S1 Appendix. Detailed description of RegrEx_ap and comparison with the
original RegrExp, s

The RegrEx ap method

In this appendix we justify the usage of RegrEx p in this study, instead of the original RegrEx
version presented in [1]. As commented in the main text, the original RegrEx method minimizes the
squared £, norm of € = d — v, the difference vector between the experimental data vector, d, and a
feasible flux distribution, v. This is indeed the only difference with respect to the RegrEx ap method,
which minimizes the £; norm (i.e., the sum of absolute error values) of €. To this end, RegrEx solves
the mixed integer quadratic program:
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as opposed to the mixed integer linear program solved by RegrEXx, ap (presented in the main text):
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During the course of this study, we first tried to investigate the alternative optima space of RegrEx
through a sampling procedure, in a way akin to the Variability Flux Sampling procedure
implemented in [2]. The Variability Flux Sampling procedure was developed to investigate the
alternative optima space of the InGenMinimizer method (presented in the same publication), by



generating a random sample of alternative optimal flux distributions. The InGenMinimizer method
follows the quadratic program,
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Therefore RegrEx (OP;) can be seen as an extension of the InGenMinimizer method (OP3), in which
(i) e1-regularization is included in the objective function, and (ii) reversible reactions with associated
data are also taken into account in the minimization, which requires introducing a vector of binary
variables, x (as explained in the main text).

The Variability Flux Sampling procedure was formulated as the quadratic program,
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which minimizes the distance, §, between an alternative optimal flux distribution, v, and a randomly
generated flux distribution, v,,,4 (OP, is solved n times to obtain a sample of n alternative optimal

flux distributions). The key in OP, is constraint number 4, i.e., %llell% = Zopt » Which guarantees that

any sampled feasible v, is also optimal, since it renders the same squared ¢, norm of € previously
obtained by OP;. This is a quadratic equality constraint, which makes OP, non-convex and thus
intractable by convex optimization tools. Note that this constrain would also be required in the case of
RegrEX, since it also minimizes the squared £, norm of €.

In the Variability Flux Sampling procedure, authors used a non-convex solver, MINOS [3], to tackle
this problem. However, several aspects make the case of RegrEx more complex: firstly, in the
Variability Flux Sampling procedure authors only dealt with seven reactions with associated data, in
contrast, RegrEx must evaluate all reactions with associated data in a GEM. Secondly, integer
variables were not required in the Variability Flux Sampling procedure, since all seven reactions were
irreversible, as oppose to RegrEx, where reversible reactions with associated data are also taken into
account. Lastly, a flux distribution that is alternatively optimal to RegrEx must also render the same €,
norm as the original optimum, thus a second constraint like [|vsll; = [|vop||, has to be added.

Altogether, these particularities make the optimization problem associated to any RegrEx alternative
optima sampling procedure hardy tractable by any existing solver. However, it is computationally
tractable to sample alternative optimal solutions of RegrEx ap. This is because the objective function
of RegrEX,ap is linear, and hence only two linear constraints are required to guarantee that a sampled



flux distribution is optimal to RegrEx ap. Thus the sampling procedure (RegrExXacs, See main text)
can be casted as a convex optimization problem and solved with existing solvers.

Although computational tractability was our main motivation to develop RegrEx, ap, we noted that
this alternative version may have another advantage over the original (renamed RegrExq.s in the
following). RegrExoLs and RegrEx, ap parallel two classical approaches followed in linear regression,
namely, the ordinary least squares (OLS) and the least absolute deviations (LAD, also known as least
absolute value, LAV) method [4]. OLS and LAD regression behave differently upon the presence of
outliers in the distribution of errors (i.e., the vector €), that is, elements that are very far away from the
mean of the distribution. Concretely, the OLS method tends to get biased results in such cases, since
the squared £, norm of e gives excessive importance to these elements. On the other hand, the LAD
method is more robust under the presence of such outliers, and thus less prone to give biased results
(in fact, the LAD method is the simplest among the so-called Robust Regression techniques, see for
instance [5]). In the context of RegrEXx, this means that RegrEx ap could be a better choice in cases
where outliers are present in the error distribution, for instance, if a given mapped gene expression
value is particularly high with respect to the mean value of the gene expression data set. In fact, this
idea has been implemented in the case of the least absolute shrinkage and selection (LASSO) operator
[6] (which inspired the development of RegrExo.s), which applies a £;-regularization to an OLS
regression. Concretely, the LASSO has been adapted to a LAD regression, showing advantages in
cases where the distribution of errors is not appropriate for OLS estimation [7].

To test the previous idea, we evaluated the RegrExos and RegrEx ap performance under the
inclusion of outliers in the leaf data set used in the main study. To this end, we first generated a
sample of randomly perturbed leaf data vectors, dzeaf(j) =dpear + UGy J={1 ., 10%}, obtained
by adding a uniform noise ,u(;), (1% of the mean value of d; ) to the original leaf data set, d; .-
We next obtained a “contaminated” leaf data set, which contained an outlying expression value for
one of the reactions. Concretely, we substituted the data associated to the reaction that had the
minimum value in d, .. by a large amount, in this case 5 times the maximum value in d;.,s. We
then applied RegrExq s and RegrEx ap using the AraCOREred model and the contaminated leaf data
set, and calculated the total sum of the absolute errors,
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with i = {1, ..., Rp}, where Ry, corresponds to the number of reactions with associated data, between

the optimum RegrExos and RegrEx ap flux distributions and each of the perturbed leaf datasets,
dreas(j) IN the sample (the code used in this evaluation is included in SFilel). In this evaluation,

RegrEx_ap rendered smaller total sums of absolute errors across the perturbed data sample (mean
T. = 0.718 in RegrEx, ap versus a mean T, = 0.722 in RegrExqs) as determined by a two-sided
Mann-Whitney test (p-value = 0). In addition, RegrEx, ap did not render smaller total sums when the
original (“uncontaminated”) leaf data set was used under the same setting (mean T, = 0.709 in
RegrEx, ap versus a mean T, = 0.706 in RegrExoLs, p-value = 1) . Although the reported differences
between total sums of absolute errors are small, they serve to illustrate the more robust behavior of
RegrEx_ap under the presence of outliers.
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