APPENDIX A
DYNAMIC MODELING OF PLANAR ROBOT MANIPULATOR

For the dynamic modeling of the six-link planar robot
manipulator presented in [1], it is known from [2], [3] that
the dynamic equation of the robot manipulator can be given
as

T=HO0+c.(0,0)+ g, (0), (1)

where 6, 0, 6 and T denote the n-dimensional joint-angle,
joint-velocity, joint-acceleration and joint-torque vectors, re-
spectively; H denotes the n X n dimensional inertia matrix;
¢, denotes the n-dimensional Coriolis/centrifugal force vector
and g, denotes the n-dimensional gravitational force vector.
By defining

Hyy Hyp Hiz Hyy His Hig
Hsyy Hyy Hzz Hiy Hos Hoag
H3y H3zy Hizz Hzy Hzs Hse
Hy Hyp Hys Hyy His Hyg |
Hsy Hsy Hsz Hsy Hss Hse
Hey Hez Hez Hes Hes Hes

T
Cr = [Crl Cr2 Cr3 Crq4 Crj CTG] )

T
9r = [97-1 9r2 9r3 9Gr4 9Grs 97'6] s

and by using the recursive Newton-Euler algorithm [2], [3],
the detailed expressions of elements of matrix H as well as
vectors ¢, and g, are derived and presented as below.

H11 = H21 + (26:1 ml)ll(ll) + (Z?:2 mi)lllQCQ +
(Z? 3 mg)llscas+ (D, mi)lilacaza+(ms+me)lilscazas+
mel1lecasase,

His = Ho + (Z _omg)lilacy + (E?:3 m;)lilscos +
(2?24 m;)lilacags + (ms + me)lilscazas + melilscazase,
His = Hoy + (2?23 m;)lil3ces + (2?24 mg)lilacazs +
(ms 4+ me)l1l5c2345 + melilecasase.

Hy, = Hoy + (2?24 m;)l1lacazs + (ms + me)lilscasas +
mel1leCasase,

Hys = Has + (ms 4+ me)lilsca3a5 + melilecasases

Hig = Hag + mgly 16623456,

Cr1 = Cr2 = (E _omg)lilaazsy — (Z?:a m;)lil3azsa3 —
Ooi_amililsassazs  — (ms  +  me)lilsassazas  +
mel1l6a6523456,

gr1 = gro + (Z?: mi)ligers

Hy = Hzi + (3o_ymi)la(lica + 12) + (Z?:?, m;)lalzcs +
(2?24 my)lalacas + (ms + me)lalscaas + melalscsase,

Hyy = Hz + (T omila(le) + (Xiyma)lalses +
(2?24 mi)lalacas + (ms + me)lalscaas + melalscsase,

Hys = Hss + (Z?:g mi)lalses + (35—, mi)lalacss + (ms +
me)lalscsas + melalecsase,

Hyy = Hsy + (2?24 m;)lalacss + (ms + me)lalscsas +
melalsCase,

Hys = Hss + (ms + me)lalscsas + melalscsass,

Hos = Hsp + mﬁlglﬁc3456’ 6

Cra = Cr3 + (El gmz)l2(lla152) - (Zi:g, m;)lalzazss —
(25:4 mi)lalaassss — (ms +me)lalsasssas +melaleassases
gr2 = gr3 + (25:2 m;)l2gcia;

Hyy = Hy + (Z?:3 mi)lz(licas + lacs + I3) +
(2?24 m;)lalacs + (ms + mg)lslscas + melslscass,

Hsy = Huy + (30— mi)ls(lacs + Is) + (X5, mi)lslacs +
(ms 4+ me)lzlscas + melslscass,

Hss = Haz + (Cg_gmi)ls(ls) + (X_y mi)lslaca + (ms +
me)lslscas + melslecase,
Hsy = Hyy + (2?24 m;)lzlacs + (ms + me)lslscas +
mel3lecase,
H3s = Hys + (ms + me)lslscas + melslscass,
Hss = Hap + melslscass, 6
Cr3 = cra + Qo _smi)ls(liaises + laagss) —
(X8 mi)lalaasss — (ms + me)lslsassas + melsloassase,

6
gr3 = gra + (D_i—g mi)lzgcizs;
Hu1 = Hs1 4 (ma+ms +me)la(licasa +lacsa +13ca +14) +
(ms + me)lalscs + melalscse,
Hys = Hso + (ma + ms + mg)la(lacsa + l3ca + 1a) +
me)lalscs + melalsese,
Hys = Hssz + (ma + ms + meg)la(lzes + 1la) +
me)lalscs + melalscse,
Hyy = Hsq + (mg +ms + me)la(la) +
melalscss,
Hys = Hss + (ms + me)lalscs + melalscse.
Hys = Hsg + melalsess,
Cra = Cr5+ (Mma+ms+me)la(liars234 + 1202534 +13a354) —
(m5 + m6)14l5a555 + mgl416a6556,
Gra = gr5 + (M4 + ms + me)lagciasa;
Hs1 = Hg1 + (ms + me)ls(l1casas + lacsas + lzcas + lacs +
15) + m61516069
Hsy = Hea+(ms+me)ls(lacsas+Hl3cas+Hlacs+1s)+mglslscs,
Hss = Hgs + (ms + m6)15(13045 +lycs + 15) + melslsce,
Hsy = Hey + (ms + me)ls(lacs + 1) + melslsce,
Hss = Hgs + (ms + me)ls(ls) + melslsce,
Hse = Hegp + melslscs,
Cr5 = Cr6 + (M5 4+ mg)ls(lia1s2345 + l2a25345 + 1303545 +
lyasss) — mslslsase,
Gr5 = gr6 + (M5 + me)l5gci2345;
He1 = mels(l1c23456 + l2c3456 + I3Cas6 + lacse + Isce + ),

(ms +
(ms +

(ms + me)lalscs +

(
Hey = mels(l2¢3a56 + 3¢a56 + lacse + lsce + 16),
Hgs = mgls(lscase + lacse + lsce + 16).
Hgy = mgle(lacse + lsce + ls),
Hgs = mGZGElscﬁ +lg),

Hee = megle(l6)s

cr6 = meles(l6) (1101523456 + 20253456 + 13035456 + 405556 +
lsass6),

gr6 = Melegc1234565

in which, m; denotes the mass of the ¢th link of the
manipulat(_)r; l; denotes the length of the ith link; and
a; = (325, 0;)* and by = >75_, 0, with i = 1,2,---,6.
Besides, g denotes the grav1tat10nal acceleratlon Addltlonally,
= cos(9 ), si = sin(#;), ciji... = cos(0; +6; + 0, +0...)
and Sjp... = sin(6; +0; + 0, +0...). Speciﬁcally speaking,
for the manipulator used in this paper, m; = 7.887 kg,
me = 5.730 kg, mg = 3.198 kg, m4 = 3.020 kg, ms = 2.773
kg, me = 0.337 kg, {1 = 0.301 m, [y = 0.290 m, I3 = 0.230
m, l4 =0.225 m, I = 0.214 m and lg = 0.103 m.
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