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SUPPLEMENTARY MATERIAL OF “ASYMPTOTIC ROBUSTNESS STUDY OF THE
POLYCHORIC CORRELATION ESTIMATION”

Abstract

Asymptotic robustness against misspecification of the underlying distribution
for the polychoric correlation estimation is studied. The asymptotic normality of
the pseudo-maximum likelihood estimator is derived using the two-step
estimation procedure. The t distribution assumption and the skew-normal
distribution assumption are used as alternatives to the normal distribution
assumption in a numerical study. The numerical results show that the underlying
normal distribution can be substantially biased, even though skewness and
kurtosis are not large. The skew-normal assumption generally produces a lower
bias than the normal assumption. Thus, it is worth using a non-normal

distributional assumption if the normal assumption is dubious.

Key words: underlying distribution, asymptotic covariance matrix, non-normality,

pseudo-maximum likelihood.



PSYCHOMETRIKA SUBMISSION May 17, 2016 3

1. General Distribution

Let @ be a vector of free unknown parameters. The MLE of 8 maximizes
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The gradient and hessian depend on that depends on the distributional
assumption. In the following two sections, necessary derivatives for a t distribution and a

skew-normal distribution are provided.

2. T Distribution

The density function of a bivariate elliptical ¢ distribution with v degrees of freedom is

1 22 — 2pay + 2] T/

- |1+
21y/1 — p? v(1—p?)

f(z,y)
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(Balakrishnan & Lai, 2009). The marginal distributions are student—t distributions with

degrees of freedom v. Note that

0 o pr—y 0
P py—x 0

Conditional on the thresholds 7 and &, the gradient is

a%/T /gf(fc,y)dydrz/T /ga%f(x,y)dydxz /gf(ﬂy) ?T__pgdy-

—00 —O0 —00 —O0

If 7 = 400 or £ = +o0, the gradient is zero. The second order derivative is

T £ 9
02 [0 pPT =Y
8_p2/ /f(fv,y)dydx—/a—p{f(ﬂy) 1_p2}dy

—00 —00

—00
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If 7 = +00 or £ = £00, the second order derivative is zero. Both the first-order and

second-order derivatives depend on

£

/ f(my) (pr —y) dy,
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which can be solved numerically. In order to obtain the asymptotic variance, the following

derivatives are needed:

%/if(x,y)dyde/éf(T’y)d%
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3. Skew-Normal Distribution

The density function of a bivariate skew-normal distribution is

f(z,y) =202 (7, y;w) © (1 + agy)

(Azzalini & Valle, 1996). If a; = ap = 0, it reduces to a bivariate normal distribution. The

marginal distributions are

where a = (a; + wag) /v/1+ (1 —w?) a2 for X and o = (g + way) //1+ (1 — w?) a? for
Y. For more details, readers are directed to Azzalini and Valle (1996) and Azzalini and
Capitanio (2014). Since the thresholds depend on a1, s, and w, the parameter vector is

0 = (aq, o, w)T . To emphasize the random variable of marginal distribution, define

a, = (a1 +way) //1+ (1 —w?) a2 and o, = (g +way) /y/1+ (1 —w?) ad.

3.1. Some Useful Results

In this section, results that will be called in later derivation are presented.
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3.1.1. Some simple formulas

From Ulsson (1979) we know that

T £
B
a_p/ /¢2(m,y;p)dydx=¢2($ay;m>

—00 —00

T £
0 , _ 0 N , p (px —y) (py — )
8_p2 / /¢2 (ff;yap)dydl'— a_p¢2 <x7y7p) _¢2 (xvyap) 1_p2 + (1_p2)2 )

0 L Y-
a_x¢2 <x7y7:0) - ¢2 (xayap> 1 — p2 )
0 pr —Yy
a—y% (z,y;0) = ¢2 (z,y; P)l—pQ-

Some formulas that are associated with the density function of a standard normal

distribution are

Jo(5yunn(52),

T

/exp{—($2_2) }dx—\/_afb( “)

—0o0

3.1.2. Integral that will be solved numerically

There are some one-dimensional integrals that will be solved numerically, i.e.
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/ 7*® (ax) du, (5)

£
/ b (1,43 0) B (017 + asy) dy, (6)

—0o0

¢
/ Yoo (1,95 w) @ (an 7 + agy) dy, (7)

—00

¢
/ Yo (1, y;w) @ (n7 + any) dy. (8)

3.1.3. Other formulas

Based on the above results, the following formulas can be derived and will be used to
derive the gradient and Hessian matrix. In order to avoid introducing too many
unnecessary symbols, scalars a, b, and ¢ may have different definitions from one formula to

another.
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T

/ 226 (2) dz = —76 () + B (7). (10)
] 22 (%) dr = 120 ® (?) + 2u0” /m (z) dv + o 7:5% (z)dz,  (11)

which can be solved by (9) and (10).

A z 0 if 7= —00 or a= oo,
/¢(7)¢(a—bx)dx: N
¢ 1 1 1 2 _ a2b2 T—m .
s Var\) i T XP {_5 [a 62+§] } @ (—1/(b2+1/6)) otherwise,
(12)

for any constants a, b, and ¢ # 0.

T

/ 26 (2) 6 (az) dz — —m¢ (Vitarr), (13)

— 00

for any constant a.

o 0 if 7= —00or =400

/2¢2 (x,g;w)¢(a1x+agf)d$= 2) c2
—L_exp _M o otherwise
—0 m™/a 2a(1-w?) v/ (1—w?)/a ’
(14)

where a =1+ (1 —w?) a2, b=w — ajay (1 —w?), and ¢ = 1 + (1 — w?) a3.
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c 0 if £ = —o00 or 7 = +o00,
/ 202 (T, y3w) ¢ (00T + any) dy = (ac—b?)r? b
J ﬂlc exp {_ ST }cp (fl__—;/;)/c) otherwise,

(15)

where a = 1+ (1 —w?) a2, b=w — ajay (1 —w?), and c = 1 + (1 — w?) 3.

T

/ 25 (2, & w) ¢ (12 + wf) do = ﬁ exp {—%} / v (Z__—fé;‘m) dz,

— 50 —00

(16)

where a =14+ (1 —w?) a2, b=w — oy (1 —w?), and c = 1 + (1 — w?) a2.
1 2

/ ” (%) 6 (a — ba)do — \/%exp {—2(%:1)} / ” (%) de,  (17)

— 0 —00

for any constants a, b, and c¢. Here the integrals can be solved by (9).

/a:gb (i)cb(a—ba:)dx: S0 <\/15> du if a = oo,
- —c¢ (%) ®(a—br)—be fzoo ¢ <%> ¢ (a —br)dx otherwise,

(18)
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for any constants a, b, and c. Here [7_ ¢ (\%) ¢ (a — bx) dx is solved in (12).

T T

é w'e (%) ¢ (a —br)dz = ¢12—7Te><p {—N%:l)}l 2% (%) dr, (19)

for any constants a, b, and c¢. Here the integrals can be solved by (11).

] oat0) (%) ¢ (a — bx)dx (20)
(O T = —00,
=qcf. d)(\%)@a—bw dx —be [ xqﬁ(ic)(b(a—bx)dx T = oo,
—crqb (\%) Pla—br)+cf[ ¢ ( ) (a—bx)dz —be [T x¢ <\%> ¢ (a —bx)dx otherwise,
(21)

for any constants a, b, and c¢. Here the integrals will be solved by (3) and (17).

] r <%) O (a — ba) do

—00
T

:—c¢(\%) 72®(a—b7)+20/x¢ <\%>q>(a—bx)da:—bc/x2¢(\%)¢(a—bw)d%

— 0 —00

(22)
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for any constants a, b, and c¢. Here the integrals can be solved by (18) and (19).

¢
/ Yo (T,y;w) ¢ (T + ay) dy

—00

E—wT

1 9
= r ) [ (G et s o o

—0o0

E—wT

2 2
—i—ﬁexp{—%} / Yo <\/%w2>gb(om'+a2w7+a2y)dy

—wT
2.2 ¢

wAT 72 y
+ m exp {—3} / ) (m) ¢ (T + aswT + agy) dy, (23)

which will be solved by (12), (17), and (19).

T
é%%f — 1 wfa1a2+a1a%@2 astad+aadw (24>
80 \/1+(17w2)a§ [1+(1_w2)a%] -5 [1+(1_w2)a%]15

T
80@ = w—ajastajayw? 1 a1tai+alasw (25)
00 [+-w?)a?]”  1+(0—w?)al  [14+0-w?)a] " ‘

T

or 1 ooy,

0 —m / z¢ (z) ¢ (@) diU%’ (26)
which can be solved by (13) and (24).

)3 1 ; 9,

o _ - 9y

o= ey | W lew gy, (27)
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13
which can be solved by (12) and (25).
1-w?)a wa
) 0 —% oE
0 Qg _ _ag(lfwz) fa1(17w2)073a2(17w2)b (1+2a1a2w)c+3wa%b (28)
90007 oI5 25 25 )
wal (1420 agw)e+3wa3b a1a§c+3wa§(1+a§+a1a2w)
cl.5 c2-5 c2-5
where b = w — ajas (1 —w?) and ¢ = 1 + (1 — w?) 3.
—042(1—11}2)@—3041(1—102)1) —(1—11)2)041 (1+2a1a2w)a+3wa%b
9 a2-5 al-5 a2-5
0°a —(1-w?)a wa?
26067 ~ A 0 s - (29)
(14201 a2w)a+3wa?b w_a% a%a2a+3wa?(l+a%+a1a2w)
25 25 225
where a = 1+ (1 — w?) a?, and b = w — ajas (1 — w?).
o [ x
— — —bx)d
& o)
1 dc | 9 x da [ x
=—— — —bx)dx — a— — —bx)d
segg [ 70 (S2) ote-tmas—ale [0 L)o@ty
b T T
+ag—0 / zd (%) ¢(a—bx)dx+bg—g / o <\%) ¢ (a — bx) dz
0b f x T or
—b— 2 —bx)d — —b7) —
5 [ 7o) eta-tnnanso( Z) ote-im o7, (30)

for functions a, b, and ¢ that depend on 6. It can be solved by (12), (17), (19), and (26).

The final expression depends on the expression of a, b, and c.
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T

%/qﬁ(%)@(a—bx)dw

—0o0
T

:%%/x2¢(\%>q>(a—bx)dx+g—g/Tgb(%)qﬁ(a—bfﬂ)dx

_g—g Tx¢<%>¢(a—bx>dw+¢(%)@(a—bT)%, (31)

for functions a, b, and ¢ that depend on 6. It can be solved by (12), (17), (20), and 26. The
final expression depends on the expression of a, b, and c.
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The integrals can be solved by (17), (19), and (22). If 7 = oo, the last term in (31) is zero.

[o@ot >dx=—a§—§/x%(x)as(ax)dmmvw(m)Z; (33)

—0o0 —00

0
00

where « is a function of 9.

£ £
[wowo@mdy=—als [60)6 @) dy+e0(© 609 55,

—00 —00

0

20 (34)

where « is a function of 0.

T

0t _—7’¢(7’)%¢)< T)+ ¢ (T) P (s )(8(90367'+ax39) %
oA = R _ l 26 () 6 (0,2) dr e
1 0 [ da,
W(aeé 2 (2) 6 (o >d)89T
1 [ %oy
- W_Z r¢ (v) ¢ (px) do 8980']“7 (35)
which can be solved by (24), (26), (28), and (33).
e 600 50 (00 +9(E0 (9 (Ge+au3s) Do,
e = L [ w6 )6 () dy g
£
0 day
ozyf ( / ¢ (o) dy) 06T
9 52
- m / yo (y) ¢ (ayy) dyaeaeyT’ (36)

—00
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which can be solved by (25), (27), (29), and (30).

2¢ (7, w) = 1 ow? _7'2—2wTy—|—y2
007\ T — w0 TP 2(1— w?)
b (i) [79% — (g—qujLw%)]2(1—w2)—|—(72—2wTy—|—?/2)%—“(;2
e 2(1 — w?)? ’
(37)
which can be solved by (26).
£¢ (2. €:w) = 1 ow? 2 = 2wrf + &7
96\ S T o0 TP\ T 2(1—w?)
by (. E:0) (—g—zgxf — wxg—g + %5) 2(1 —w?) + (2?2 — 2wz + £2) 88—12,2
2AS 2(1 — w?)’ ’
(38)

which can be solved by (27).

1 ow?
2(1—w?) 00

0
%Qb (1,§w) = P2 (7,6 w)

T w T w?
0 %Tﬁ—w%ﬁ—w7%+§%)2(l—w2)+(72—2w7'§—|—§2)86—0

— ¢y (T’ & w) (Ta_e B

2 (1 — w?)?
(39)

Y
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which can be solved by (26) and (27).

@30 [/ 209 (2,8 w) P (nz + axf) dx]

— 00

T—wE

2

—00

+f+/2x¢2(w &w) P (arr 4+ azf) do 2805/2@52 z, & w) O (qr + axé) da

2w§

1—w2 / 2y (x, & w a1$+a2§)dx+—(1_ 2)

/ $¢2 (ZL‘, 6, ) (alx + 0426) dx

T

-5 _fwz / 65,6 0) @ a1+ x€) do+ S [ 200, (2650 6 1 + ) d

—0o0

or

[8&2 65
00’

_5—1-0@80] /2¢2(x,f;w)¢(a1x+oz2§)dx+2¢2(T,ﬁ;w) (1T + axé) —

—00



PSYCHOMETRIKA SUBMISSION May 17, 2016 18

which can be solved by (3), (6), (7), (8), (14), (16) (26) and (27).

¢
/ 205 (1,y;w) @ (0T + aoy) dy

—00

9
00

E—wT
1 an 7_2
:\/%(1 —w?)'? 06 eXp {—5} / ¢ (\/%uﬁ) O (17 + apwT + agy) dy
Qr 4wt
4+ 9 ael — ae / Yoo (1, y;w) P (T + any) dy — 2 / Go (T, y;w) D (1T + ay) dy
ow? ¢ Sw
96 2 2wt S5
_ —(1 ey Yoo (T, y;w) @ (a7 + agy) dy + —<1 —u2)? y¢2 (1,y;w) D (17 + agy) dy
28w (9
- w2 / ¢2 (1, y30) @ (enT + azy) dy + -7 / 2y¢s (1, y;w) & (enT + azy) dy
0 0 0
! (a—oé o é) / 26 (1,0 (o7 + ) dy + 2 (7,E510) @ (a7 + 026) 1
(41)

which can be solved by (3), (6), (7), (8), (15), (16) (26) and (27).

3.2. Gradient

The gradient can be derived as functions of the results presented above. In the rest

part of the paper, define a = 1+ (1 — w?)a?, b = w — ajas (1 — w?), and

c=1+(1—-w? a3
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3.2.1. Gradient with respect to oy

Consider the upper limits 7 and £ that are functions of 6.

Doy / / S (,y) dyde = / / 202 (z, y; w [<I> (a1 4 aoy)] dydz

—00 —00 —00 —0O0

0
ol / 26, (7, ) ® (a7 + any) dy

—00

‘I’%/ngg (z,&w) @ (qx + ) du. (42)

The first term in (42) can be expressed as

202 (2, y;w —[ (17 + agy)] dydzx
[ [t

—00 —00

2v1—w? w2 at by J
2ma Y

a(l- w2) \/a 1 —w?) \/a(l—wQ)

acb

m\[/ W= (W ﬁ)d‘”

ac— b2

which can be solved by (12) and (18). If 7 = oo, the first part is zero and

o (%) = 1 since a is always positive. The second term in (42) can be solved by (6)

and (26). The third term in (42) can be solved by (6) and (27).
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3.2.2. Gradient with respect to o

The gradient with respect to as is

Das / / S (,y) dyde = / / 202 (z, y; w [<I> (a1 4 aoy)] dydz

—00 —00 —00 —0O0

0
+ o / 26, (7,50) ® (a7 + azy) dy

—00

-I—%/ngg (z,&w) @ (qx + ) du. (43)

The first term in (43) can be expressed as

/ / 20 (2 3w a_[ (n + any)] dydz

—00 —00

2Vl —w? —w2 c€ bz Jr
B 27 0(1 1;:2) \/c (1—w?) \/c(l—wz)
\/7/ bx dx
\/%C 1 1;;22 \/e 1—w2 \/c(l—wQ)

which can be solved by (12) and (18). If £ = oo, the first part is zero and
<ﬂ) = 1. The second term in (43) can be solved by (6) and (26). The third term

v/ e(l—w?2)

in (43) can be solved by (6) and (27).
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3.2.3. Gradient with respect to w

The gradient with respect to w is

9
aw//f T,y dydar—/ /2 aw (P2 (7, y;w) @ (nx + agy)] dydz (44)

—00 —00 —00 —0O0

0
+ £ / 205 (T, y;w) @ (1T + y) dy (45)
+ g_i / 209 (x,&w) @ (a1 + axé) dz. (46)

Consider Term (44) first.

(44) = /T j 209 (x,y; w) L _ww2 + (wz —y) (wy — ) O (aqz + any) dydx

Jo (1—w?)?
'3
=20 (17 + @) d2 (7, w) — /2042% (T,y;w) ¢ (T + ay) dy

T

- /2041% (z,&w) ¢ (nx + as) do

— / / 20005 (0@ + agy) G2 (7, y;w) @ (1w + py) dydx
=20 (17 + 2§) 2 (7, & w) — @i (14) — ax(15)
€
- / / 2000 (17 + oY) 2 (2, y;w) ¢ (a2 + apy) dyde.

—00 —00
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Note that

T

/ (o + agy) ¢o (x,y; w) ¢ (g + agy) dx

—00

1 ac—bv* /T (onz + aay)
= eX — 7 a1 T (0% ex —
(27‘(‘)3/2 1_ w2 p %2, (1 _ w2)y 1 2y p

The integral in the above equation can be expressed as

T

— by)?
/ (c1x + agy) exp {—(3321#%)} dx

a
—00

1—w?
2 a

22

1 —w? T— 2 b |1 —w? r—2t 1 — w?
= V2T | — [0) a¥ +5y . P i + oy V2T . P

a 1—w? 1—w?
a a

Therefore

T

/ (qz + agy) ¢o (x,y; w) ¢ (g + agy) dx

—00

ay ac—v* 1 —w? T—2by b 1 —w?
I S __eemr _ a 2 o
o/l —w? P { 2a(1—w?)” } <\ Tme ) TV T

asy ac — b? 9 T — éy
7 d a
* QW\/anp{ 2a (1 —uw?)” }
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Consequently,

13 T
/ / (012 + aay) e (2, v, w) & (on + auy) dady

—00 —O0

£ b
N / a; o { ac — b2 } T—aY )y
oVl —wr D\ 2a(1—w?) \/ = Y

3
ay ac — b? T — gy
T 21y 1 — w? P _2a(1—w2) d) [1—w?

3
asy ac — b? 9 T — Qy
= d a
i / 2m\/a exp{ 2a (1 — w2)y } 1—w?

Term (47) can be expressed as

€
a1 —w? ac—b* (T — gy)2
RE R Uil Al W= B

a;l —w? c€ — bt T
= ) | — ],
V2ray/c c(l—w?) c(1=w?)

(ac—b?)

which will be zero if 7 = +o00. Term (48) can be expressed as

3
/ ay ac—0b> L) b /1—w2q) T—2y 4
271 — w? P 2a (1 — w2)y a? a 1—w? y

a

Yy at b
27ra\/>/y¢ a(l- w2) (I)<\/a(1—w2)_\/a(1—w2)y) .

ac— b2

23
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which can be solved by (18). Term (49) can be expressed as

; asy ac — b? T — Qy
——— = Pl —aL )4
/ 2m\/a P { 2a (1 — w2)y } | Y
7 b
as Y aTt
=——— [ |—F———| @ ( — — : y) dy,
\/ZW\/Eioo aEllc:zf) Va(l—w?)  y/a(l—w?)

which can be solved by (18). Term (45) can be solved by (6) and (26). Term (46) can be
solved by (6) and (27).

3.8. Hessian matrix

The Hessian matrix is

2 T
H = o oag7 / /f(fﬂ,y)dydx-

—00 —00

The following derivatives will be used,

2(1 —w?) ay —ay (1 — w?) 0
da ob Jc

2 = 0 ; 2= —a(1—w? |, 2= 2(1—w?)ay

00

—2a2w 14 2030000 —2a3w
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3.3.1. First column of H

The first column of H is

May 17, 2016

QM by
398041 / /f x,y) dydx = —% — ( A ) ¢( .t
T ac— b2 a
0 b
il o b
+ae 27ra\/>/ ( T ) ( —
ac— b2 @
0 07
" 90 | 9 /%2 (7,53 w) @ (en7 + y) dy]
0 05
+ 8_9 aal 2¢2 (513 f w) (&1ZL‘+042§) d;py] .
Firstly,
glm/ ( )¢<T§y)dy]
00 — —
3
o VI—u? , - b
- \o6 /¢ ¢ - y|dy
00 a 11(1;1:22) \/&(1—’(1)2) \/a(l—wQ)
3
=i Y Y
¢ 09 a(l—w?) \/W a(l—w2)y vl
- ac—b?

which can be solved by (12) and (30).
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Secondly,

[ 27ra\/7/y¢ Ja—w?) ®<Tij) dy]

ac—b2

Z%(a%b)/ v\ Ja ¢<¢a<f7—w2>‘¢a<1b—w2>y)dy

—00 ac— b2

2 b /1|0 ; b
+E5\/§[ /¢( 1w2)¢)<\/a (1 —w?) \/a(lwz)y>dy]’

ac—b?

which can be solved by (18) and (31).
Thirdly,

'3

o | or

90 {%/2% (7, y;w) @ (T + azy) dy]
13

0 {87

~ 90 | 0oy Doy 06

—0o0 — 00

3
] / 205 (7, y;w) @ (0T + cy) dy + or o [/ 202 (1,95 w) @ (T + azy) dy] ,

which can be solved by (35) and (41).

Fourthly,

—00

%5 |:a(()§ /2¢2 (2, &w) @ (x + ag) dxy]

=50 {85] / 209 (2, & w) @ (Oé1x+a2§)d:c+aa—§a—0 [/ 20 (;c,g;w)CI)(alx—i—ozgf)dx] ’

— OO

which can be solved by (36) and (40).
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3.8.2. Second column of H

The second column of H is

@2 ]
9000, / /f(fv,y)dydﬂc

= 8 QW é ( c§ B bx > "
e o S ) Vel —w)  Vell=w?)
c§ bx
80\/%0\/7/ ( c(1— 1;;22) <\/C (1 —w?) \/C(l—wQ))dx
689 ((987' / 209 (T, y; w) D (7 + oy) dy

a T

—00

Firstly,

W o)z

5 bx

%(m>/¢(_) (w fg_wz) w(fx—w%)dx

ac—b?

Vi—w? [ 0 r x bz
R (a—9/¢<—1w2)) (m c(1w2>>d””)

—00 ac—b2

which can be solved by (12) and (30).

27
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Secondly,

9 2b c§ bz
TR e A

o (2 Y [ € w
_86’(\/%0 )/ ¢ C(le))q)< c(1—w?) \/m>d

2 b 16 f x c& B bx .
x/ﬂc (/w c(ubu;>>q)<\/c(1w2) \/c(le))d)’

which can be solved by (18) and (32).
Thirdly,

0 Ot
%@ 205 (1,y;w) @ (0T + aoy) dy

—00

00 Jay | 00

[e.e]

8052

—0o0

which can be solved by (35) and (41).

Forth term

0 08

898 / 209 (2, & w) @ (x + @é) do

S~ (83_5) / 202 (5. €0) @ (a1 + 026) do + o ( [ 2602 @60 @ (@i + ) d

— 50 — 00

which can be solved by (35) and (40).

28

¢ ¢
_9 (ﬁ) /2¢2 (1, y;w) @ (7 + agy) dy + or (2 / 202 (1,45 w) @ (0T + 2y) dy) )

|
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3.8.3. Last column of H

Consider the second order derivative of (44) first.

%_a@%m (0T + ) s (7, € )
5 T
889/2a2¢2 (T, y;w) ¢ (a1 T + ay) dy—gia/%‘l% (z, & w) ¢ (arx + o) du
P a1l —w? c§ —br T
" e o e ( = w?)) ’ (ﬁ)
o b
2041042\/% \/7/ ( a(l— 111:;) <\/a (1—w?) \/a(l—wz)y> dy
9 2a1a2 / I aTt _ b y | dy.
Firstly,

32(1) (1T + ) ¢ (1, w)

00
Oa 0 0 0
=2¢ (T + a€) (—17 + « —T + ﬂg + « ¢

00 150 80) G2 (1,6 w) + 2P (o T + ) —¢2 (1,&w),

which can be solved by (26), (27), and (39).



PSYCHOMETRIKA SUBMISSION May 17, 2016

Secondly,

3
0
8_0 / 20&2@252 (T, Y, ’UJ) (b (0517— + Oégy) dy

€
Oa
:8_92 205 (7,y;w) ¢ (T + ay) dy

o 2
v [tz o {5 [ () oo+ ewrs

2
R YR o R—

ror = {5 oo [/ o) ¢ (C“”“Qw””?’)dy] |

which can be solved by (26), (27), and (30).
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Thirdly,

T

—00

:% / 209 (z,&;w) ¢ (anz + ) dx

— 00

0 2 &2 | x
+augg [m] eXp{‘E}_/ (i) ¢l st )t
2 0 &2 x
o rrmmae 7 ) [ o (G pleme o

) T—w
+a1ﬁe}(p{_%}% [/ Qb( 1:iw )¢(a1w§+a2§a1$)dx]7

[\

which can be solved by (26), (27), and (30).
Fourthly,

which can be solved by (26) and (27).
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Fifthly,

2041042\/% \/7/?;(25( — w2) (\/a 1T_w2) \/a(lb_ w2)y) dy

_2 2a1a2b 1 / s Y at b d
00 \/ﬁ a 4 /a 1_1:22 \/a 1—w2) \/a(l—w2)y Y
2a1a2 1 at b

Vor a\/7 /y¢( a(l—w?) ) <\/a (1 —w?) \/a(l—w2)y) 4y,

ac— b2

which can be solved by (18) and (32).

Sixthly,

8

ar b
“ 2\/_\/_/ (\/ﬁ)q)(\/a(luﬂ)\/a(lw?)y)dy

n 20005 8/ " Yy ar b g
Vam /a8 . ﬁ Jad—w?) ai-w)’ )

which can be solved by (18) and (32).

Then consider term (45).

o(45) 9 [or
060 00

£ £
50 ) /2¢2 (7, y;w) @ (T + oy) dy + g_a% [/ 202 (T, y;w) @ (a7 + agy) dy] ,

—0o0 o0

which can be solved by (35) and (38).
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At last consider term (46).

T

a(46) 0 (o€ o€ 0
06 _%(

8_w> /2¢2(x,§;w)¢(a1x+a2§)dx+a—w% /2¢2(x,§;w)<1>(a1x+a2§)dx ;

—00 —00

which can be solved by (36) and (37).
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4. Extra Plots

In this section, figures that are not included in the main text are displayed.
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Figure 1: Relative bias (RB) and root mean square error of approximation (RMSEA) of cor-
relation estimates when the true underlying distribution belongs to the elliptical distribution
family. Both ordinal variables have five categories. The true correlation coefficient is 0.4.
Note: Nor=normal, Uni=uniform, Logi=logistic, EP(-)=exponential power distribution with
the enclosed value of .
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Figure 2: Relative bias (RB) and root mean square error of approximation (RMSEA) of cor-
relation estimates when the true underlying distribution belongs to the elliptical distribution
family. The first ordinal variable has three categories and the second ordinal variable has
five categories. The true correlation coefficient is 0.4.

Note: Nor=normal, Uni=uniform, Logi=logistic, EP(-)=exponential power distribution with
the enclosed value of 3.
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Figure 3: Relative bias (RB) and root mean square error of approximation (RMSEA) of cor-
relation estimates when the true underlying distribution belongs to the elliptical distribution
family. Both ordinal variables have three categories. The true correlation coefficient is 0.4.

Note: Nor=normal, Uni=uniform, Logi=logistic, EP(-)=exponential power distribution with
the enclosed value of 5.
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Figure 4: Relative bias (RB) and root mean square error of approximation (RMSEA) of cor-
relation estimates when the true underlying distribution belongs to the elliptical distribution
family. Both ordinal variables have five categories. The true correlation coefficient is 0.6.
Note: Nor=normal, Uni=uniform, Logi=logistic, EP(-)=exponential power distribution with
the enclosed value of .
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Figure 5: Relative bias (RB) and root mean square error of approximation (RMSEA) of cor-
relation estimates when the true underlying distribution belongs to the elliptical distribution
family. The first ordinal variable has three categories and the second ordinal variable has
five categories. The true correlation coefficient is 0.6.

Note: Nor=normal, Uni=uniform, Logi=logistic, EP(-)=exponential power distribution with
the enclosed value of 3.
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Figure 6: Relative bias (RB) and root mean square error of approximation (RMSEA) of cor-
relation estimates when the true underlying distribution belongs to the elliptical distribution
family. Both ordinal variables have three categories. The true correlation coefficient is 0.6.

Note: Nor=normal, Uni=uniform, Logi=logistic, EP(-)=exponential power distribution with

the enclosed value of 5.
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Figure 10: Root mean squared error of approximation (RMSEA) of correlation estimates
when the true underlying distribution is skew-normal.
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Figure 11: Root mean squared error of approximation (RMSEA) of correlation estimates
when the true underlying distribution is skew-normal. The first ordinal variable has there

categories and the second ordinal variable has five categories.
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Figure 12: Root mean squared error of approximation (RMSEA) of correlation estimates

when the true underlying distribution is skew-normal. Both ordinal variables have three
categories.
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Note: In (a) the true values are a3 = 0 and oy = 0, which are surrounded by nearly local
maximizers whose gradient is almost 0. In (b) the true values are a; = 0.1 and ay = 0.5.
However, local maximizers appear when «y or as is small.
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o Normal A t(4) + (6) X 1(8) < 1(10) v Skew-normal

Figure 14: Relative bias (RB) of correlation estimates when the true underlying distribution
is skew-t(4). Both ordinal variables have five categories.
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Figure 15: Relative bias (RB) of correlation estimates when the true underlying distribution
is skew-t(6). Both ordinal variables have five categories.
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Figure 16: Relative bias (RB) of correlation estimates when the true underlying distribution
is skew-t(8). Both ordinal variables have five categories.
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Figure 18: Relative bias (RB) of correlation estimates when the true underlying distribution
is skew-t(4). The first ordinal variable has three categories and the second ordinal variable
has five categories.
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Figure 19: Relative bias (RB) of correlation estimates when the true underlying distribution
is skew-t(6). The first ordinal variable has three categories and the second ordinal variable
has five categories.
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Figure 20: Relative bias (RB) of correlation estimates when the true underlying distribution
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has five categories.
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Figure 21: Relative bias (RB) of correlation estimates when the true underlying distribution
is skew-t(10). The first ordinal variable has three categories and the second ordinal variable
has five categories.
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Figure 24: Relative bias (RB) of correlation estimates when the true underlying distribution
is skew-t(8). Both ordinal variables have three categories.
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Figure 25: Relative bias (RB) of correlation estimates when the true underlying distribution

is skew-t(10). Both ordinal variables have three categories.
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Figure 26: Root mean squared error of approximatoin (RMSEA) of correlation estimates

when the true underlying distribution is skew-t(4).

gories.

Both ordinal variables have five cate-
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Figure 27: Root mean squared error of approximatoin (RMSEA) of correlation estimates
when the true underlying distribution is skew-t(6). Both ordinal variables have five cate-
gories.
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Figure 28: Root mean squared error of approximatoin (RMSEA) of correlation estimates
when the true underlying distribution is skew-t(8). Both ordinal variables have five cate-
gories.
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Figure 29: Root mean squared error of approximatoin (RMSEA) of correlation estimates
when the true underlying distribution is skew-t(10). Both ordinal variables have five cate-
gories.
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Figure 30: Root mean squared error of approximatoin (RMSEA) of correlation estimates

when the true underlying distribution is skew-t(4).
categories and the second ordinal variable has five categories.

The first ordinal variable has three
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Figure 31: Root mean squared error of approximatoin (RMSEA) of correlation estimates
when the true underlying distribution is skew-t(6). The first ordinal variable has three
categories and the second ordinal variable has five categories.
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Figure 32: Root mean squared error of approximatoin (RMSEA) of correlation estimates

when the true underlying distribution is skew-t(8).
categories and the second ordinal variable has five categories.

The first ordinal variable has three
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Figure 33: Root mean squared error of approximatoin (RMSEA) of correlation estimates
when the true underlying distribution is skew-t(10). The first ordinal variable has three

categories and the second ordinal variable has five categories.
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Figure 34: Root mean squared error of approximatoin (RMSEA) of correlation estimates
when the true underlying distribution is skew-t(4). Both ordinal variables have three cate-
gories.
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Figure 35: Root mean squared error of approximatoin (RMSEA) of correlation estimates
when the true underlying distribution is skew-t(6). Both ordinal variables have three cate-

gories.
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Figure 36: Root mean squared error of approximatoin (RMSEA) of correlation estimates
when the true underlying distribution is skew-t(8). Both ordinal variables have three cate-
gories.
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Figure 37: Root mean squared error of approximatoin (RMSEA) of correlation estimates
when the true underlying distribution is skew-t(10). Both ordinal variables have three cate-
gories.
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Figure 38: Asymptotic variances of correlation estimators when the true underlying distri-
bution is skew-normal. Both ordinal variables have five categories.
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Figure 39: Asymptotic variances of correlation estimators when the true underlying distri-
bution is skew-normal. The first ordinal variable has three categories and the second ordinal
variable has five categories.
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Figure 40: Asymptotic variances of correlation estimators when the true underlying distri-
bution is skew-normal. Both ordinal variables have three categories.



