
1. Identification of Sparse Connectivity Patterns

Given N subject-level correlation matrices Σ1,Σ2, . . .ΣN ∈ SP
+, the sparse

learning based dimensionality reduction method (Eavani et al., 2015) finds
Sparse Connectivity Patterns (SCPs) b1,b2, . . . ,bK ∈ RP and associated
SCP coefficients c1, c2, . . . cN ∈ RK

+ by solving the following optimization
problem:

minimize
B,C

N∑
n=1

∣∣∣∣Σn −B diag(cn) BT
∣∣∣∣2

F

subject to

||bk||1 ≤ λ, k = 1, . . . , K,

− 1 ≤ bk(i) ≤ 1, max
i
|bk(i)| = 1, i = 1, . . . , P

cn ≥ 0, n = 1, . . . , N

(1)

Each one of the K SCPs bk consists of a small number of regions, con-
trolled by the parameter λ. The average within-SCP connectivity within
each subject is summarized in its associated scalar SCP coefficient cn. Thus,
this method performs dimensionality reduction based on the covariance of
correlation values across subjects. Each SCP consists of those regions whose
pair-wise correlation value covaries across subjects.

The user-defined parameters, number of SCPs K and the sparsity control-
ling parameter λ can be found using split-sample validation. In this strategy,
the dataset is repeatedly split into halves. For each set of parameters (K,λ),
the method is independently applied to each half. The resulting SCPs are
matched one-to-one using the Hungarian algorithm (Munkres, 1957). Then
are compared between the two halves using inner-product, which measures
the reproducibility of the SCP. In addition the approximation error is es-
timated by computing the fit of SCPs from the first half to the data from
the second half (and vice versa). Values of (K,λ) for which reproducibility
is high, and error is low is chosen for final analysis. The variation of the
reproducibility and error for varying (K,λ) parameters is shown in Figures
1 and 2.

Hierarchical decomposition of the data can be obtained by reapplying
the method on re-weighted correlation matrices. Foe each of the K pri-
mary SCPs, one can define the re-weighted data as the Hadamard (element-
wise) product of the correlation matrices and the SCP approximation: Σn ◦(
bk ∗ bT

k

)
.
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Figure 3: Common group-parcellation of BLSA data obtained using GraSP (Honnorat
et al., 2015)

2. Data-driven rsfMRI-based parcellation of grey matter using GraSP

We obtained a common group parcellation of the grey matter volume in
MNI space using GraSP (Honnorat et al., 2015). GraSP is a graph-based
parcellation method that identifies spatially localized functionally coherent
parcels that partition the entire grey matter volume. It is a data-driven
method that relies solely on local functional connectivity to delineate parcels.
It has a “label cost” parameters that controls the introduction of new parcels.

Applied to subjects from the BLSA data for a range of label cost values,
we obtained parcellations of three resolutions - 127, 596, 3351. The parcel-
lation with 596 parcels was chosen for our study, and is shown in Figure
3.

3. SVM Primal Formulation

Consider the standard primal version of the soft-margin SVM formulation,
which is as follows:

minimize
wk

1

2

∣∣∣∣wk
∣∣∣∣
1

+ C
N∑
i=1

ξpi

subject to

yi
(
wTxi + b

)
≥ 1− ξi

ξi ≥ 0 i ∈ {1, 2, . . . N}

(2)
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When p = 1, the loss is linear (“Hinge” or `1 loss), and when p = 2, loss is
quadratic (`2 loss).

The first inequality can be written as ξi ≥ 1 − yi
(
wTxi + b

)
. Given

that the
∑N

i=1 ξi term in the objective needs to be minimized, the opti-
mal choice for ξi would be 1 − yi

(
wTxi + b

)
. However, the second con-

straint ξi ≥ 0 cannot be violated. Hence the slack variable ξi becomes
max

(
0, 1− yi

(
wTxi + b

))
. Plugging this into the objective, we get:

minimize
wk

1

2

∣∣∣∣wk
∣∣∣∣

1
+ C

N∑
i=1

max
(
0, 1− yi

(
wTxi + b

))p
(3)

This is an alternate (but equivalent) version of the SVM primal, which is used
in our paper. The `2-loss primal is obtained by squaring the slack variables.
In this case, the cost for mis-classification increases quadratically.

4. Cluster Validity Measures

4.1. Cluster reproducibility for fuzzy cluster membership

We evaluate the reproducibility of the sub-groups across repeated runs
of the proposed method. We use the Adjusted-Rand Index (ARI) for fuzzy
cluster assigments, as defined in Brouwer (2009). The ARI is a scalar value
between [−1, 1] which measures the extent to which two fuzzy cluster assign-
ments are similar, after adjusting for chance.

Let M = [m1,m2, . . .mN ],mn ∈ RK define the membership values for N
data-points for K clusters. Let M1 and M2 be two solutions to a clustering
method.

Then define the bonding matrix B ∈ RN×N as Bi,j = 〈mi,mj〉 where
<> denotes normalized inner-product. The bonding matrix measures the
similarity between each pair of memberships mi,mj.

Define

f(B) =
1

N

∑
i,j

Bi,j

g(B) = f(B)− N

2

5



Define the four measures of overlap a, b, c and d as follows:

a = g(B1, (B2)T )

b = f(1−B1, (B2)T )

c = f(B1, 1− (B2)T )

b = f(1−B1, 1− (B2)T )

Then the Adjusted Rand Index (ARI) is defined as:

ARI =
2(ad− bc)

c2 + b2 + 2ad+ (a+ d)(b+ c)

For more details, see Brouwer (2009).

4.2. Cluster separation for fuzzy cluster membership

We evaluate the extent to which the K clusters are separated across
repeated runs of the proposed method. We use the Bezdek Partition Co-
efficient (BPC) (Bezdek, 1981; Dave, 1996) which provides a scalar value
between [0, 1] for each fuzzy clustering assignment.

Let mn(k) define the membership value for the nth data-point for the
kth cluster. Let N be the number of data-points, and K be the number of
clusters.

Then BPC is defined as follows:

BPC = 1− K

K − 1

(
1− 1

N

K∑
k=1

N∑
n=1

m2
n(k)

)

5. Differences in cognition between groups

We used cognitive scores from the seven domains below to evaluate whether
the subgroups obtained using the MOE model (using the SCP data alone)
showed differences in cognition as well.

1. California Verbal Learning Task (CVLT) was used to assess verbal
learning and memory. Higher values indicate better performance.

2. Benton Visual Retention Test (BVRT) quantifies figural memory and
visuo-constructional ability. ability. Lower values indicate better per-
formance.

6



3. CARD Rotation Test (CRT) measure the ability to mentally manipu-
late figures. Higher values indicate better performance.

4. Letter Fluency (FLULET) measures phonemic fluency. Higher values
indicate better performance.

5. Category Fluency (FLUCAT) measures semantic fluency. Higher values
indicate better performance.

6. Trail Making Test Part A (TRATS) was used as an indicator of visual
attention and processing speed. Lower values indicate better perfor-
mance.

7. Trail Making Test Part B (TRBTS) was used to evaluate executive
function. Lower values indicate better performance.

The ANOVA and pair-wise results for concurrent cognitive data are shown
in Table 1. Results obtained for the intercept and slope estimates are shown
in Tables 2 and 3.
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6. Simulation examples - animations
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7. Global Signal Regression

SCPs used for the MOE analysis were generated after removing the base-
line global signal from each subject’s data. This pre-processing step was
performed in order to remove the effect of motion and other physiological
confounds from the data (Fox et al., 2009). When global signal regression
was not performed, we found that many common functional systems were not
clearly delineated (Eavani et al., 2015) and were substantively different, as
seen in Figure 4. Of the ten SCPs computed, only one SCP had a significant
areas of negative correlation - the Dorsal Attention vs. Default mode anti-
correlation pattern. The other nine SCPs showed only positive correlations.
Due to this lack of interpretability, we did not use these coefficients for the
MOE analysis.
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