € D¥, U,, ., € SU(V) C
SU (k) denotes the unique special unitary map in the subspace generated by z; and zo

that maps z; onto zo. The map U,, ,, takes the form

1,22

_ —T
UneV. = V= (ZITV)Zl — (22 V)2

+ (<Z1Tzz><zfv> — /1 [Tz ? @Tv)) 2
n (\/1 TP () + <Z1Tz2><zaTv>> 5, (23)

for v € CF, where 23 = % Thus, Uq,qoV = Uz, 22V € V, v € V, and
Ugya:9 = Uz, 22, 7a) € Yk, q € Y5, are well defined, independently of the choice of
representatives zq,, zq,, and zq for qi,qz, and q, respectively. The rotated residual is
given by

EWixisa.B) = UZ'uie o L08utma ) = Lo8p, (Un pxrap) V1) (24)

We consider the intrinsic model

E(&(yisxi,q,8) | %) =0, i=1,...,n. (25)

4. Annealing evolutionary stochastic approximation Monte Carlo

We now develop an annealing evolutionary stochastic approximation Monte Carlo al-
gorithm for computing 8; = (ar, ,31) and O = (4g, ,BE) Quite recently, the stochastic
approximation Monte Carlo algorithm (Liang et al., 2010) has been proposed in the
literature as a general simulation technique, which possesses a nice feature in that the
moves are self-adjustable and thus not likely to get trapped by local energy minima.

The annealing evolutionary SAMC algorithm (Liang et al., 2010) represents a further



32 Cornea, Zhu, Kim, and Ibrahim
improvement of stochastic approximation Monte Carlo for optimization problems by

incorporating some features of simulated annealing and the genetic algorithm into its

search process.

Like the genetic algorithm, annealing evolutionary stochastic approximation Monte
Carlo works on a population of samples. Let 8! = (0(1), - - -, 0)) denote the population,
where [ is the population size, and ;) = (Ok1, - - -, Okp, ) is a pp-dimensional vector called
an individual or chromosome in terms of genetic algorithms. Thus, the minimum of
the objective function Q. (@), @ € ©, can be obtained by minimizing the function
U = 22:1 Qn(0(r)). An unnormalized Boltzmann density can be defined for the

population as follows,
(o' =exp{-U(®")/7}, o' €@, (26)

where 7 = 1 is called the temperature, and ©! = © x - - - x O is a product sample space.
The sample space can be partitioned according to the function U(Ol) into b subregions:
Ei={0':U(@0") <6}, E={0":6<U@) <}, -, E1={0:6_,<U) <
dp—1}, and Ey = {01 : U(Gl) > 0p—1}, where §; < dy < ... < dp—1 are b — 1 known real
numbers. We note that here the sample space is not necessarily partitioned according
to the function U(8"), for example, the function \(8') = min{ Q,(0(1)), - - -, Qn(0q))}

also works.

Let @(4) denote the index of the subregion that a sample with energy U(8') belongs
to. For example, if 8 € E;, then w(U(0")) = j. Let B® denote the sample space at
iteration ¢t. The algorithm initiates its search in the entire sample space By = U?-:l Ej,

and then iteratively searches in the set

w (Ut(nti)n +R)

Bi= |J E; t=12.., (27)

j=1

where Ugl) is the best function value obtained until iteration ¢, and N > 0 is a user

n
specified parameter which determines the broadness of the sample space at each iter-
ation. Note that in this method, the sample space shrinks iteration by iteration. To

ensure the convergence of the algorithm to the set of global minima, the moves at each
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itertaion are required to admit the following distribution as the invariant distribution,

fw(t>(el) X Z ewm I(Ol € Ej)7 (28)
j=1 J

®)

where w ; are the working parameters which will be updated from itertaion to iteration
as described in the algorithm below.

The annealing evolutionary stochastic approximation Monte Carlo includes five
types of moves, the MH-Gibbs mutation, K-point mutation, K-point crossover, snooker
crossover, and linear crossover operators. See Liang et al. (2010) for the details of the
moves. Let p1,...,p5, 0 < pr < 1 and 22:1 pr = 1, denote the respective working
probabilities of the five types of moves. The algorithm can be summarized as follows.

The algorithm.:

(a) (Initialization) Partition the sample space B! into b disjoint subregions E1, ..., Ey;
choose the threshold value N and the working probabilities p1, ..., p5; initialize
a population 0" at random; and set w(® = (wio),...,wéo)) = (0,0,...,0),

Bl = U?Zl E;, vl = U(0"9) and ¢t = 0. Let W be a compact set in R’

min

(b) (Sampling) Update the current population 0'® using the MH-Gibbs mutation,
K-point mutation, K-point crossover, snooker crossover, and linear crossover op-

erators according to the respective working probabilities.
(¢) (Working weight updating) Update the working weight w(*) by setting

wi = wj(~t) + ’Yt+1Hj(w(t),01(tH)), j=1,... ,w(U(t) +N),

J min

where H;(w(®), 0!ty = (9 t+D) ¢ [E;) for the crossover operators, H;(w®, 6!+ =

ka:l I(61+LR) ¢ E;)/l for the mutation operators, and ;41 is called the gain
factor. If w* € W, set wY = w*; otherwise, set w1 = w* + ¢*, where

¢t =(c*,...,c") and ¢* is chosen such that w* + ¢* € W.

(d) (Termination Checking) Check the termination condition, e.g., whether a fixed

number of iterations has been reached. Otherwise, set t — ¢t + 1 and go to step

(b).
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In this article, we follow Liang et al. (2010) to set p; = p2 = 0.05, p3 = pg = p5 = 0.3,

and the gain factor sequence

to
=——— t=0,1,2,... 29
Yt maX(tO,t)7 9 Ly “y ) ( )

with 9 = 5000. In general, a large value of ¢ty will allow the sampler to reach all
the subregions very quickly even for a large system. As shown in Liang et al. (2010),
it can converge weakly toward a neighboring set of global minima of U(8') in the
space of energy. More precisely, the sample 6! converges in distribution to a random

population with the density function

@ (Umin+R)

(6"

(6" ]
D A CAI

(x € Ey), (30)
where Upiy is the global minimum value of U(6),

Regarding the setting of other parameters, we have the following suggestions. In
the algorithm, the moves are reduced to the Metropolis-Hastings moves (Metropolis et
al., 1953; Hastings, 1970) within the same subregions. Hence, the sample space should
be partitioned such that the MH moves within the same subregion have a reasonable
acceptance rate. In this article, we set ;41 —0; =02 for j=1,...,0— 1.

The crossover operator has been modified to serve as a proposal for the moves, and
it is no longer as critical as to the genetic algorithm. Hence, the population size [ is
usually set to a moderate number, ranging from 10 to 100. Since Y determines the
size of the neighboring set toward which the method converges, X should be chosen
carefully for efficiency of the algorithm. If N is too small, it may take a long time for
the algorithm to locate the global minima. In this case, the sample space may contain
a lot of separated regions, and most of the proposed transitions will be rejected if the
proposal distribution is not spread out enough. If N is too large, it may also take a long
time for the algorithm to locate the global energy minimum due to the broadness of
the sample space. In practice, the values of [ and X can be determined through a trial
and error process based on the diagnosis for the convergence of the algorithm. If it fails
to converge, the parameters should be tuned to larger values. The convergence of the
method can be diagnosed by examining the difference of the patterns of the working

weights obtained in multiple runs. In this article, we set [ = 50 and R = 50.
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