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This document contains some information on the numerical implementation of phydms (version

2.0.0), particularly in regards to how the likelihoods and its derivatives are computed. It may be
of help in trying to understand the code.
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1 FExpCM substitution model parameters and derivatives

We begin by considering the basic ExzpCM substitution model described in [I]. P, ,, gives the
substitution rate from codon x to codon y # x at site r, and is defined by

sz X Fr,:z:y if x 7é Y,
Pr,zy - - Z Fr,wzsz if r = Y. (1)
z#x

where @), is the rate of mutation from codon z to y and is defined by

¢  if z is converted to y by a single-nucleotide transversion to w,
Quy = k¢, if x is converted to y by a single-nucleotide transition to w, (2)

0 if  and y differ by more than one nucleotide,

where £ is the transition-transversion ratio and ¢,, is the expected frequency of nucleotide w in the
absence of selection on amino-acid mutation (and so is subject to the constraint 1 =73 ¢,).
The “fixation probability” F. ., of the mutation from z to y is

1 if A(z) =A(y)
Fr,zy — W if A (x) 75 A (y) and Tr, A(z) = Tr,A(y) (3)
_51n(7rr,A(z)/7T7',A(y))

otherwise.
1= (70 A(2) /T, A(y))

where 7, , is the preference of site r for amino acid a, A (z) is the amino acid encoded by codon z,
B is the stringency parameter, and w is a relative rate of nonsynonymous to synonymous mutations
after accounting for the selection encapsulated by the preferences.

We define a variable transformation of the four nucleotide frequency parameters ¢,, (three of
which are unique). This transformation aids in numerical optimization. Specifically, we number
the four nucleotides in alphabetical order so that w = 0 denotes A, w = 1 denotes C, w = 2 denotes
G, and w = 3 denotes 7. We then define the three free variables ng, 11, and 72, all of which are
constrained to fall between zero and one. For notational convenience in the formulas below, we also
define n3 = 0; note however that 73 is not a free parameter, as it is always zero. We define ¢,, in
terms of these 7); variables by

w—1
bu = (H m) (1= 1) (4)
=0

or conversely

w—1
=0



_ 3—w

Note that setting 7, = "
The derivatives are:

=

makes all of the ¢,, values equal to

96 (HZE m) (H}*’;L m) (1—mw) =2 ifi<w
K w—1 ) .
o~ IS mi=a if i = w (6)
0 iti > w
duw ifi <
= Mo LS U./a -
0 otherwise,

where d;; is the Kronecker-delta, equal to 1 if ¢ = j and 0 otherwise. Given these definitions, the
free parameters in and ExpCM model are &, 19, 11, 12, 8, and w.
Here are the derivatives of P, ,, with respect to each of these parameters:

% if x is converted to y by a transition of a nucleotide to w,
P, ay _ 0 if  and y differ by something other than a single transition, (8)
6/6 8P7‘,:1:z f —
- ; 7o ifx=y.
ZFT
Proy 9w — Prav if 2 i converted to y by a single-nucleotide mutation to w > i
bw 0N Ni—diw y by g -7
OP; 2y _20 if i > w or x and y differ by more than one nucleotide, (9)
8 L aPr,a:z 3 _
i — Z§I s ifx=y.
0 ifA(x)=A(y)and x #vy
Pr.x :
31; — B HA@ AW, (10)
Praz
w - = ifr=y.
zH#T
0 if A(x)=A(y) and z # v,
0 if T A(e) = Traqy) and T # y,
% =< Py P (WT,A(m)/Trr,A(y))ﬁXln(ﬂ'r,A(E)/W'I\A(y)) if A ( )7& A( ) (11)
op B mry lf(m,A(m)/m,A(y))ﬁ ! v v
- > 61;?3“ ifx=uy.
z#x

2 FExpCM stationary state and derivatives

The stationary state of the substitution model defined by P, ., is

Gz fr
Pra=w 7 (12)
Y 4 fr

where

fr,x = (Trr,A(w))ﬁ (13)



and

4z = ¢xo¢z1 %2 (14)

where g, 1, and x5 are the nucleotides at the first, second, and third positions of codon z.
The derivatives of the stationary state with respect to x and w are zero as these do not affect
that state, so:
Opra _ Opra

T il 09

The stationary state is sensitive to the value of 3, with derivative:

% _ DPra [ln (7TrA ) (Z fr qu) Zz In (7Tr,A(z)) fr,zQz] (16)
o5 > e S
1 Tr. z r,zYz
e ) B -

= Dra <ln err) Zln ’R}A(z prz) (18)

The stationary state is also sensitive to the values of 1y, 11, and 7s:

ap'r',x o f’r‘xaqT (Z quT Z) f’r‘,a:qz (Zz f’r‘,z gg;)

— (19)

i (. a:fr2)?
9q.
_ aqz pr,r Z frzagyl (20)
877i qx Pro Z QZsz
where the a‘h terms are:
0 T 8 To T 8 T2
8q = d) ¢ZL’1¢ZE2 ¢ ¢wo¢z2 ¢ Cbmo(bml (21)
i
3%7
= Z H¢$k (22)
i=0 M iz
2
1 9,
B qzzﬁbj on; (23)
j=0 ""J
2 .
bool (7 < x;
— gy etz (21)
j:0 (2 ll]



where bool (i < j) is 1 if ¢ < j and 0 otherwise, and so

r 2 bool(i<z;)
Opre 2 bool (i < aj) 2z frats 2jmo S5
= DPrz Z - (25)
ani s i — 5izj ZZ QZfr,z
r bool(z<zj)
2 bool (i < w;) 2 p”ZJ =0 " mi—0is,
= Prz Z (26)
=0 771 5 ZZ pr,z
(27)

3 FExpCM with empirical nucleotide frequencies

In the description above, the nucleotide frequencies ¢,, are fit as three free parameters. Now
let’s consider the case where we instead calculate them empirically to give a stationary state that
implies nucleotide frequencies that match those empirically observed in the alignment. This should
be beneficial in terms of optimization because it reduces the number of model parameters that need
to be optimized.

Let g, be the empirical frequency of nucleotide w taken over all sites and sequences in the
alignment. Obviously, 1 =", g.,,. We want to empirically set ¢,, to some value éw such that when

4z = QZ)IQ ngl$z2 then

Jw = L Z Z pr x (28)

_ Z ferk 0¢wk 29
3LZ Z fTUHk 0¢7]k ( )

(30)

where Ny, (z) = Zi:o 0z, w 1S the number of occurrence of nucleotide w in codon x, r ranges over
all codon sites in the gene, x ranges over all codons, and k ranges over the first three nucleotides.

There are three independent g,, values and three independent ngSw values (since 1 =3 guw D, =
ggu,), so we have three equations and three unknowns. We could not solve the set of three equations
analytically for the qASw values, so instead we use a non-linear equation solver to determine their
values.

When using empirical nucleotide frequencies, we no longer need to calculate any derivatives with
respect to n; as we no longer have the n; free parameters.

However, now the value of (i)w = d;w depends on f via the f,, parameters in Equation phihat.
So we need new formulas for S’Zf and 61;%”” that accounts for this dependency.

9w
0,

Since we do not have an analytic expression for gﬁw, we cannot compute analytically. But
we can compute these derivatives numerically This is done using a finite-difference method.
r,xY

We now update the formula for 1;;3 for the case when ¢,, depends on B. In that case, we
have:

9%w if z is converted to y by a single-nucleotide transversion to w,
0Qu, | % . . -
3 5‘ =K a5 if  is converted to y by a single-nucleotide transition to w, (31)
0 if x and y differ by more than one nucleotide,



and

0 if A(z) =A(y)
by 0 if A(z) # A(y) and 7 a(x) = Tra@)  (32)
op Frooy (1= 252 (mp o /7ra)”) .
7 otherwise,
so for all x # y, we have
op ap
aFr zy 8wa
Py x
= |:a : y:| + Fr’xy‘64Q Y . (35)
op free ¢., op
where [8%7/’3”‘] free ¢ is the expression given by the equation for 81;%”. When x = y, we have
TEE ¢
BPT,M _ aPT,(EZ
a8 ; ~TaB -

We also must update the formula in for 2

%=

op

and

Ofra
op

r"ry

for the case where ¢,, depends on 5. We have:

a5
8 (¢Io ¢I1 ¢r2)
B (36
0y
= Z it IT ¢a. (37)
k#j
2
0,
= qzz ¢1 O (38)
= fro I (Tra())] - (39)



So:

8p'f‘fl? 8 < qxf'f‘ x )

) v ! 4(

op op Z Gz fr,z (
(02 + 11053 ) S t:Fre — toFra X, (2557 + 1255 "

(3. g fr2)?

1 0%z, 1 0% \

(qxfrz [ln (7TT‘A z))] +f'erI Z ¢I 9B ) qu,zfr,z_q:vfr,xz (qurz [11’1 (7TT‘A z))} +f'rzqz Z d’ 3ﬁ
- (4

(. - fr2) '

2 am 1 09,
[ln (7TTA )} Z 'j Z qurz_z qurz [ln (7TTA )] +ferz Z ¢ @ﬁ

= Dra _ 4.

br 2.4zt (

2 2
1 9., 1 99.,
= Pra [ln (7TT7A(1))] + Z (157 B Zpr z ln 7Tr A(Z))} + Z b., 0B (4
j=0 "3 j=0 "%
apm} 21 9, 21 9¢.,
= s + Pra - s — Pr,z 3 (45
{ 9B Itree b ]Z:;) bu; OB XZ: jz::O ¢, OB
where [Oggm] free o is the expresssion given by the equation for aggz.
I w

4 FExpCM with empirical nucleotide frequencies and diver-
sifying pressure

The w value in the previous models is the gene-wide relative rate of nonsynonymous to synonymous
mutations after accounting for the differing preferences among sites. In some cases, it might be
possible to specify a priori expections for the diversifying pressure at each site. For instance,
viruses benefit from amino-acid change in sites targeted by the immune system and, consequently,
these sites have a higher rate of amino-acid substitution than expected given their level of inherent
functional constraint. We can incorporate our expectations for diversifying pressure at specific sites
into the selection terms F; ;.

Let d,- be the pre-determined diversifying pressure for amino-acid change at site r in the protein.
A large positive value of §,. corresponds to high pressure for amino-acid diversification, and negative
value corresponds to expected pressure against amino-acid diversification beyond that captured
in the amino-acid preferences. We then replace w in Equation Frxy with the expression w X
(1 4+ wq X 4, resulting in selection terms:

1

Froy =

in(
wx(1+w2><6,,,)><1 (

if A(z) = A(y)

w X (14w xd,) if A(z) # A(y) and T a(z) = Tr a@y) (46)

otherwise.

n (WT,A@))’S/(WT,A(z))B)
- (FT,A(m))E/(Fr,Am)ﬁ)



Whereas before w reflected the elevation of non-synonymous substitution rate (averaged across
the entire gene) beyond that expected given the amino-acid preferences, now w reflects a gene-
wide rate of elevated non-synonymous substitution after taking into account the expected sites of
diversifying pressure (as represented by J,.) weighted by wy x d,.. These new selection terms in are
identical the selection terms in the original equation for F;. ., when wy = 0.

To ensure a positive value of w x (1 +ws X §,), we constrain w > 0, —1 < wy < 00, and
|max, d,| < 1.

We have added one more parameter, ws, so we need to add a new derivative, 85;':”:
0 ifA(x)=A(y)and x #y
8 8
OPray _ Jwx s, x ()" (rraw)’) X Quy ifA(z)#A
Oy 1= ((ra)”/ (7r.a)”) ! () # 4, ' (47)
APy 1y e
z#x

5 FExpCM with the preferences as free parameters

In most situations, the amino-acid preferences 7, , are experimentally measured. But in certain
situations, we wish to treat these as free parameters that we optimize by maximum likelihood.
There are two different implementations of how this is done, instantiated in the ExpCM_fitprefs and
ExpCM_fitprefs2 classes. These classes differ in how the preferences are represented as parameters,
and so may have different optimization efficiencies.

First, we describe aspects general to both implementations, then we describe the details specific
to each.

The F. .y terms defined by Equation Frxy depend on 7, . The derivative is

T T if 77 A@@) = Tr,A(y):
. B
% — i (WT,A(Z)/WT,A(y))ﬂ {111((%) )‘1] +1 ) (48)
0Ty q (5a,4(y) — 5aA(.r)) e SRV if 7. Ax) 7 Tr,Axy)s
( (”r:A(y) ) )

where the expressions when 7, 4(;) = 7, 4(y) are derived from application of L’Hopital’s rule, and
di; is the Kronecker delta.

Define
0 if A(x)=A(y),
o8 if A(z) # A(y) and 7, a(z) = Tr A(y)s
~ ] ,
Fr,wy = (TrT’A(z)/TFT’A<y))ﬁ |:1n<(7r:::2“:; ) ) —1] +1 . (49)
(wp) oA if A(x) # A(y) and 7 A@z) # Tr A(y)
(17 (“:A{Z) ) )
so that
aFr,a:‘ Fr,:p
375 = (Jud(y) — daa(x)) Tay (50)

)



We also need to calculate the derivative of the stationary state p, , given by Equation prx with
respect to the preference. In this calculation, we simplify the algebra by taking advantage of the
fact that for our fit preferences models, we always have 8 = 1 to simplify from the first to the

second line below:

B

e _ 0 (o (Trae) (51)
aﬂ-r’a 87‘-7”36 Zz qz (WT,A(z))ﬁ

_ 1o} < Gz Tr A(x) > (52)

8777',1: Zz q=Tr A(2)
G20a(e) (X0, GeTr A() — GaTr AGz) X D G=0aA(2) (53)
= 2
(ZZ QZT"T,.A(Z))
p"' xT pT' z
= ¢ R OqA(z) —=. 54
aA(x) Tra Dr, zz: A( )Wr,a ( )

5.1 ExpCM fitprefs implementation

We define a variable transformation from the 20 , , values at each site r (19 of these 20 values

are unique since they sum to one). This transformation is analogous to that from ¢ to n above.

Specifically, we number the 20 amino acids such that a = 0 means alanine, a = 1 means cysteine,

and so on up to a = 19 meaning tyrosine.. We then define 19 free variables for each site r:

Cr0,Gr1s---5Cr 18, all of which are constrained to value between zero and one. For notational

convenience, we also define ;. 19 = 0, but not that ¢, 19 is not a free parameter as it is always zero.
We the define

a—1
Tr.a = <H C’r,i) (1 - Cna) (55)
=0

and conversely
a—1
Cr,a =1- 777“,(1/ (H C’r‘,i) . (56)
i=0

Note that setting ¢, , = 9=a 1 akes all the T o values equal to %.

20—a
We have
aﬂ-r,a = erlgia ifl S @, (57)
G i 0 otherwise,
where d;; is the Kronecker-delta.
We then have
0 ifi > A(x) and i > A(y) and = # y,
% if i > A(x) and i < A(y) and = # g,
% = Quy Z %Fr,xy %?,a _ _% ifi <A(z)andi> A(y) and z # y, (58)
T’i a 71—7‘,(1 T’i meﬁr,w' _ Q.n Fr.zy : N -
Cr,réi,g(]; Cr,iﬁéi,A(m) ifi <A(x)andi < A(y) and z #y
-> ﬁ ifx=y.
zFT m




We also have:

Opra
%G, T

Pra Y

a>i

5.2 ExpCM_prefs2 implementation

8pr,aﬁ 8777“,(1
a’”r,a aCr,i

1
Cri = Bia <5‘“‘<m> -2 5GA(2)pT7Z> :

For this implementation, we define a different variable transformation from the 20 7, , values at
each site r (19 of these 20 values are unique since they sum to one). We define 19 free variables for
each site 71 (r0,Gr1,- -+, Gr18, all of which are constrained to be greater than zero. For notational
convenience, we also define (, 19 = 1, but not that (19 is not a free parameter as it is always one.

We then define

and conversely

We therefore have

0Ty g

)

b
ra =
Zj Cr,j
o Tr.a
r.a — .
Tr,19

aCT,i

where d;; is the Kronecker-delta.
‘We then have

8Cr,i

L (5 G
Zj Crj . Zj Crj
Z—::Z (51'11 - Wr,a)

8Pm aFr,z aﬂr,a
’ - Qty Z aﬂ-r ay ag’r‘z

. 1
= waFr,wy Z (6a.A(y) - 6a.A(x)) Cria (51'0, - 7Tr,a)

= waﬁ‘r,wy <Z (6a.A(y) - 6aA(x)) Cria

a

= waFr,zy

= meFr,zy

CT,i

diAw) — ViA@) _

diAw) — ViA@) _

5ia

a

(Z (Baaty) = Saa)) Zaﬂ

= QxyFr,wy

Cr,i

Cr,z’

[iagy) — 51'A<z>] _

1
Z J Gryj

10

) _ (Z (6aa(y) — a(z))

a

> (Saaty) = Saa())

a

)

TrTll

3

Cra

)

(61)

(63)

(64)



We also have:

8p7",x _ apr,a: aﬂ'r,a
aCr,i Z a7'(-7‘,61 8<r,7,'

= DPrz Z (Sia% ( aA(z) — Z 6aA YDr z) (72)
( iA(z) Z (Sz.A pT z) Z Tra ( A(z) — Z 5a.A(z)pr,z> ] (73)
= Prz CL ( 1 A(z) Z 61./4 (2)Pr, z) - I Zr.Alz) Z Zr,a Z 6aA(z)pT,z] (74)

C.Aa:) >

1 1 1
= DPrz iA(x 51.A (2)Pr,z | — + 5a.A 2)Pr,z (75)
_CT ( (=) Z ) ) Ej C?"J Zj Cr,j Z Z ® 1

a z

Pra
= . <5iA(;c) - Z&A(z)}?r,z> : (76)

= DPraz

6 Regularizing preferences for ExpCM with preferences as
free parameters

When the preferences are free parameters, we typically want to regularize them to avoid fitting lots
of values of one or zero. We do this by defining a regularizing prior over the preferences, and then
maximizing the product of the likelihood and this regularizing prior (essentially, the mazimum a
posteriori estimate).

6.1 Inverse-quadratic prior

This is the prior used in [I] (note that the notation used here is slightly different than in that
reference). Let 7., be the preference that we are trying to optimize, and let 6, , be our prior
estimate of 7, ,. Typically, this estimate is the original experimentally measured preference m";¢
(ﬂ_or]g)B

(ﬂ_omg])

re-scaled by the optimized stringency parameter 3, namely 0, , =

The prior is then

Cs
Pr({mra} | {0ra}) = HH( — )2> . (™)

1+01X(7Tra—

or

I [Pr ({0} [ {0ra})] = ~Co 32 S I (14.C x (0 — 6,0 (78)

where C; and C5 are parameters that specify how concentrated the prior is (larger values make the
prior more strongly peaked at 6, ).
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The derivative is

Jln [PI‘ ({Trﬂa} | {er,a})] _20102 (7Tr,a - ena) (79)
-0

r,a)2 7

aﬂr,a B 1+Cq x (ﬂ'T’a
This prior can then be defined in terms of the transformation variable for the ExpCM_fitprefs or
ExpCM_fitprefs2 implementation:

6.1.1 ExpCM_fitprefs implementation

el Pual) 5 D) 10 O )
= 200 ; 1+ C(f;a(;zM)é)r,a)Q Cr,:T ia&*a' (81)

6.1.2 ExpCM_fitprefs2 implementation
O [Pr({mra} [{Ora})] _ 3 O [Pr({mra} [ {0r.a})] O7ra (2)

aCT,i 8777“,(1 8<r,i

a

(Trr a 9,« a) Tr.a
= —-2C,C : : — (0ia — Tra 83
2 Z 1+ Cl X (7rr7a — Hr,a)2 Cr,a ( ’ ) ( )

720102 (7Tr a — 97" a)
— 2 : 5ia — Tra) - 84
Ej Cr,j Xa: 1+ Cy X (mpq — er,a)z ( : e

a

7 YNGKP_MO model

We consider the basic Goldman-Yang style YNGKP_M0 substitution model defined in [2]. This
model is not site-specific. Py, is the substitution rate from codon x to codon y and is defined by

0 if x and y differ by more than one nucleotide,
pw®y, if x is converted to y by a single-nucleotide transversion,
Poy = Kpw Py if x is converted to y by a single-nucleotide transition, (85)
- > P, ifz=y.
z#x

where k is the transition-transversion ratio, ®, is the equilibrium frequency of codon y, w is the gene-
wide rate of non-synonymous change, and p is the substitution rate. Typically ®, is determined
empirically as described below, and k and w are optimized by maximum likelihood.

The derivatives are:

% if z is converted to y by a transition of a nucleotide to w,
OPyy _ 0 if  and y differ by something other than a single transition, (86)
a Tz 3
'% — 3 et =y,
z#x

12



0 ifA(x)=A(y)and z #y

OPoy _ ) Lo if A(z) # A(y), (87)
Ow — ; % ifx =y.

The stationary state of the substitution model defined by P, is

The derivatives of the stationary state with respect to x and w are zero as these do not affect that
state, so:
O _ O _ (89)
Ok Ow
We calculate the codon frequencies ®, from the observed nucleotide frequencies.

The original F3X4 method calculated ®, directly from the empirical alignment frequencies.
Specifically, let e be the empirical frequency of nucleotide w at codon position p. In the original
F3X4 method, ¢, = 63151 X 69262 X 623- This method produces biased codon frequencies because the
stop codon nucleotide composition is not taken into account.

To address this issue, we follow the Corrected F8X4 (or CF3X4) method from [3]. The 12
nucleotide corrected nucleotide frequency parameters ¢ are estimated from the observed nucleotide
frequencies by solving a set of 12 nonlinear equations:

wyzeX

T

1
A T S R 0
zyzeX
¢% % (1— > ¢§,><¢§>
2 ywzeX
“TTIT S i oy
zyzeX
¢, X (1 > ¢31,><¢3>
3 yzweX
A T STy %)
ryzeX
(93)

where X = {TAA, TAG,TGA}. We use the ¢P values determined in this way to compute ®, =
Lox @2 x @3 .
xry ) xr3

8 Exponentials of the substitution matrix and derivatives

The definitions above can be used to define a set of matrices P, = [P, ;,] that give the rate of
transition from codon x to y at site r. A key computation is to compute the probability of a

13



transition in some amount of elapsed time ut. These probabilities are given by
M, (ut) = e'Pr. (94)

In this section, we deal with how to compute M, (ut) and its derivatives. Because P, is re-
versible with stationary state given by the vector py = [p; 3], then as described by [4], the matrix
[diag (pr)]% P, [diag (p,r)]Tl is symmetric.

We can use a numerical routine to compute the eigenvalues and orthonormal eigenvectors. Let
D, be a diagonal matrix with elements equal to the eigenvalues, let B, be the matrix whose
columns are the right orthonormal elgenvectors (in the same order as the eigenvalues), and note

that B, ! = B,”. Then we have [diag (pr)]2 P, [diag (py)] T = B, D,B,” or equivalently

P, = A.D,A, ! (95)
where
A, = [diag (p)] * By (96)
and
A~ =B, [diag (pr)]* . (97)

The matrix exponentials are then easily calculated as
M, (ut) = e"'Pr = A etPr A, 71 (98)

We also want to calculate the derivatives of M, (ut) with respect to the other parameters on
which P, ., depends (e.g., 8, n;, k, and w).
According to [5] (see also [6 [7]), the derivative with respect to some parameter z is given by
OM, (ut _
% — AV A (99)
where the elements of V. , are

B“Z P (utDy,) —exp(ptD}, ) if x #y and D], # Duy’

D7 DT
Vij = Bijutesp(uDy,)  ifw#yand Dy, =D, oo
By utexp (utDy,) if 5 =y,

where Dy, and Dy, are the diagonal elements of Dy, and By are the elements of the matrix B, ,
defined by

_, 0P,
oz "

B,, = A, (101)

9 Scaling the branch lengths with a mutation rate

The aforementioned section defines the substitution probabilities in terms of ut (e.g., Eq. Mr).
Here p is a substitution rate, and ¢ is the branch length. If we are freely optimizing all branch

14



lengths, then we just set u = 1 so that ut = ¢, and then u effectively drops out. However, if we
have fixed the branch lengths are not optimizing them, then we might want to include a parameter
u that effectively re-scales all the fixed branch lengths by a constant. In this case, u also becomes
a free parameter of the model, and we want to compute the derivative of M, (ut) with respect to
w. This is straightforward:

W = tPe"Pr = 1P, M, (ut). (102)

10 Calculating the likelihood and derivatives on a tree

Above we describe computing the transition probabilities as a function of branch length. Here we
consider how to use those computations to compute the actual likelihoods on a tree.

t1=0.1 node; = CAA
t4 =015 node, = x
to =0.15 nodey = CAG
—nodes =y
ta =025 nodes = GAA

Figure 1: The tree used in the example calculation below.
We begin by computing the likelihood of the alignment at a specific site. Let S, denote the set
of aligned codons at site r, let T by the phylogenetic tree with branch lengths specified, and let

P, be the transition matrix at site r defined above. Then the likelihood at site r is Pr (S, | T, Py).
For the example tree above, we can use the pruning algorithm [§] to write

Pr (Sr | Tv Pr) = Zpr,yMr,yGAA (tB) Z Mr,yz (t4) Mr,zCAA (tl) Mr,zCAG (tZ) . (103)
y T

Let n denote a node on a tree, let t,, denote the length of the branch leading to node n, and let
[1 (n) and [1 (n) denote the right and left descendents of node n for all non-terminal nodes. Then
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define the partial conditional likelihood of the subtree rooted at n as:

028, if n is a tip node with codon S, ,, at site r,
L, (x)=<1 if n is a tip node with a gap at site 7, (

[Zy M7"7902J (t[l (n)) Lr,[l(n) (y)} [Zy Mr,xy (t[z(n)) Ln [2(n) (y):| otherwise.

where 0, is the Kronecker delta. So for instance in the example tree above, L, ,, (x) = M, zcaa (t1) My zcac (t2),

and L'r‘,ns (y) = Mr,yGAA Eg; Mr,y:c (t4) L7’,n4 (JJ)
Using this definition, we have

Pr (S, | T,P:) = ZpT7$LT;nroot (z) (105)

where 7,00t is the root node of tree T; nyoot = ns in the example tree above.
In practice, we usually work with the log likelihoods (always using natural logarithms). The
total likelihood is the sum of the log likelihoods for each site:

In[Pr (S| 7T,{P:})] =D W[Pr(S, | T,Py)]. (106)

We next consider how to compute the derivatives with respect to some model parameter. Let

« denote the model parameter in question, and assume that we have already determined MT#’(”

By the chain rule, we have

0 if nis a tip 1

aLr,n (I) OM, 4, (t oL ) 3
= {Zy : airl( '))Lr,[l(n) () + My 2y (t, ) W] [Zy M,y (tran)) Lifa(n) (y)} otherwise.

My oy (10 (n 0Ly, 15(n)(y)
+ {Zy M, 2y (tfl(n,)) Lr,h(n) (y)] [Zy WI’T, [2(n) (y) + M, 2y (tfz(n)) Eo(z = ]

The derivative of the likelihood at the site is then
OPr (S, | T,Py) B Z (Gpm

Oa da

OLyp,... (x
L (0) g 2 ) (108

x

and the derivative of the log likelihood at the site is

Opr,x OLr g0 ()
OW[Pr(S, | T,Pe)] _ Lo (55 L () + pr o) (109)
Oa N Pr (S, | T,P:) ’
The derivative of the overall log likelihood is
Oln[Pr(S|T,{P.:})] Oln[Pr (S, | T,Py)]
o =y - : (110)

T
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11 Scaling to avoid numerical underflow

For larger trees, there can be numerical underflow due to multiplication of lots of small numbers
when computing the likelihoods. This issue, and how it can be solved by re-scaling the likelihoods

during the calculation, is discussed on page 426 of [9].

Let L, ,, (x) be the partial conditional likelihood at node n of codon z at site r as defined above.
These partial conditional likelihoods can get very small as we move up the tree towards the root,
as they are recursively defined as the products of very small numbers. For the scaling to avoid

underflow, we define the scaled partial condition likelilhood as

L,,(x)
Ur,n X H Ur,k

k<n

ir,n (z) =

where we use k < n to indicate all nodes k that are descendants of n, and where

1 if n is divisible by K,
Ur n =

) max, {Lnn () x T Unk] otherwise
k<n

(111)

(112)

where K is the frequency with which we re-scale the likelihoods. A reasonable value of K might

be 5 or 10. Effectively, this means that every K nodes we are re-scaling so that the largest partial

conditional likelihood is one.
With this re-scaling, the total likelihood at site r is then

Pr (S, |T,P;:) = <Zpr,xl~/r,nmm (I)> X (H U?"m)

n

and the total log likelihood at site r is

In[Pr(S, | 7,Py)]=1In (Z PraLrm,.. (x)) +) I (Uprn).

x

The derivative is then

Ol [Pr (S, |T,Py)] 9

|
da (

(113)

(114)

i (Zp'ﬂxf/r;nroot (x)> X (H Urvn):|
z n (115)
Y Pralin g (m)> X (H Ur,n)
~ O T1Urn
ra T OLy n + (L T n ’
<Z {820; Ly oo () "‘pr,rﬁ()}) X HUr,n> + (Z PraLr npoo (m)) X <aa>
xr n xr (116
\LLU}
<Zpr,mLT,nrooc (IE)) X H Ur,n
x n
Oprw 7 Ly oo () 3(1‘[ UT,n)
5o (% L (@) +praen ) - r— (117)

Zpr7wirxnruot (LII) H MmN
x n
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For reasons that are not immediately obvious to me but are clearly verified by numerical testing,
(o)

this last term of ﬁ is zero, and so
0, T, T 8£T‘"’ruot (m)
Ol [Pr (S, |T,Py)] Zz( 5o Lriman: (2) +me) (118)
oo Zpr,wz’r,nroot (‘T) .

In practice, we work with the Iinn (x) values, and then apply the correction of adding ) In (U,,n)
at the end.

12 Units of tree branch lengths

When we optimize with the P, ,, substitution matrices described above, the resulting branch lengths
are not in units of substitutions per site. Therefore, for tree input / output, we re-scale the branch
lengths so that they are in units of substitution per site.

In a single unit of time, the probability that if site r is initially =, then it will undergo a
substitution to some other codon y is Zy . P, 2y = =Py 4. Since the equilibrium probability that
site 7 is  is pr ., then the probability that site » undergoes a substitution in a unit of time is
—pY ., PraPras. So averaging over all L sites, the probability that the average site will undergo a
substitution in a unit of time is —% Zle Y owPraPrae.

Therefore, if we optimize the branch lengths ¢, and the model parameters in P, ;,, and then at
the end re-scale the branch lengths to t; = t;, x 2 Zle > Pr.oPr 2o then the re-scaled branch
lengths t, are in units of substitutions per sites. Therefore, for input and output to phydms, we
assume that input branch lengths are already in units of substitutions per site, and scale them from
t;, to tp. Optimization is performed on t;, and then for output we re-scale the optimized branch
lengths from ¢ to t;.

13 Models with gamma-distributed w

The models described above fit a single w value. We can also fit a distribution of w values across
sites. For instance, when this is done for the YNGKP models, we get the YNGKP_M5 model
described in [2].

Specifically, let the w values be drawn from K discrete categories with omega values wg,ws, ..., wKx_1,
and give equal weight to each category. Then the overall likelihood at site r is

=

-1

Pr(S, | T,Py) = Pr (S, | T, Pro—uy,) (119)

==
ES
Q}

and the derivative with respect to model parameter A is simply

OPr(S, | T,Py) 1= 0Pr(S|T,Pros,)

O\ K o\
k

7

(120)

Il
=)



The different wy values are drawn from the means of a gamma-distribution discretized into
K categories as described by [I0]. Specifically, this gamma distribution is described by a shape
parameter a, and an inverse scale parameter (3, such that the probability density function of a
continuous w is given by

(5a)aw efﬁwwwawfl

T (o) (121)

g (w; awa/@w) =

This function can be evaluated by scipy.stats.gamma.pdf (omega, alpha_omega, scale=1.0 /
beta_omega). Note also that the mean of this distribution is 3= and the variance is (g‘—“)z

The lower and upper boundaries of the interval for each category k are

k

Wk lower = QF (K;acmﬁcu) (122)
k+1

WEk,upper — QF <K;aunﬂw> (123)

where Qr is the quantile function (or percent-point function) of the gamma distribution. This func-
tion can be evaluated by scipy.stats.gamma.ppf(k / K, alpha_omega, scale=1.0 / beta_omega).
The mean for each category k is

o, K
B

where + is the lower-incomplete gamma function and can be evaluated by scipy.special .gammainc (alpha_omega
+ 1, omega k_upper * beta_omega).

Note that wy is not actually a free parameter, as it is determined by «,, and 3,,. The derivative
of the log likelihood at site r with respect to these parameters is simply

Wi = [’Y (wk,upperﬁwa oy, + ]-) - (Wk,lowerﬂo.n o+ ]-)] (124)

OPr(S, | T.P) _ 1N 0y 0P (S| T Procs) (125)
Oay, K Owq Owy,
k=0
OPH(S | TPe) _ 1N~ 0 OPr (S, | T Prucus) (126)
08, o Kk:o Owg Owy, '

The derivatives % and gTw; are computed numerically using the finite-difference method.

14 Derivatives with respect to branch lengths

The section above describes how to compute the derivatives with respect to paramters (e.g., model
parameters) that affect all parts of the tree. In many cases, we may want to optimize individual
branch lengths rather than the overall mutation rate u. In this case, we need to compute the
derivatives with respect to the branch lengths. This is somewhat simpler for each individual branch
length, since each individual branch length only affects part of the tree.
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Specifically, for each internal node n,

0L, ,, ()
Otry f%rl(n) (lz Mz (1) Bt ] lz M (o) Ertate (y)] )(127)
OM; 2y (1, (n
= lz 8;?(( () ( )) Lr,h(”) (y)] [Z Mr,a:y (t(z(n)) Lr, [2(n) (y)] (128)
y 1

Y

where

OM, gy (t)

T = uPoe!Pr = P .M, (ut). (129)

Therefore, for every node n with descendents n; and no:

0 if n’ is not a descendent of n
L oy (b . .
@gtin(w) _ [y, Pt )} [z My.zy (tng) Lyn, (y)] if ny is n/ (130)
" Zy M, 2y (tn,) aLét"l, Y ] {Zy M, 2y (tn,) Ly n, (y)} if n’ is descendent of ng
and

8PI’ (ST | T7 PI‘) _ aLT’,nront (‘T)
Oty Oty

X Pryg- (131)

15 Optimization

The actual optimization is performed with the optimizer scipy.optimize.minimize (method=’L-BFGS-B’).
The approach is to first optimize all the model parameters along with branch-scaling parameter p,
then to optimize all the branch lengths, and to continue to repeat until any optimization step fails
to lead to substantial further improvement in likelihood.
During the branch-length optimization, all branch lengths are updated simultaneously. This
appears to be the minority approach in phylogenetics (most software does one branch length at a
time), but reportedly some software does use simultaneous branch-length optimization (see table
on page 18 of []).
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