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1. Proof of Wp(G1,Gs) = Wp(gi, g2) + 0,(n’/?)

Fori,j=1,...,n,let Gojj = Go(Y2; A Yaj), g2ij = 92(Ya; A Yaj), Grij = G1(Y1; A Y1, Yo AYa;) and g145 = g1(Y1: A
Y1, Y2 AYa;). We can write Wp(G1,G2) = Wp(g1,92) + SR1 + SRy, where SRy = SRi2+ SRi1 and SRy =
SR21 + SRao
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By Conditions 1 and 2, inf; ; min{G2;j, g2ij, G1ij, 915} is bounded away from zero and that sup, ; |Gaij — g2ij| =
o(n='/*) and sup; ; |G1ij — g1ij| = o(n™*/*) almost surely, therefore, the remainders SRz = o(n*/?) and SRy =
o(n®/?) almost surely. Next we shall show SR;» = 0,(n*?) and SRy, = 0,(n?/?). We shall only show the case for
SR11 because the case for SR, can be similarly proved. Let Vig;; = Vig(Y1; A Y1,, Ya; A Ya;), Condition 1 indicates that
SRy, = SRy1 + o(n®?) almost surely, where
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Apparently, 57%11 is a U-statistic of order 3. We denote the summand in 57%11 as Xk, ¢,5,k=1,...,n. For
mutually different ¢, j, k, by the conditions on Vi (y1,vy2), E(Xiji | O;) = E{E(Xi;r | 0;,0,)} = 0and E(X,;i | O;) =
E{E(Xi;k | O;,0;)} = 0. And, under Hy, because Vi;; is symmetric in ¢ and j, a similar calculation like the proof of
the formula (3) in the Appendix of the main body will show that E(X;;x | Oy) = 0. Therefore, the U-statistic SRy is
degenerate with var{SR;;} = o(n®), which, by Chebyshev’s inequality, implies SR11 = 0, (n3/2) as desired.

2. Proof of Eq. (5) the approximation for n='Wp (g1, g2)

Using the notations in Section 1 of this supporting web materials, we can denote the summand of the U-statistic

TL_IWD(gl,gg) as Qij, i,7=1,...,n, where

Waij — Lo n Qo (Whij — Lasj) }
92ij 91ij

Qij = Zi(1 - Zj){

Because Q;;,%,j = 1,...,n are bounded with mean zero under Hy, using the exponential inequalities for U-statistics[1, 2],

we can show that

n

nT Wp(gr,g2) = > E(Qij | 00) + Y E(Qij | 0;) + o(n'/?)

i=1 =1

almost surely. Note the main terms on the right hand side are the Hajek’s projection [3] of the U-statistic
n~'Wp(g1,g2). Switching i and j in the second term and then combining it with the first term, we get >\ | F(Q;; +
Qji | O;). By definition, for any ¢,j =1,...,n and k = 1,2, Wyj; = Liij, Qai; = Qoji, g2i5 = 925i and gii; = g1jis
therefore Z;(1 — Z;)(Wa;; — Loij) + Z;(1 — Z;)(Waj; — Laj;) = (Z; — Zj)(Waij — Loij) and Z;(1 — Z;)Qa;;(Whsj —
Lvij) + Z;(1 — Z;)Q2i; (Whji — Lajs) = (Zi — Zj)Qa2;:(Whj — L1i;). With these, we find

Waij — Laij n Qi (Whij — Luij) }
92ij 91ij ’

Qij +Qji = (Zi — Zj){

which completes the proof.

3. Optimality of Wp (g1, g2) under contiguous alternatives

For simplicity, we further assume that the study ends at a time point 7 such that subjects survive at 7 will be
censored and the cumulative hazards A.; and A,y are continuous in (0,7) with only a jump at 7. Let po(dite) =
{rao(ta)ra1(ta)/ra(ta) Y A2(ta)dts and py (dty, dta) = {rio(t1,t2)r11(t1,t2)/r1(t1, t2) A1 (t1 | t2)dt1 Ay (dia).

Under a sequence of contiguous alternatives: AS™(f5) = {1 — n=1/20, (t2)}Aa(ta) and A (ty | o) = {1 —
n"1201,(t, t2) YA (t1 | t2) such that ©a,(t2) — Oa(ts) and Oy, (t1,ts) — O1(t1,t2) with 6 >0 and 6; >0, we
calculate

, 7o (t2)0a (1 1 (ty, 120, (1
n*PE{Wp(g1,92)} = / 2(2)2(2)M2(dt2)+/ 1l E2)0n 2)u1(dt1,dt2)+o(1)
ta<t ga(t2) 1 <to<T g1(t1,t2)

r(tlatQ)e(tth)
_ I P2)080082) )ty dty) + o1
/0<t1<t2<7— g(t1,t2) ( ) o

where T(tl, tg) = I(tl = O)Tg(tg) + I(tl > O)T1(f1,t2), 9(751, tg) = I(tl = 0)92(t2) + I(tl > 0)91 (tl,tg), g(tl,tg) =
I(ty = 0)ga(t2) + I(t1 > 0)g1(t1,t2) and p(dty, dta) = dI(ty > 0)pa(dte) + pi(dty, dia).
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In the end of this section, we calculate that, under the sequence of contiguous alternatives,
var{n=**Wp(g1,92)} = / Y(tr, t2)u(dty, dbz) + o(1), (S
0<t; <t <t
where ¢(t1,ta) = I(t1 = 0)¢2(ta) + I(t1 > 0)¢1(t, t2) With 9ha(t2) = 13(t2)/g5(t2) and

t1,t t1,th) ~
+2/ Tl( 1 2) Tl( 1, IQ)A((dt/Q)
ti<t,<ty<r I g1(t1,t2) g1(t1,13)
Tl(tlv 2) / ’
+2/ Mt | to)dt\n,. (t1,t
et 9100, 2) 1(th [ t2)dting, (t1,t2)
r2(t2)
+2I(f2 < ’7') gz(tg) (tg)ngl (tl,tg),
with
Au(dts) = r10(t, t2)Aco(dtz) + 11 (t1, t2)Acr (dta)  r20(t2)Aco(dta) + 721 (f2)Acr (dE2)
¢ r1(t1,t2) 72(t2) ’
r1(t,t5) f A1t [ 25) X
Mgy (11, t2) 2/ { — 1}Ac(dt )
- t<ty<ta<r 91(t1, 1) LAi(ty | £2) ?
and
2A5(dtz) + g2(dta)/ga(t2)
= 1
5.‘]2 (t2) + Aa(dt2)
_ { 1 "‘ 2/<\:((ddtt;))7 lf 92 = 1,
- Ao (dt A (dt .
1+ Aiidéi - Aaidéi’ if g2 = r2.

If A1 (1 | £2) is a nonincreasing function of ¢, for any given ¢, then 7y, (t1,t2) > 0, which implies 91 (¢1,t2) > 0. To
maximize the power, one needs to maximize

t1,t2)0(t1, ¢
[
_Jo<ti<to<r g(t1,t2)

€ 1,92 -
P focty ety er Ut t2)u(dty, di)}1/2

We can apply the Cauchy-Schwartz inequality to get

2 2
£y, t9)02(ty, t

G [ DR, )
o<t <ts<r 92 (L1, 12)Y(t1, 12)

The equality is obtained when

’I’(tl, t2)9(t1, tg)

= constant X 1 (t1,t2). S2
ORS) P(ty,t2) (52)

If 65 and 6, are fixed, we can use this relationship to find the best weights g2 and g;. On the contrary, if g and g; are
fixed, one may find 62 and #; and the corresponding contiguous alternatives under which the weighted win-loss statistic
is optimal. In particular, if 65(¢2) is a constant so the proportional hazards assumption holds for the terminal event, one
may choose go = 72 to maximize the power, in which case, log-rank test statistic is used for the terminal event. However,
in the presence of related non-terminal event, this solution is not unique. For example, if go» = 72 and g; = r1, we have
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02(to) = constant and 601 (¢1,t2) = constant x 1) (¢1,t2), but since we can also write

var{n =3 2Wp(G1,G2)} = Va(ta)p2(dts) + / o (ta) pa(dts)

IL,QST tQST

; dty,d = . .
where 1/)2 ta) ft1<f2 W, then 62(t2) = constant x {1 + v5(t2)} and 6;(¢1,t2) = 0 is also a solution.
Please note that in this case, the maximum obtainable power is not changed but the ways of achieving it are not unique.
Furthermore, because /g > r2602/ g2, the weighted win difference has a better efficiency than the weighted log-rank
statistic based on the terminal event only.

To assume that A\;(¢1 | t2) is a nonincreasing function of ¢, for any given ¢;, we actually assume that for any ¢; < to,

pr(T2 =1y, 11 = tl) > pl‘(TQ =t2,Th > tl)

S3
pr(Ts > to, 11 =t1) — pr(Ta > to,Th > t1) 53)

which is satisfied if for all ¢; < min(t],t2)

pr(Ts = to,Th = t1) > pr(Ty = to, 11 = t})
pr(Ty > to, Ty =t1) — pr(Ta > to,Th = t))

Apparently, if the condition (S3) is satisfied, then under the contiguous alternatives, the weighted win difference will
have a better power than the weighted log-rank statistic for the terminal event, provided that the weight function for the
nonterminal event is suitably selected. This makes sense as when the nonterminal event and terminal event are positively
correlated satisfying the condition (S3), the inclusion of the nonterminal event can improve the efficiency of the marginal
analysis of the terminal event.

It remains to find the variance of W (g1, g2) under Hy in (S1). To do so, we find

p{ i 2Ty~ W)

g2(Ya; A Ya;) Oz}

522'7“2(3/2:){2_ 721 ( Yzz /7‘2 - ra(te)

g2(Y2i) ’ 2(Ya2;) go(t ra(ta)
Bi1i — Biai,  say.

}I(Ygi > t9) Ao (2)dt

and
E{ (Zi = Z;)245(Lrsj — Whij) ‘O}
91(Y1i A Y15, Yo A Y )
_ 511‘(1 - 52i)7’1(Y1i7Y2i) {Z~ _ Tll(Y1i7Y2i)}
91(Y14,Y2;) o (Yag, Yai)
r1(t1, Yai) r11(t1, Ya;)
(1= by {ZZ-— }IYZ->t A (tn | Yai)dt
( 2)/91@1,3/271) r1(t1, Yai) (i 2 )Mt | Yai)dh
r1(Y1i, t2)
o [ B2 peyn S > V) Q4 (Yig, di
+1/91(Ymt2)(2>2_1)Q(1 2)
ri(ti,t2)
— ————I(Y1; > t1, Yo > t2)Qi(t1, dtz) M (t1 | t2)dts
t1<ts 91(t17f2)
= Bgy; — Bag; + B3i; — Bsoi,  say,
where, fori =1,...,n,
Zir1o(t1, 8) Ao (ds) — (1 — Zi)ria(t1, s) Ao (d
Qi(t1,t2) =/ 1o(t, 8)Aco(ds) = ( (s, $)Aen( 5).
t1<s<ts r1(t1,s)
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We need to compute E{(Bllz — B121‘ + BQli — Bzzi + Bgli — ngi)z}. By deﬁnition, we have E{(Bllz — Blgi)(Bgli —
Bas;)} = 0. We calculate

E{(Bi11; — B12i)*} = /t 3 ;égziug(dtg),

2 ti.t ) ~ /~\ (dtg)
E{(Bayi — Bag; + Ba1; — Bagi)?} = M{1 Au(dt 707} dty, dt
(B 220 B i)} /tlg@gfgf(thtz) + Ac(dte) Aq(dtz) p(di, dto)
ri(ty,te) it ty) 0,

+2/ Ac(dty)pa(dty, dtz)

t<ty<to<r 91(t1,t2) g1(t1,15) ?
th.t

+2/ {/ M)\l(tll ‘tz)dt/l}’f]gl(tl,tg),ul(dtl,dtg)

t1<to<T ) <t g1(t], t2)

2E{(B11i — B12:)(B31; — B32i)} = 2/ 7)2@2)592 (t2)ng, (t1, t2)p1(dty, dta).

t1<to<T 92(t2)
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