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FIG. 6: The variance plot procedure used to determine error
bars for mean market impact conditional on order size. The
horizontal axis n denotes the number of points in the m dif-
ferent samples, and the vertical axis is the standard deviation
of the m sample means. We estimate the error of the full
sample mean by extrapolating n to the full sample length.

VII. EXTENDING THE MODEL

In the interest of full disclosure, and as a stimulus for
future work, in this section we detail the ways in which
the current model does not accurately match the data,
and sketch possible improvements. This model was in-
tended to describe a few average statistical properties
of the market, some of which it describes surprisingly
well. However, there are several aspects that it does not
describe well. Fixing the problems with this models re-
quire a more sophisticated model of order flow, includ-
ing a more realistic model of price dependence in order
placement and cancellations [12, 65], long-memory prop-
erties [11, 47] and the relationship of the different com-
ponents of the order flow to each other. This is a much
harder problem, and is likely to require a more compli-
cated model. Members of our group are actively working
on this problem. While this will certainly have many
advantages over the current model, it will also have the
disadvantage of introducing more free parameters and
thereby complicating the scaling laws (and making the
possibility for analytic results more remote).

One of the major ways in which this model is not real-
istic concerns price diffusion. Real price increments are
roughly white, i.e., they are roughly uncorrelated. One
might naively think that under IID Poisson order flow,
price increments should also be IID. However, due to the
coupling of boundary conditions for the buy market or-
der/sell limit order process to those of the sell market
order/buy limit order process, this is not the case. Be-

cause of the fact that supply and demand tend to build
(i.e. the depth of standing limit orders increases) as one
moves away from the center of the book, price reversals
are more common than price changes in the same di-
rection. As a result, the price increments generated by
this model are more anti-correlated than those of real
price series. This has an interesting consequence: If we
add the assumption of market efficiency, and assume that
real price increments must be white, it implies that real
order flow should be positively autocorrelated in order to
compensate for the anticorrelations induced by the con-
tinuous double auction. This has indeed subsequently
been observed to be the case [11, 47].

One of the side effects of this anticorrelation of prices
is that it implies that there exist arbitrage opportunities
that can be taken advantage of by an intelligent agent.
A separate study of these arbitrage opportunities makes
it clear that they are not risk-free in the sense usually
used in economics. That is, taking advantage of them
necessarily involves taking risk, and they do not permit
arbitrarily large profits – returns decrease with the size
of investment and eventually go to zero. Exploring the
nature of these arbitrage opportunities, and the effect
that exploiting them has on prices is one of the direc-
tions in which this model can be improved (one that is
being actively explored). However, we do not feel that
the existence of such arbitrage opportunities (which in
our opinion mimic those of real markets) presents a seri-
ous problem for the purposes for which we are using this
model.

In the following bullets we summarize the main di-
rections in which members of our group are working to
improve this model.

• Price diffusion. The variance of real prices obeys
the relationship σ2(τ) = Dτ2H to a good approx-
imation for all values of τ , where σ2(τ) is the
variance of price changes or returns computed on
timescale τ . The Hurst exponent H is close to
and typically a little greater than 0.5. In con-
trast, under Poisson order flow, as already dis-
cussed above, due to the dynamics of the double
continuous auction price formation process, prices
make a strongly anti-correlated random walk. This
means that the function σ2(τ) is nonlinear. Asymp-
totically H = 0.5, but for shorter times H < 0.5.
Alternatively, one can characterize this in terms of
a timescale-dependent diffusion rate D(τ), so that
the variance of prices increases as σ2(τ) = D(τ)τ .
Refs. [21, 60] showed that the limits τ → 0 and
τ → ∞ obey well-defined scaling relationships in
terms of the parameters of the model. In particu-
lar, D(0) ∼ µ2δ/α2ε−1/2, and D(∞) ∼ µ2δ/α2ε1/2.
Interestingly, and for reasons we do not fully un-
derstand, the prediction of the short term diffusion
rate D(0) does a good job of matching the real data,
as we have shown here, while D(∞) does a much
poorer job.


