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Supplementary Materials A: Asymptotic Properties of L̂npτ, pβq and L̂CV pτ, pβq

Define µpτ, bq � ErZ 1tIpT ¤ Zbq � τus and let rβpτq be the solution to µpτ, bq � 0. We require

the following mild regularity conditions, which are essentailly very similar to those required in Zhou

(2006) and Peng and Fine (2009).

C1 The covariates space Z is bounded.

C2 PrpC ¡ uq ¡ 0, where C is the log censoring time.

C3 (i) Define F pt|Zq � PrpT ¤ t|Zq and fpt|Zq � dF pt|Zq{dt. The density function fpt|Zq is

bounded from above uniformly for t and Z P Z. (ii) For a large constant Mb ¡ 0, define

B � tb : ||b|| ¤ Mb and maxZ Zb ¤ uu. For τ P rτL, τU s, rβpτq P B and is uniformly bounded

and Lipschitz continuous in τ .

C4 Let Jpτ, bq � Bµpτ, bq{Bb, infτPrτL,τU s eigmintJpτ, rβqu ¡ 0, where eigminp�q denotes the minimum

eigenvalue of a matrix.

Important notations used in the manuscript include:

• Lpτ,βq � EρτtY 0u �Z0βpτqu is the expected prediction loss for a certain βpτq.

• Lpτq � Lpτ, rβq, where rβpτq satisfies µtτ, rβpτqu � 0.

• ζτ is the true unconditional τth quantile of T 0, and L0pτq � Eρτ pT 0u � ζτ q.

• R1pτq � R1pτ, rβq � 1 � Lpτq
L0pτq .

• L̂npτ,βq � n�1
°n
i�1 ∆i{ĜpY u

i qρτtY u
i � Ziβpτqu is the empirical loss function evaluated at a

certain βpτq. Also write L̂Gn pτ,βq � n�1
°n
i�1 ∆i{GpY u

i qρτtY u
i �Ziβpτqu.

• R̂1
npτ, pβq � rL̂npτ, ζ̂τ q � L̂npτ, pβqs{L̂npτ, ζ̂τ q, where ζ̂τ represents Zhou (2006)’s estimator in an

intercept-only model.

• Snpτ, bq � n�1
°n
i�1Z

1
i

∆i

ĜpY u
i q

 
IpY u

i ¤ Zbq�τ(, then pβpτq is obtained by solving Snpτ,βq � 0.
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• Let tωiuni�1 be i.i.d. unit Exponential random variables. The perturbed loss function is L̂�
npτ,βq �

1

n

°n
i�1 ωi

∆i

G�pY u
i q
ρτ pY u

i �Ziβq, where G�p�q is a perturbed Kaplan-Meier estimator. pβ�
is the

minimizer of this perturbed loss function.

• In the CV-type estimator L̂CV pτ, pβq � 1

K

°K
k�1 L̂

ktτ, pβp�kqu, pβp�kq is the estimator based on all

the observations that satisfy Vi � k, and L̂ktτ,βu � K

n

°n
i�1

∆iIpVi � kq
ĜpY u

i q
ρτtY u

i �Ziβpτqu.

A.1 Proof of Theorem 1

Write SGn pτ, bq � n�1
°n
i�1Z

1
i∆i{GpY u

i q
 
IpY u

i ¤ Zibq � τ
(
. We see that

ESGn pτ, bq � ErZ 1tIpT ui ¤ Zibq � τus � µpτ, bq, @b P B.

Let F � tZ 1
i∆i{GpY u

i q
 
IpY u

i ¤ Zibq � τ
(

: Zi P Z, b P B, τ P rτL, τU su. Under C1-C2, Zi and

G�1pY u
i q are both bounded from above. Thus, the functional class F can be shown to be Donsker.

This is because that the class of indicator functions is Donsker, and that Donsker’s property is preserved

under Lipschitz transformations (Van Der Vaart and Wellner, 2000). Since Donsker’s property implies

Glivenko-cantelli, we get

sup
τ,bPB

||SGn pτ, bq � µpτ, bq|| � opp1q, (A.1)

Write NG
i ptq � IpYi ¤ t, δi � 0q, Y G

i ptq � IpYi ¥ tq, yGptq � EY G
i ptq and MG

i ptq � NG
i ptq �³t

0 Y
G
i psqdΛGpsq, where ΛGp�q denotes the cumulative hazard of C. Let giptq � �Gptq ³t0 yGpsq�1dMG

i psq,
we have n1{2tĜptq �Gptqu � n�1{2

°n
i�1 giptq � o

tPr0,us
p p1q for the Kaplan-Meier estimator Ĝp�q (Pepe,

1991), where o
tPr0,us
p p1q represents a term that converges to 0 in probability uniformly for t P r0, us.

Moreover, FG � tgiptq : t P r0, usu can be shown to be a Donsker’s class. It follows that

n1{2tĜ�1ptq �G�1ptqu � �n�1{2
ņ

i�1

giptq
G2ptq � otPr0,usp p1q, (A.2)

where FG1 � t�giptq{G2ptq : t P r0, usu remains Donsker, due to the fact that G�2ptq is bounded from

above uniformly for t P r0, us. When combined with an application of the Glivenko-cantelli theorem

on FG1, this fact further implies that suptPr0,us ||Ĝ�1ptq �G�1ptq|| � opp1q and that

sup
τ,bPB

||Snpτ, bq � SGn pτ, bq|| � opp1q. (A.3)

2



Noting µpτ, rβq � 0 and Snpτ, pβq � oτpp1q, with oτpp1q denoting a term that converges to 0 in probability

uniformly in τ P rτL, τU s, we consider the following manipulation,

µpτ, pβq � µpτ, rβq � µpτ, pβq � SGn pτ, pβq � SGn pτ, pβq � Snpτ, pβq � oτpp1q. (A.4)

The combination of (A.1), (A.3) and (A.4) implies supτ ||µpτ, pβq�µpτ, rβq|| � opp1q. Since eigmintJpτ, rβqu
is bounded from below uniformly in τ , as required in C4, we can use Taylor expansion and get

sup
τPrτL,τU s

||pβpτq � rβpτq|| � opp1q. (A.5)

To show the consistency of L̂npτ, pβq, we decompose L̂npτ, pβq � Lpτq as follows:

L̂npτ, pβq � Lpτq � tL̂npτ, pβq � L̂Gpτ, pβqu � tL̂Gpτ, pβq � Lpτ, pβqu � tLpτ, pβq � Lpτ, rβqu, (A.6)

where Lpτ, rβq � Lpτq by definition. From the uniform consistency of Ĝp�q and the uniform boundedness

of ρτtY u
i �Zibu for b P B, we have

sup
τ,bPB

|L̂npτ, bq � L̂Gpτ, bq| � opp1q.

Write FL � t∆iρτ pY u
i � Zibq{GpY u

i q : Z P Z, b P B, τ P rτL, τU su. Under C1-C4, we can follow the

arguments above and apply the Glivenko-cantelli to see

sup
τ,b

|L̂Gpτ, bq � Lpτ, bq| � opp1q.

Furthermore, a Taylor expansion on Lpτ, pβq�Lpτ, rβq, coupled with (A.5) and that B
BbLpτ, bq

��
b�rβpτq

� 0,

implies that Lpτ, pβq � Lpτ, rβq � oτpp1q. Finally, we can combine these facts with (A.6) to get

sup
τ
|L̂npτ, pβq � Lpτq| � opp1q. (A.7)

Following the same argument, L̂npτ, ζ̂τ q in R̂1
npτ, pβq is also uniformly consistent to L0pτq. When

combined with (A.7), this further ensures the uniform consistency of R̂1
npτ, pβq for τ P rτL, τU s.

3



A.2 Proof of Theorem 2

Since Snpτ, pβq � oppn�1{2q and µpτ, rβq � 0, we re-write �?ntSnpτ, pβq � Snpτ, rβqu as

�?ntSnpτ, pβq � Snpτ, rβqu � ?
ntSnpτ, rβq � SGn pτ, rβqu � ?

ntSGn pτ, rβq � µpτ, rβqu � oτpp1q. (A.8)

For the first term on the right-handside, we can utilize (A.2) to get

?
ntSnpτ, rβq � SGn pτ, rβqu � �n�1{2

ņ

j�1

Z 1
j∆jI

�tY u
j ¤ Zj

rβpτqu � τ
� � 1

n

ņ

i�1

gipY u
j q

G2pY u
j q

� oτpp1q

� �n�1{2
ņ

i�1

1

n

ņ

j�1

Z 1
j∆j

�
ItY u

j ¤ Zj
rβpτqu � τ

� gipY u
j q

G2pY u
j q

� oτpp1q.(A.9)

Define

η1ipτ,βq � �E
�
Z 1∆

�
ItY u ¤ Zβpτqu � τ

�
gipY uq{G2pY uq|Di



,

with Di � pYi, δi, Z̄iq denoting the data from the ith observation. It follows from an application of

the Glivenko-cantelli theorem that

?
ntSnpτ, rβq � SGn pτ, rβqu � n�1{2

ņ

i�1

η1ipτ, rβq � oτpp1q. (A.10)

Note that η1ipτ, rβq accounts for the uncertainty in Snpτ, rβq due to the estimated inverse weights

ĜpY u
i q. Now write η2ipτ,βq � Z 1

i∆i{GpY u
i q

�
ItY u

i ¤ Ziβpτqu�τ
��µpτ,βq and ηipτ,βq � η2ipτ,βq�

η2ipτ,βq, we can combine (A.8) and (A.10) to see

?
nSnpτ, rβq � n�1{2

ņ

i�1

ηipτ, rβq � oτpp1q. (A.11)

The influence functions, ηipτ, rβq, can be consistently estimated by plugging in their estimated coun-

terpart. Furthermore, we can follow the lines of Peng and Fine (2009) to get

?
ntSntτ, pβu � Snpτ, rβqu � ?

nrµpτ, pβq � µpτ, rβqs � oτpp1q, (A.12)
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using (A.5) and condition C3. We can then use (A.11) to see
?
ntµpτ, pβq�µpτ, rβqu � �n�1{2

°n
i�1 ηipτ, rβq�

oτpp1q, and moreover use Taylor expansion and condition C4 to get

?
ntpβpτq � rβpτqu � �n�1{2

ņ

i�1

J�1pτ, rβqηipτ, rβq � oτpp1q. (A.13)

Therefore, we see that
?
ntpβpτq � rβpτqu still converges weakly to a centered Gaussian process when

the working quantile regression model is misspecified, despite that Zi
rβpτq may no longer correspond

to the true conditional quantile.

Next, we utilize (A.6) again to study the distributional properties of L̂npτ, pβq. Define

π1ipτ, bq � �E�∆gipY uq
G2pY uq ρτtY

u �Zrβpτqu| Di

�
, π2ipτ, bq � ∆iρτ pY u

i �Zibq{GpY u
i q �Lpτ, bq, (A.14)

and πipτ, bq � π1ipτ, bq � π2ipτ, bq. With similar arguments as those used in (A.9), and noting that

rβpτq is the minimizer of Lpτ, bq, we can show that the third term in (A.6) is asymptotically neglegible

and that
?
ntL̂npτ, pβq � Lpτqu � n�1{2

ņ

i�1

πipτ, rβq � oτpp1q, (A.15)

where Eπipτ, rβq � 0 and tπipτ, bq : τ P rτL, τU s, b P Bu forms a Donsker’s class. Thus we see that

?
ntL̂npτ, pβq � Lpτqu converges weakly to a zero-mean Gaussian process.

To derive the asymptotic distribution of R̂1
npτ, pβq, we first write πi0pτq as the influence functions

for
?
ntL̂npτ, ζ̂τ q � L0pτqu. Using the continuous mapping theorem and the functional delta method,

it is easy to see that
?
ntR̂1

npτ, pβq �R1
npτ, rβqu also converge weakly to a zero-mean Gaussian process,

and the influence function equals

ripτ, rβq � �πipτ,
rβq

L0pτq � πi0pτq � Lpτ, rβq
L0pτq2 . (A.16)

This completes the proof of Theorem 2.
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A.3 Asymptotic Results for L̂CV pτ, pβq

Recall that L̂CV pτ, pβq � K�1
°K
k�1 L̂

kpτ, pβp�kqq, where

L̂kpτ,βq � K

n

ņ

i�1

∆iIpVi � kq
ĜpY u

i q
ρτtY u

i �Ziβpτqu, k � 1, 2, ...,K,

and K is a small fixed integer such that K � Op1q and n{K � Opnq. Following Sections A.1–A.2,

for k � 1, 2, ...,K, pβp�kqpτq are all uniformly consistent estimators for rβpτq for τ P rτL, τU s, and

that pnK�n
K q1{2tpβp�kqpτq � rβpτqu converges weakly to a zero-mean Gaussian process. The following

arguments are similar to those in Appendix 3 of Tian et al. (2007). Specifically, define

L̂kGpτ,βq � K

n

ņ

i�1

∆iIpVi � kq
GpY u

i q
ρτtY u

i �Ziβpτqu. (A.17)

Also write L̂GCV pτ, pβq � K�1
°K
k�1 L̂

kGpτ, pβp�kqq, and LCV pτ, pβq � K�1
°K
k�1 Lpτ, pβp�kqq. We write

L̂CV pτ, pβq�Lpτ, rβq � L̂CV pτ, pβq� L̂GCV pτ, pβq� L̂GCV pτ, pβq�LCV pτ, pβq�LCV pτ, pβq�Lpτ, rβq. (A.18)

We first provide a sketch proof for the uniform consistency of L̂CV pτ, pβq to Lpτq. Because

BLpτ, bq��
b�rβpτq

� 0, the uniform consistency of pβp�kqpτq implies that supτPrτL,τU s |LCV pτ, pβq�Lpτ, rβq| �
opp1q. Next, we use the consistency of pβp�kqpτq and the fact that

°K
k�1 IpVi � kq � 1 to derive

L̂GCV pτ, pβq � LCV pτ, pβq � L̂GCV pτ, rβq � LCV pτ, rβq � opp1q

� n�1
ņ

i�1

∆i

GpY u
i q
ρτtY u

i �Zi
rβpτqu � Lpτ, rβq � opp1q,

where the right-hand-side is opp1q according to the Glivenko-cantelli theorem. Moreover, we have

L̂CV pτ, pβq � L̂GCV pτ, pβq � n�1
Ķ

k�1

ņ

i�1

tĜ�1pY u
i q �G�1pY u

i qu∆iIpVi � kqρτtY u
i �Zi

pβp�kqpτqu,

which is also opp1q according to the uniform consistency of Ĝ�1p�q to G�1p�q. These arguments, when

combined with (A.18), gives the uniform consistency of L̂CV pτ, pβq to Lpτ, rβq.
To derive the asymptotic distribution of L̂CV pτ, pβq, we use the consistency pβp�1qpτq, ..., pβp�Kqpτq
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and
°K
k�1 IpVi � kq � 1 again to derive

?
ntL̂CV pτ, pβq � L̂GCV pτ, pβqu � ?

ntL̂GCV pτ, pβq � LCV pτ, pβqu
� n�1{2

Ķ

k�1

ņ

i�1

∆iIpVi � kqρτtY u
i �Zi

rβpτqutĜ�1pY u
i q �G�1pY u

i qu

�n�1{2
Ķ

k�1

ņ

i�1

IpVi � kqπ2itτ, pβp�kqu � oτpp1q

� n�1{2
ņ

i�1

πipτ, rβq � oτpp1q. (A.19)

Further, it follows from the fact that B
BbLpτ, bq

��
b�rβpτq

� 0 and the weak convergence of pnK�n
K q1{2tpβp�kqpτq�rβpτqu that

?
ntLCV pτ, pβq�Lpτ, rβqu � ?

n{K°K
k�1tLpτ, pβp�kqq�Lpτ, rβqu is asymptotically of smaller

order. The combination of these arguments gives

?
ntL̂CV pτ, pβq � Lpτ, rβqu � n�1{2

ņ

i�1

πipτ, rβq � oτpp1q,

suggesting that
?
ntL̂CV pτ, pβq � Lpτ, rβqu is asymptotically equivalent to

?
ntL̂npτ, pβq � Lpτ, rβqu.

A.4 Justification for the Proposed Perturbation Method

Noticing that Epωiq � V arpωiq � 1, we first show that

sup
τPrτL,τU s

||pβ�pτq � rβpτq|| � opp1q.

To see this, one can use the following algebraic manipulation and get

µpτ, pβ�q � µpτ, rβq � µpτ, pβ�q � SG�n pτ, pβ�q � SG�n pτ, pβ�q � S�
npτ, pβ�q � opp1q, (A.20)

where µpτ, rβq � 0, S�
npτ, pβ�q � opp1q, and S�G

n pτ, bq � n�1
°n
i�1 ωiZ

1
i∆i{GpY u

i q
 
IpY u

i ¤ Zibq � τ
(
.

Following the proof in Section A.1, it is not hard to verify that supτPrτL,τU s ||µpτ, pβ�q�µpτ, rβq|| � opp1q,
which further entails the consistency of pβ�pτq to rβpτq.

The following Lemma states the distributional properties.
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Lemma 1. For i.i.d. random variables tωiuni�1, where ωi ¡ 0 and Epωiq � Var pωiq � 1, we have

?
ntpβ�pτq � pβpτqu � �n�1{2

ņ

i�1

pωi � 1qJ�1pτ, rβqηipτ, rβq � opp1q. (A.21)

and
?
ntL̂�

npτ, pβ�q � L̂npτ, pβqu � n�1{2
ņ

i�1

pωi � 1qπipτ, rβq � opp1q. (A.22)

Proof. Write N�ptq � n�1
°n
i�1 ωiNiptq and Y �ptq � n�1

°n
i�1 ωiYiptq, and let G�ptq � PsPr0,tst1 �

dN�ptq{Y �ptqu, where P is the product-integral operator. An application of the Duhamel’s equation

(Andersen, 1993) and empirical process techniques gives

?
ntG�ptq �Gptqu � �n�1{2Gptq

ņ

i�1

ωi

» t
0
yGpsqdMG

i psq � n�1{2
ņ

i�1

ωigiptq � otPr0,usp p1q, (A.23)

where giptq is the influence function of Ĝptq. Next, we obtain the following decomposition using

S�
npτ, pβ�q � oτppn�1{2q and µpτ, rβq � 0:

�?ntS�
npτ, pβ�q � S�

npτ, rβqu � ?
ntS�

npτ, rβq � µpτ, rβqu � oτpp1q.

� ?
ntS�

npτ, rβq � S�G
n pτ, rβqu � ?

ntS�G
n pτ, rβq � µpτ, rβqu � oτpp1q,

where S�
npτ, bq � n�1

°n
i�1 ωiZ

1
i

∆i

G�pY u
i q

 
IpY u

i ¤ Zibq � τ
(
. First, we see that

?
ntS�G

n pτ, rβq � µpτ, rβqu � n�1{2
ņ

i�1

ωiη2ipτ, rβq. (A.24)
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Moreover, writing Φipτ, bq � ItIpY u
i ¤ Zibq � τ

(
and using (A.23), we get

?
ntS�

npτ, rβq � S�G
n pτ, rβqu

� n�1{2
ņ

j�1

ωjZ
1
j∆jΦjpτ, rβqtG��1pY u

j q �G�1pY u
j qu

� �n�1{2
ņ

j�1

ωjZ
1
j∆jΦjpτ, rβq 1

n

ņ

i�1

ωigipY u
j q

G2pY u
j q

� oτpp1q

� n�1{2
ņ

i�1

ωi
1

n

ņ

j�1

�ωjZ 1
j∆jΦjpτ, rβqgipY u

j q
G2pY u

j q
� oτpp1q

� n�1{2
ņ

i�1

ωiη1ipτ, rβq � oτpp1q. (A.25)

where η1ipτ, bq and η2ipτ, bq were defined in Section A.2. Hence, we have

�?ntS�
npτ, pβ�q � S�

npτ, rβqu � n�1{2
ņ

i�1

ωiηipτ, rβq � oτpp1q.

Next, it can be shown that
?
ntS�

npτ, pβ�q�S�
npτ, rβqu � ?

ntµpτ, pβ�q�µpτ, rβqu� oτppn�1{2q, following

similar arguments to those in Peng and Huang (2008), lemma B.1 and Huang (2010), Lemma 2. We

then use Taylor expansion to get

?
ntpβ�pτq � rβpτqu � �n�1{2

ņ

i�1

ωiJ
�1pτ, rβqηipτ, rβq � oτpp1q, (A.26)

and furthermore

?
ntpβ�pτq � pβpτqu � �n�1{2

ņ

i�1

pωi � 1qJ�1pτ, rβqηipτ, rβq � oτpp1q (A.27)

when combined with (A.13).

We now examine the distribution of
?
ntL̂�

npτ, pβ�q � Lpτ, rβqu, by decomposing it as

?
ntL̂�

npτ, pβ�q � L̂�G
n pτ, pβ�qu � ?

ntL̂�G
n pτ, pβ�q � Lpτ, pβ�qu � ?

ntLpτ, pβ�q � Lpτ, rβqu, (A.28)

where L̂�G
n pτ,βq � n�1

°n
i�1 ωi

∆i

GpY u
i q
ρτ pY u

i � Ziβq. The third term is asymptotically negligible,

because rβpτq is the minimizer of Lpτ, bq and that pβ�pτq is uniformly consistent to rβpτq. The second

term, by using the uniform consistency of pβ�pτq to rβpτq, equals n�1{2
°n
i�1 ωiπ2ipτ, rβq�oτpp1q. Finally,

9



the first term equals n�1{2
°n
i�1 ωiπ1ipτ, rβq � oτpp1q by (A.23) and algebraic manipulations similar to

those in (A.25). The mathematical forms of π1ip�q and π2ip�q are in (A.14). Thus we see that

?
ntL̂�

npτ, pβ�q � Lpτ, rβqu � n�1{2
ņ

i�1

ωiπipτ, rβq � oτpp1q,

which further implies that

?
ntL̂�

npτ, pβ�q � L̂npτ, pβqu � n�1{2
ņ

i�1

pωi � 1qπipτ, rβq � oτpp1q.

Since Epωiq � V arpωiq � 1, this result justifies the use of the perturbed
?
ntL̂�

npτ, pβ�q � L̂npτ, pβqu for

approximating the asymptotic distribution of
?
ntL̂npτ, pβq � Lpτqu.

Supplementary Materials B: Justifications for the Resampling-based Hypothesis

Testing Procedures

B.1 Proof of Theorem 3

Write Jnpτq � n�1
°n
i�1rZb2

i ftZi
rβpτq|Zius, with EtJnpτqu � Jpτq. Similar to Chen et al. (2008)

and Rao and Zhao (1992), we define W inpτq � n�1{2Jnpτq�1{2Z 1
i. Under condition C1, we see that

supiW inpτq � Oτppn�1{2q. Define ψτ puq � τ �Ipu ¤ 0q. Temporarily suppressing the τ -index in rβpτq,
ψτ puq and W inpτq, we follow Lemma 2.2 in Rao and Zhao (1992) and define

fnpτ,γq �
ņ

i�1

ωi
∆i

G�pY u
i q

tρτ pY u
i �Zi

rβ �W 1
inγq � ρτ pY u

i �Zi
rβq �W 1

inγψpY u
i �Zi

rβqu;
fGn pτ,γq �

ņ

i�1

ωi
∆i

GpY u
i q

tρτ pY u
i �Zi

rβ �W 1
inγq � ρτ pY u

i �Zi
rβq �W 1

inγψpY u
i �Zi

rβqu.
Lemma 2. fnpτ,γq � fGn pτ,γq � opp1q when ||γ|| ¤ c, where c is any given positive constant. Also,

sup||γ||¤c |fGn pτ,γq � 1
2γ

Tγ| � opp1q.
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Proof. Since ρτ px� tq � ρτ pxq ¥ ψpxq � t for any x and t, we have

|fnpτ,γq � fGn pτ,γq|

� �� ņ

i�1

ωi∆itĜ��1pY u
i q �G�1pY u

i qutρτ pY u
i �Zi

rβ �W 1
inγq � ρτ pY u

i �Zi
rβq �W 1

inγψpY u
i �Zi

rβqu��
¤ sup

t¤u
|Gptq �G�ptq

G�ptq | �
ņ

i�1

ωi
∆i

GpY u
i q

 
ρτ pY u

i �Zi
rβ �W 1

inγq � ρτ pY u
i �Zi

rβq �W 1
inγψpY u

i �Zi
rβq(.

� sup
t¤u

|Gptq �G�ptq
G�ptq | � fGn pτ,γq � opp1q � fGn pτ,γq.

Also note that

ρτ pY u
i �Zi

rβ �W 1
inγq � ρτ pY u

i �Zi
rβq �W 1

inγψpY u
i �Zi

rβq
�

» �W 1

inγ

0
tψpY u

i �Zi
rβ � sq � ψpY u

i �Zi
rβquds.

Under condition C3, we follow Equation (2.5) in Rao and Zhao (1992) and get

E
�
fGn pτ,γq

��tZiuni�1

�
�

ņ

i�1

E
�
ρτ pT ui �Zi

rβ �W 1
inγq � ρτ pT ui �Zi

rβq �W 1
inγψpT ui �Zi

rβq��tZiuni�1

�

�
ņ

i�1

E
� » �W 1

inγ

0
tψpT ui �Zi

rβ � uq � ψpT ui �Zi
rβqudu��tZiuni�1

�

�
ņ

i�1

» �W 1

inγ

0
fpZi

rβ|Ziqut1 � op1qudu

�
ņ

i�1

1

2
pW 1

inγq2fpZi
rβ|Ziq � op1q Ñ 1

2
γ 1γ, (B.1)

where the last step follows from the definition of W inp�q and Jnp�q. This result further implies

that EtfGn pτ,γqu Ñ 1

2
γ 1γ. Similarly, we can show that VartfGn pτ,γqu Ñ 0. It then follows that

fGn pτ,γq pÑ 1
2γ

1γ for any given γ and τ . An application of Lemma 2.1 in Rao and Zhao (1992)

completes the proof of Lemma 2.

An immediate implication of Lemma 2 is that

ņ

i�1

ωi
∆i

G�pY u
i q

tρτ pY u
i �Zi

rβ �W 1
inγq � ρτ pY u

i �Zi
rβq �W 1

inγψpY u
i �Zi

rβqu � 1

2
γ 1γ � opp1q. (B.2)
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Using very similar techniques, we can also derive that

ņ

i�1

∆i

ĜpY u
i q

tρτ pY u
i �Zi

rβ �W 1
inγq � ρτ pY u

i �Zi
rβq �W 1

inγψpY u
i �Zi

rβqu � 1

2
γ 1γ � opp1q. (B.3)

We consider γ � ?
nJ

1{2
n ppβ � rβq. Note that W 1

inγ � n�1{2ZiJ
�1{2
n γ � Zippβ � rβq, we plug this γ

into (B.3) and get

ntL̂npτ, pβq� L̂npτ, rβqu � �t
ņ

i�1

∆i

ĜpY u
i q
ZiψpY u

i �Zi
rβquppβ� rβq� n

2
ppβ� rβq1Jnppβ� rβq� opp1q, (B.4)

where �t°n
i�1

∆i

ĜpY u
i q
Z 1
iψpY u

i �Zi
rβqu � nSnpτ, rβq. From the proof of Theorem 2, we know that

?
nSnpτ, rβq � n�1{2

ņ

i�1

ηipτ, rβq � opp1q � �Jpτq?ntpβpτq � rβpτqu � opp1q.

Plugging this result into (B.4) yields

ntL̂npτ, pβq � L̂npτ, rβqu � �nppβ � rβq1Jppβ � rβq � n

2
ppβ � rβq1Jnppβ � rβq � opp1q

� �n
2
ppβ � rβq1Jppβ � rβq � opp1q. (B.5)

where Jn converges in probability to J .

Similarly, we plug γ1 �
?
nJ

1{2
n ppβ� � rβq and γ2 �

?
nJ

1{2
n ppβ � rβq respectively into (B.2) and get

ntL̂�
npτ, pβ�q � L̂�

npτ, rβqu � �t
ņ

i�1

ωi
∆i

G�pY u
i q
ZiψpY u

i �Zi
rβqutpβ� � rβu � n

2
ppβ� � rβq1Jnppβ� � rβq � opp1q;

ntL̂�
npτ, pβq � L̂�

npτ, rβqu � �t
ņ

i�1

ωi
∆i

G�pY u
i q
ZiψpY u

i �Zi
rβqutpβ � rβu � n

2
ppβ � rβq1Jnppβ � rβq � opp1q.

, (B.6)

where

�n�1{2t
ņ

i�1

ωi
∆i

G�pY u
i q
Z 1
iψpY u

i �Zi
rβqu � ?

nS�
npτ, rβq � opp1q � �?nJpτqtpβ�pτq � rβpτqu � opp1q.

12



Combine this with (B.6), we can further derive

ntL̂�pτ, pβ�q � L̂�pτ, pβqu
� ntL̂�pτ, pβ�q � L̂�pτ, rβqu � ntL̂�pτ, pβq � L̂�pτ, rβqu
� �nppβ� � rβq1Jppβ� � rβq � n

2
ppβ� � rβq1Jppβ� � rβq � nppβ� � rβq1Jppβ � rβq � n

2
ppβ � rβq1Jppβ � rβq � opp1q

� �n
2
ppβ� � pβq1Jppβ� � pβq � opp1q, (B.7)

utilizing the uniform consistency of Jnpτq to Jpτq. This completes the proof of Theorem 3.

B.2 Justifications for the Hypothesis Testing Procedures in the Nested Case

By (A.11) and (A.13), we see that
?
nSnpτ, rβq � n�1{2

°n
i�1 ηipτ, rβq � opp1q, where ηipτ, rβq are i.i.d.

with mean 0. Furthermore,

ntpβpτq � rβpτqu1Jpτqtpβpτq � rβpτqu � nSnpτ, rβq1Jpτq�1Snpτ, rβq � opp1q. (B.8)

Now, suppose that ZB � pZA, 9Zq without loss of generality, where 9Z is of length rB�rA. Temporarily

suppressing the τ index, an application of Theorem 3 under H0 gives

nTABpτq � �
n

2
rppβA � rβAq

1JAppβA � rβAq � ppβB � rβBq
1JBppβB � rβBqs � opp1q (B.9)

nT n�
ABpτq � �

n

2
rppβ�A � pβAq

1JAppβ�A � pβAq � ppβ�B � pβBq
1JBppβ�B � pβBqs � opp1q. (B.10)

Let K be a rB � rA matrix that equals the first rthA column of an rB � rB identity matrix. Under

H0, we have ZA � ZBK, SnAprβAq � K 1SnBprβBq and JA � K 1JBK. Combining these with (B.8)

and (B.9), we obtain

nTAB � �
n

2
SnApτ, rβAq

1J�1
A SnApτ, rβAq �

n

2
SnBpτ, rβBq

1J�1
B SnBpτ, rβBq � opp1q

�
1

2
tn�1{2

ņ

i�1

ηiBp
rβBqu

1tJ�1
B �KpK 1JBKq�1K 1utn�1{2

ņ

i�1

ηiBp
rβBqu � opp1q.

Similarly, we can derive that

nppβ� � pβq1Jppβ� � pβq � tn�1{2
ņ

i�1

pωi � 1qηiprβqu1J�1tn�1{2
ņ

i�1

pωi � 1qηiprβqu � opp1q,

13



and ηiAprβAq �K 1ηiBprβBq under H0, which further gives

nT n�

AB �
1

2
tn�1{2

ņ

i�1

pωi � 1qηiBp
rβBqu

1tJ�1
B �KpK 1JBKq�1K 1utn�1{2

ņ

i�1

pωi � 1qηiBp
rβBqu � opp1q.

Following the arguments of Chen et al. (2008), proof of theorem 3, we see that the conditional

distribution of nT n�AB given the observed data is equivalent to the unconditional distribution of nTAB,

which then justifies the validity of the perturbation scheme under the nested case.

Supplementary Materials C: Additional Numerical Results

The numerical performance of L̂CV pτ, pβq and R̂1
CV pτ, pβq under Models A and B were summarized in

Table C.1. To obtain these results, we implemented the random split multiple times for the same

dataset and then calculate the average of the resulting L̂CV pτ, pβq and R̂1
CV pτ, pβq. This improves the

numerical performance slightly, with no change to the asymptotic behavior. We observe that the

estimators are also asymptotically unbiased. The empirical standard errors agrees with the estimated

standard errors based on influence functions. It is clear that the performance of the CV-type estimators

also improves with the sample size. Overall, the performances of CV-type estimators are quite similar

to those of the plug-in estimators.
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Table C.1: Simulations: summary statistics for L̂CV pτ, pβq at τ � 0.1, 0.3, 0.5, 0.6 under model A and
model B.
n Model A Model B

τ TRUE EB ESE ASE C95 TRUE EB ESE ASE C95
�103 �103 �103 (%) �103 �103 �103 (%)

L̂CV pτ, pβq
200 0.1 0.117 0 12 11 91.4 0.129 0 12 11 91.5

0.3 0.231 0 22 20 92.2 0.255 0 23 21 91.7
0.5 0.263 0 27 24 90.9 0.291 1 28 24 91.2
0.6 0.253 1 26 23 90.8 0.281 0 27 24 90.4

400 0.1 0.117 0 10 8 92.7 0.129 0 9 8 92.6
0.3 0.231 0 16 15 93.1 0.255 0 16 15 92.9
0.5 0.263 0 18 17 92.3 0.291 1 19 17 92.7
0.6 0.253 1 18 17 92.4 0.281 0 19 17 92.3

600 0.1 0.117 0 7 6 93.8 0.129 0 7 7 94.0
0.3 0.231 0 12 12 94.3 0.255 1 12 12 94.5
0.5 0.263 0 15 14 93.9 0.291 1 15 14 93.6
0.6 0.253 1 14 14 93.5 0.281 1 15 14 93.3

R̂1
CV pτ, pβq

200 0.1 0.478 �3 54 51 93.5 0.425 �3 55 52 93.8
0.3 0.473 �3 50 47 93.0 0.417 �2 52 48 93.0
0.5 0.472 �3 53 49 92.8 0.415 �3 55 50 92.4
0.6 0.473 �3 56 51 92.4 0.416 �4 58 52 92.1

400 0.1 0.478 0 37 36 94.1 0.425 �1 39 37 93.9
0.3 0.473 0 34 33 94.0 0.417 0 35 34 93.9
0.5 0.472 0 37 35 93.5 0.415 0 37 35 93.8
0.6 0.473 0 38 36 93.4 0.416 �1 39 37 93.6

600 0.1 0.478 0 29 29 94.1 0.425 �1 30 30 94.3
0.3 0.473 0 27 27 94.5 0.417 0 28 28 94.4
0.5 0.472 0 29 28 94.3 0.415 0 30 29 93.8
0.6 0.473 0 30 30 94.2 0.416 �1 31 30 93.8
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Table C.2 represents sensitivity analysis results for R̂1
npτ, pβq, where the distribution of C is mis-

specified and n � 400. The performance of the proposed method deteriorates slightly but is still

acceptable.

Table C.2: Simulations: summary statistics for R̂1
npτ, pβq at τ � 0.1, 0.3, 0.5, 0.6 under model A and

model B, where the censoring distribution depends on covariates but is estimated using the Kaplan-
Meier method.
n Model A Model B

τ TRUE EB ESE ASE C95 TRUE EB ESE ASE C95
�103 �103 �103 (%) �103 �103 �103 (%)

400 0.1 0.478 �6 38 37 94.4 0.425 �5 39 38 94.0
0.3 0.473 �7 36 35 93.5 0.417 �5 37 35 92.7
0.5 0.472 �5 39 37 92.7 0.415 �3 41 37 92.4
0.6 0.473 �5 42 39 92.4 0.416 �3 44 40 92.0

For two non-nested models, we can build a Wald-type confidence interval for the difference between

their corresponding R1pτq’s, using the estimated R̂1
npτ, pβq’s and the influence functions in (A.16). We

examined the performance of the confidence intervals using simulations. In Table C.3 below, the

rows labeled “Diff” present the difference in R1pτq between models A vs. B and models B vs. C,

respectively. The rows labeled “C95” display the corresponding empirical coverage rates using 95%

Wald-type confidence intervals. We observe that the empirical coverage rates are all very close to the

nominal level.

Table C.3: Simulation results: empirical coverage rates of 95% confidence intervals (C95) for the
difference in R1pτq between two non-nested working models, where n � 400 and Ep°n

i�1 δiq � 288.

τ
0.1 0.3 0.5 0.6

A vs. B Diff 0.052 0.057 0.057 0.056
C95 0.955 0.951 0.951 0.950

B vs. C Diff 0.062 �0.036 �0.057 �0.052
C95 0.945 0.948 0.952 0.952
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Table C.4: Simulation results: empirical rejection rates (ERR) based on RAB, where rτL, τU s �
r0.1, 0.6s.

n=200 n=400 n=600
α � 0.05 α � 0.1 α � 0.05 α � 0.1 α � 0.05 α � 0.1

(i) A vs. B 0.823 0.890 0.979 0.992 0.998 0.999
(ii) A vs. C 0.976 0.994 1.000 1.000 1.000 1.000
(iii) E vs. A 0.061 0.119 0.062 0.120 0.060 0.113
(iv) B vs. C 0.206 0.302 0.345 0.462 0.493 0.610
(v) B vs. D 0.855 0.923 0.999 1.000 1.000 1.000

Table C.4 summarizes the performance of the overall hypothesis testing procedure, where the

censoring distribution is correctly specified. Table C.5 presents sensitivity results for hypothesis testing

when the censoring distribution is mis-specified by the Kaplan-Meier method, where n � 400. The

results in Table C.5 are quite comparable to those in Table 2 in the manuscript, suggesting that the

proposed hypothesis testing procedure is insensitive to moderate mis-specification of the censoring

distribution.

Table C.5: Simulation results when the distribution of C is mis-specified: empirical rejection rates
(ERR) based on TABpτq and perturbations, where the bolded cells are empirical sizes, and the remain-
ing cells correspond to empirical power. The significance level α � 0.05 and Ep°n

i�1 δiq � 288.

τ τ P r0.1, 0.6q
0.1 0.3 0.5 0.6

A vs. B 0.850 0.936 0.915 0.877 0.958
A vs. C 1.000 0.821 0.058 0.315 1.000

Finally, Figure C.1 below presents the estimated regression coefficients for the dialysis dataset.
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Figure C.1: Analysis of the dialysis data: estimated regression coefficients and pointwise 95% confi-
dence intervals under Model A.
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