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Supplemental Figure 1 
Minkowski Functionals 

 
Supplemental Figure 1: Illustrative examples of 2D patterns with corresponding Minkowski analysis. (A) 

Binarized 2D images are decomposed into counts of  squares (ns), edges (ne), and vertices (nv) (for 3D: 

cubes (nc), faces (nf), edges (ne), and vertices (nv)). Minkowski functionals are then calculated to 

determine area (A), perimeter (U), and genus (χ) (for 3D: volume (V), surface area (S), mean breadth (B), 

and Euler-Poincaré characteristic (χ)). Further examples show Minkowski functionals of: (B) A = 6, U = 

12, χ = 1; (C) A = 7, U = 18, χ = 2; (D) A = 14, U = 24, χ = -1 (E) A = 13, U = 24, χ = 0. 

Minkowski functionals, calculated over the entire lung volume (Global) and sub-volumes 

calculated on a moving window (Local), were used in this study to describe the topology of disease 

distribution. Metrics were normalized by masked window volumes (for V, S, and B) or voxel counts 

(for χ and a) in order to provide density approximations that are comparable and unaffected by mask 

edges. The representative 2D patterns in Supplemental Figure 1 use a simplified counting scheme 

without adjustments for grid resampling in order to easily illustrate how these measures are 

calculated and provide simplified meaning. Actual calculations were performed on 3D volumes with 

Minkowski measure estimates using the equations derived by Legland et al. 1.  



Supplemental Figure 2 
Simulations of %PRM vs Topology Metrics 

 
Supplemental Figure 2. Simulated results show typical behavior of global (left) and local (right) 

measures against volume fractions of the binary map (e.g. PRMfSAD classification map). Local measures 

are presented as the mean value over the masked volume. 

 

Simulations were performed to demonstrate typical Minkowski measure behavior. Similar 

trends were seen between Global and mean Local measures, with the greatest difference in the 

magnitude of the a values (mean Local a = ~2x Global a). All topological measures tend to approach 

0 at the limits of volume fraction (i.e. 0 and 1). Values of S and a tend to peak at a volume fraction 

around 0.5, while B and χ show a oscillating trend about 0. Parabolic trends in S reflect the similarity 

between a binary pattern and its negative. For example, a binary map consisting of only zeros and 

ones have no surface area (S=0). Similarly, the behavior of χ shows many small connected regions 

(positive counts) at low relative volumes that shift to a greater number of tunnels (negative counts) 

than connected bodies at greater volume fractions. These results are intended to aid in the translation 

of results into physically meaningful interpretations. 

The ability of multiple volume fractions to translate to the same topological measure could be 

an important factor in the use of individual measures to provide meaningful results. Minkowski 

measures on fSAD for this study can clearly span the entire range of volume fractions within a single 

data set, as evidenced by Subject II in Figure 2. In this patient, clustered fSAD (at the top of the 

bottom right lobe) appears as a ring of high SfSAD, with regions of high VfSAD in the center and lower 



VfSAD on the outside having equivalent SfSAD measures. Since subject comparisons were made on the 

mean local measures, this behavior may obfuscate results. Nonetheless, Si was found to have 

significant independent correlation with clinical observations. Future work will explore sources of error 

and optimal interpretation of the Minkowski measures. 

  



Supplemental Figure 3 
Local vs Global Topological Measures 

 
Global measures were plotted against respective mean of local measures to show 

agreement between methods and qualify global evaluation as a rough readout. Values of S 

displayed a high degree of agreement between local and global analysis, with R2 values 

>0.999 for both %PRMEmph and %PRMfSAD. Higher order measures were found to have lower 

correlation between measurements, suggesting more sensitivity of metrics to windowing 

effects. Measures of a were found to have very poor correlation, most likely due to lack of 

sufficient image information, so care must be taken in the interpretation of such local results.  

Supplemental Figure 3: Scatter plots comparing 

local measures against their respective global 

measures. Linear fits were performed to determine 

agreement between measurements. Linear 

equation and R2 are provided. 



Supplemental Figure 4 
Representative Cases with Spatially Resolved Topological Measures 

 
 

Spatial maps (Supplemental Figure 4) of all topological measures were generated for the two 

representative cases introduced in Figure 2. Clear differences in the topological pattern of each 

measure are apparent between subjects, revealing signatures of disease distribution that may be 

clinically relevant.   

Supplemental Figure 4: Local measures [multiplied by 

local density (V)] of diffuse vs. aggregated fSAD 

demonstrate the potential for local topology to highlight 

subtypes within GOLD status. Mean local values are 

indicated for each case for comparison. 



Supplemental Figure 5 
%PRM vs Topology 

 
Supplemental Figure 5: Comparative plots between %PRM (emphysema, first and third column, or 

fSAD, second and fourth column) and their respective topological measures. Individuals are color coded 

by GOLD status. 

 

Relationships between %PRM and respective topological measures are shown in 

Supplemental Figure 5. A color legend identifies the GOLD status of each subject. %PRMEmph in this 

study spanned the range under approximately 50%, while %PRMfSAD spanned a higher range (up to 

~74%). All measures followed similar trends as seen in the simulated results, with deviations in 

topological measure at similar volume fractions indicative of topological disease signatures. The 

global measures of aEmph demonstrated the largest spread in the data.  



Supplemental Figure 6 
Trends in Topological Measures with GOLD 

 
Mean values in topological measures, shown in Supplemental Figure 6, reveal clear trends 

with lung function (i.e. GOLD). Si, both local and global for Emph and fSAD, was found to increase 

with increasing GOLD status. Bi was the weakest indicator of lung function, and did not trend with 

GOLD status, with the exception of local analysis on PRMEmph. Measures of χ fSAD decreased with 

GOLD status.  

	  

Supplemental Figure 6: Plots show 

mean measures for each GOLD status 

(group variations are represented as 

standard error of the mean; global on the 

left, local on the right). P-values for each 

plot are provided.  Between-groups 

comparison were performed using an 

one-way ANOVA. 



Supplemental Table 1 

 
  



Supplemental Table 2 
Topological Metric Comparisons between GOLD 

 
Comparison of mean topological metrics between GOLD status groups was performed using a 

One-Way ANOVA using Bonferroni post-hoc to control for multiple comparisons. P-values are shown 

in Supplemental Table 1, with significance determined at the 95% level (highlighted in orange). 

Overall between-group significance is also shown for each topological feature of PRMEmph and 

PRMfSAD in the plot legends of Supplemental Figure 4. Global evaluation of PRMEmph did not reveal 

significant between-group differences, with the exception of SEmph. Local evaluation of PRMEmph 

revealed significant trends between groups except for χEmph. PRMfSAD trends between groups were 

found significant in SfSAD and χfSAD for both global and local analysis, while only global afSAD was 

significantly different between groups. 

  



Supplemental Table 3 
Multivariate Regression 

 
	  



Supplemental Table 4 
Comparison of Topological Metrics to MicroCT Measurements 

 
  



Supplementary Methods 
Calculation of Morphological Indices 
Topological metrics in this study were defined using the 3D Minkowski measures defined in Legland 

et al. 1, with 3-directionality and 6-connectivity. Minkowski measure estimates ignore intersections 

between the structure and the window border in order to consider the image as a representative 

window of a larger structure. A few illustrative patterns in 2D are shown in Supplemental Figure 1 to 

further illustrate a counting procedure for determination of 2D Minkowski functionals: area (A), 

perimeter (U), and the 2D Euler-Poincaré characteristic (χ). In general, for the same volume fraction 

of binary 1’s, one would expect a greater S to indicate a more diffuse pattern while a lower value 

would indicate a more aggregated pattern. Similarly, a greater value of B would indicate that 

connected regions span a greater length than lower values of B. The value of χ is roughly indicative of 

the number of connected regions plus the number of completely enclosed holes minus the number of 

tunnels. This is apparent in the representative images in Supplementary Figure 4, where negative 

values (toward blue) indicate fewer, likely larger, connected regions of fSAD with many tunnels while 

positive values (toward red) indicate a sparse pattern with many small connected regions.  

Additional post-processing using the c metric was performed to calculate a condensed 

descriptor of aggregation (a) 2. In brief, binary PRM maps were first smoothed using a Gaussian filter 

with standard deviation of 2 voxels in each direction to generate a density map. The smoothing length 

determines the scale of interest for groupings. c was then determined at various thresholds (u), 

between 0 and 1 (101 equally spaced thresholds for the purposes of this study), and averaged using 

the following equation 2: 

𝛼 = χ 𝑢 − 1 '𝑑𝑢
)

*
 

The aggregation value is larger with greater heterogeneity in the binary map. The approximation of 

the c measure, therefore a as well, strongly depends on the choice of adjacency system. The use of 

6-connectivity for this study was chosen for simplicity, and exploration of higher connectivity systems 

could prove beneficial, however such analysis was beyond the scope of this preliminary study. 
Simulations 

We analyzed random distributions at various volume fractions in order to show typical behavior 

of each Minkowski measures. Random binary distributions were generated inside a spherical mask 

with matrix size 2563 and mask radius of 2003. A total of 10 iterations were performed at each volume 

fraction, with 51 volume fractions spaced evenly between 0 and 1. Aggregation values were 

determined using 101 equally spaced thresholds (u) from 0 to 1. Local analysis was performed using 

the same grid spacing that was used in the clinical analysis. Both local and global analyses were 



performed for each randomized distribution, and local comparisons were evaluated as the mean local 

measure over the masked volume. Plots of topological feature trends against relative volume are 

displayed in Supplemental Figure 2 as the mean of measurements. Confidence intervals at the 95% 

level were determined over the range of volume fractions, however they were too close to the mean 

to be seen in the plots and are not shown. 

Case Study: PRM and Topological Feature Analysis of Lung Cores 
Bronchiolitis obliterans syndrome is a chronic lung allograft dysfunction in transplant recipients. 

It is known to result in air trapping which is detectable by CT, and is characterized by a spirometric 

decline and histopathalogical observation of obliterative bronchiolitis (OB) 3,4. In order to correlate in 

vivo analysis results with histopathology, we provide a case study with cored lung analysis to serve 

as a representative sample and provide rationale for further validation studies. 

Topological features of individual cores were determined through spatial alignment of the in 

vivo paired CT scans to a photograph of the explanted cored lung section. The process involves the 

following 5 steps. First, pre-transplant inspiration CT scan was spatially aligned to the paired 

expiration CT scans using a deformable registration algorithm as described in the main text. Second, 

The lung used for the microCT analysis was segmented from the thoracic cavity in the pre-transplant 

expiration CT scan and spatially aligned to the CT scan of the explanted inflated frozen lung using the 

same registration algorithm. Third, to register the inflated lung to the uncored section RGB 

photograph additional post-processing was required. The photograph of the uncored section was 

converted to gray scale, subsampled by a factor of 10 and a histogram equalization algorithm was 

applied to improve image contrast. To obtain the 3D PRMfSAD classification map within the core, the 

image of the uncored lung section was replicated such that a 3D data set was constructed with the 

same number of slices as the inflated frozen lung 3D CT scan. The explant image on the center slice 

was then segmented. A similarity transformation, i.e. rotate-translate-isotropic scaling, was performed 

to spatially align the inflated lung CT scan to the segmented uncored section in the dataset.  Fourth, 

post-processing of the photograph of the uncored lung section and the third step were repeated to 

register the uncored lung section to the cored lung section. Finally, the transformation matrices from 

each step were applied to the pre-transplant paired CT scans. PRM classification and resulting 

topological maps were generated from the paired CT data aligned to the cored section. Mean values 

for the topological features were calculated for the individual cores. The core volume of interest was 

determined by contouring the cored volume in the 3D cored lung section dataset. The number of 

contoured slices was determined by dividing the section thickness by the transformed voxel size (35 

slices=20mm section /[0.82 scaling factor*0.7mm slice thickness for inflated lung CT scan]).  
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