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APPENDIX

A. True Weights based IPW (TIPW). Consider a class of TIPW
statistics RTPW = N~z Zfi L wiR;. The form of 7; can be obtained explic-
itly for both stratified CCH (sCCH) (Gray, 2009; Liu et al., 2012) and NCC
(Samuelsen, 1997; Cai and Zheng, 2012) designs with a discrete stratifica-
tion/matching variable Z taking S unique values, z, ..., zg. Specifically, for
sCCH design,

1S
T T ~ Nds
T = TrdSI(éi = d7 Z’L = zs)7 where Tds = ,
;); Zj.\’zlj(aj:d,zjzzs)

and ngs is the number of subjects sampled from the set {i : §; = d,Z; =
zs}, typically specified by design. For a matched NCC (mNCC) design with
m controls matched to each case on the matching variable Z, m; can be
calculated as 7; = 0; + 6;{1 — G(W;)}, with

(A1) G(W;) = H {1 mé;jl(Z; = Z;) } ’

5 X, <X, 2\7:1 (X > Xj,Z, =7;) — 1

where throughout we let 5; = 1 — ¢; for notational ease.
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B. Variance Estimation for the Augmented Estimators. Through-
out we assume that the censoring time C' has a finite support [0, 7], which
is shorter than that of the event time T' with P(T > 7) > 0. The markers
Y are assumed to be continuous and bounded with [Y| < )y < oo and the
true parameter values 3, are assumed to be interior points of a compact
parameter space ). In addition, we assume the joint density of Y, T" and C
has continuous derivatives. We also assume the same regularity conditions
as in Andersen & Gill (1982). Unless noted otherwise, the sup over time ¢ is
taken over [0, 7] and the sup over 3 is taken over 2. We use the notation ~
to denote equivalence up to op(1).

For simplicity, we assume that no additional matching variables are used;
all cases (0 = 1) will be selected into the subcohort and a fraction of controls
will be selected according to the study design. We next derlve the variance
form for the augmented statistic of the form RAPW — N3 Zi\il w; R, where
E(R;) =0, &; = V;/7i(w;) , as specified in Section 3.

To derive the variance form for RAPW , we first note that similar argu-
ments as given in the appendix of Cai and Zheng (2012) can be used to show
that max; |7o(w;) — mo(X;)| — 0 and

sup |n~ 25 WiKp(W; —w){R; — por(w)}| — 0
1=1

in probability, where por(w) = E(R; | W; = w,d; = O) moi = mo(Xi) =
P(VZ‘=1’9,(5Z‘=O):P( Z—l‘Xz,(gz—O, )and = (Xl,éz),z
., N}. It follows that

N N ~ ~
~ ~ - X;) — W;
RATPW ~ N~ 3 g wiR; + N~z E 5iw7;7r0( ~) mo(W:)
i=1 i=1 mo(Xy)

n

N
~ NS ER - NS (@ - { 125% “EW)W}

=1 j=1
n

N
_1 ~ —1 ~
~ N 2 E wiR; — N2 g (wj - 1)#‘0R(W]')
i=1 Jj=1
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It follows that

RAMPW ~ N2 ZR + N2 Z 1Rg;

N
=N":Y R +N: Za ( 1)R¢.
=1

o4

where Rg; = R; — por(W;). Therefore, the variance of R is asymptotically

1 _ ~CCH
<A2) ECCH = E(RZ®2) + F {CCH(S Var(R ’ WCCH>}
7o
. NCC _ ®2 1 —my NCC
(A-3) S = BR?) + B { ——a—0:Var(R; | W)
01

where 75" = ng/No, 150 = 1—e mAmarg(Xi) and Mg (w) = [ dE{I(Xi<v):}

0 P(X>v)
It is interesting to note that in order to derive the form of X, we used

the fact that

NCC 7.[.NCG

_ 1 — gNcc 1— 7TNCC
E {R&I(Xi > u)éiim } =F [(LE{ROZ | X;,0; = o}} =0
Tos 03

Compared to the variance of the corresponding IPW estimators without
augmentation, the gain in efficiency due to augmentation can be expressed
as

CCH 1 — w5t < CCH\®2
0
for the CCH design and

_ -NCC _ ®2
(A-5) ANC =E Fﬂoa {R®2 - / Mmmrg(u) — (Roli)@)?}]

WONiCC i W(u)

1 —myee P moR ()
o) =B [ (W - [ PR
(A7) = lim Varq N2 Y (i — 1)por (W) ¢ > 0
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for the NCC design, where

<1 (I)\Ilcc NCC 1 EJ\IlCC
Toq To;
For both settings, the larger variation pog(W;) has, the larger efficiency
gain the augmentation achieves.

C. Expansions for AIPW Estimators of Accuracy Parameters.
We consider an AIPW profile likelihood estimator of 3 as 8 = argmaxg {,,.om.(3)
as specified in Section 3. It follows from the profile likelihood theory (Mur-
phy et al., 1997) and similar arguments given in Zeng and Lin (2006) that
B is con81stent for B, and the estimated baseline function H(t) = H(t; ﬂ)

LIt < t)AH (ty; B) is uniformly consistent for H(t). Furthermore,

N

o~ 1 o~ 1 ~

Ry, = Ni(at — 00t) =N"2 E w;Rg,i + Op(l),
=1

where 0; = (log f[(t),BT)T, 0,0 = (log H(t),3y)", and Ry, is the influence
functions for Ry, under the full cohort. Similarly, under the reduced model
RINY) = Tollog{ Hoa(t) } + Y ora0], let Hou(t) and a,q denote the result-

ing respective estimators of H,4(t) and a,q0. Let 5;’“ = [log{H, (1)}, &, 07

le]T

old?
and 035" = [log{ H..a(t)}, O‘Ldm 01", where g is the dimension of Y. Then
we may obtain HA%gltd = (Ozld 055') ~ N ~3 POR Rj for some influence

function Ry, where the last g component of Ry is 0.
To derive the distributions for the estimated TPR and FPR functions for
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IMPROVING EFFICIENCY UNDER TWO-PHASE DESIGNS v
the full and reduced model, we first define

E [7‘5(0@1-)1{%(3?;0*) > c}]

TPR,(c; 0,0%) = 0] ,

N
> W To(0TY)I{To(Y]07) = c}
T/P\Rt(c; 0,0%) = =1 ~ )
> B To(07Y)

i=1

E [%(oTYi)I{fo(s?;a*) > c}]
E{To(07Y)} ’

FPR;(c;0,60") =

N
Y BTo(0Y)I{To(Y]0%) > c}

F/PT%t(c; 0,0") = =1 ~ ,

> @ To(07Y5)

=1

where To(z) = 1 — To(x), and for any vector @, @ = (1,a")". Then, it
is straightforward to see that T/P\R:pd(c) = T/ﬁt(c; 0,,0,), F/PT%:pd(c) =
FPR(c; 0; 0;), TPR}™ (c) = TPRy(c; Ot 00;), and FPRI™ (¢) = FPRy(c; or, Oor).
On the other hand, T/PT%:ld(c) T/PT%t(c;ﬁt,@zld), F/PT%EM(C) = F/PT%(C; Et;é;"d),
TPRY“(c) = TPRy(c; Oor, 05;'), FPRY(c) = FPRy(c; ot, 05)-

It follows from Taylor series expansions and stochastic equicontinuity
properties that ]@%‘;dm(c) =N %{’ﬁ:pd(c) — TPR;™(c)} is asymptotically
equivalent to

N% {@t(c; at, at) — TPRt(Q at, at)}+
N%{TPRM(C; 0.0, 010)(0; — 0,0) + TPRoy(c; 010, 010) (0, — 0,0)}

—

~ N2{TPRy(c; 010, 010) — TPR}™(c) + TPRy(c; 010, 010) (0, — 010)}

~N- 2ZwZR“Pd

TPRy1

where TPRt(C, 01, 02) = Zi:1 TPRkt(C; 01, 02), TPRkt(C; 01, 02) = aTPRt(C; 01, 02)/80k,
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and

Rupd ( ) TPR ( 0 0 )TR +T(0 Y ) [I {76(02—0YZ) 2 c} — TPR;pd(c)
- t(C; U0, U0 04i |

TPR1

Similarly, Rifi, (c) = N2 {FPR, " (e) -FPR}™(c)} = N3 S GiR33,(0),

FPR¢?
where

To(03Y) [1{T0(05Y)) = ¢} — FPR(¢)
P(T >1t) '

R ( ) = FPRt(C; othotO)TRGti+

FPR¢1

FPRy(c; 010,010) = OFPRy(c; 01, 02) /00, and FPRy(c; 040, 010) = S p_; FPRy(c; 010, 010).-
Following similar lines of argument, we may expand

R, (0) = NH{TPR; " (¢) - TPR3(c)} ~ N {TPRy(c; 01, 0,") — TPRy(c; 81,8, )}+

1d

1 . ~ . ~o
Nz {TPRu(c; 010, 0') (0 — 010) + TPRoy(c; 010, 055) (0, — 035"}
1 old,1 old,2
~ N Z Ripn,i(c) + N~ Z iR (€)
Dold N R old _1 old,1 1 N ~ pold,2
and RS, (¢) = N2{FPR; (c)-FPR{“(c)} ~ N~z SV R (e)+N"2Y " wRE (o),

FPRtl FPRt’L
where

Rold,l ( ) TPRQt(C 9t07001d) old

TPR¢% (3]

To(03Y:) [T{To(¥705") = c} — TPR;"(¢)
P(T <t '

RI%2 () = TPRy(c; 010, 055) "Re,i +

TPR¢4

Rold 1 ( ) FPRQt(C 0t07 old)T old

FPRy1 0¢1>

o0} Y:) [1{To(¥10f') > ¢} — FPR;"(c)|

old,2 > ol\TR
“ (¢) =FP ; j
R (c) Rii(c; 010, 075) 'Ro,i + P(T >1t)

FPR¢1

To construct confidence intervals for the accuracy and IncV parameters,
we need to estimate the variances of R“pd N2 (.A“pd APY), and Rl“jv =

Nz (IncVu, — IncVy,).
Similarly, we may obtain Ry! = N (AP — Ag9) ~ N~z ZZ 1 Rjjzl

_1 N ~ old72 .. .
N7z 350, w;RY; combining arguments previously used for such estimators
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under full cohort studies (Uno et al., 2007; Zheng et al., 2008) and those
given here. It then follows from arguments as given in Appendix B that the
asymptotic variances of RE{:V for the CCH and NCC design are respectively

1 — 7CCH _
E {(Rj’f{if + R - ij;)@’z} +E {FCC‘}{ §;Var(Ro2 — R} | WfCH)}
0
E (RO L Ro92 _ Ropd)©2 E 1-— ngccg RC42 _ Rupd | WNCC
(R + RO — R+ oo iVar(Ri ;™ — RIS | W)
7
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TABLE 1
Results of 5,000 simulations under different CCH and NCC studies. Shown below are
bias, empirical standard error (ESE) of the proposed estimators, average of the estimated
standard errors (ASE) and coverage percentage (CP).

(a) CCH
TIPW ATPW

True | % bias ESE ASE CP (%) | % bias ESE ASE CP (%)
AUC 0.88 0.1 0.01 0.01 93.7 0.2 0.01 0.01 91.7
DMR 0.36 0.6 0.03 0.03 95.2 0.7 0.02 0.02 93.0
TPR(p = 0.05) 0.95 0.1 0.01 0.01 95.1 0.0 0.01 0.01 95.0
FPR(p = 0.05) 0.52 -0.9 0.04 0.05 95.8 -1.2 0.03 0.03 95.2
PPV (p=0.05) 0.27 1.0 0.02 0.02 95.5 0.8 0.01 0.01 94.1
NPV (p=0.05) | 0.98 0.0 0.002 0.002 94.5 0.1 0.001 0.002 96.4
TPR(p = 0.30) 0.62 -0.1 0.03 0.04 95.6 -0.1 0.03 0.03 94.1
FPR(p=0.30) 0.09 -1.6 0.01 0.01 95.5 -1.9 0.01 0.01 95.3
PPV (p=0.30) 0.57 0.8 0.03 0.03 95.7 0.8 0.02 0.02 95.3
NPV (p=0.30) 0.92 0.0 0.01 0.01 96.1 0.0 0.01 0.01 95.8
PCF(0.20) 0.66 0.1 0.03 0.03 95.1 0.3 0.02 0.02 93.6
PNF(0.85) 0.62 0.2 0.03 0.03 94.7 0.3 0.02 0.02 93.4

(b) NCC

AUC 0.88 -0.2 0.01 0.01 92.9 -0.2 0.01 0.01 93.4
DMR 0.17 -0.0 0.03 0.04 97.6 -1.1 0.03 0.03 97.7
TPR(p=0.01) 0.93 -0.7 0.01 0.01 96.8 -0.8 0.01 0.01 95.1
FPR(p=0.01) 0.42 -1.6 0.04 0.05 96.9 -2.6 0.04 0.04 96.4
PPV (p=0.01) 0.06 4.1 0.01 0.01 94.9 3.7 0.01 0.01 95.7
NPV (p=0.01) 0.99 -0.0 0.00 0.00 89.7 -0.0 0.000 0.002 100.0
TPR(p = 0.03) 0.79 -0.5 0.03 0.03 95.9 -0.6 0.03 0.03 95.7
FPR(p=0.03) 0.19 -1.1 0.02 0.03 95.9 -2.1 0.02 0.02 95.2
PPV (p=0.03) 0.10 3.7 0.01 0.01 95.3 3.2 0.01 0.01 95.4
NPV (p=10.03) | 0.99 -0.0 0.001 0.001 94.4 -0.0 0.001 0.002 100.0
PCF(0.20) 0.78 -0.3 0.03 0.03 93.8 -0.1 0.03 0.03 93.5
PNF(0.85) 0.72 -0.1 0.03 0.03 93.4 0.1 0.03 0.03 93.0
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TABLE 2
Comparison of means (empirical SD) for type A: Random CCH designs with different
nearest neighbor (NN) tuning parameter values used for the AIPW estimator. Results
based on 5,000 simulations.

Setting: A: Random
Matching: none
Method: AIPW(4, Y1) AIPW(4, Y1) AIPW(4, Y1)
NN Tuning par 0.5 0.7 (default) 0.9
51 1.114 1.113 1.112
(0.0173) (0.0171) (0.0171)
Ba 0.697 0.697 0.696
(0.0228) (0.0226) (0.0225)
AUC 0.877 0.876 0.876
(0.0001) (0.0001) (0.0001)
DMR 0.359 0.359 0.359
(0.0006) (0.0006) (0.0006)
TPR(p = 0.05) 0.948 0.948 0.948
(0.0000) (0.0000) (0.0000)
FPR(p = 0.05) 0.509 0.509 0.510
(0.0011) (0.0011) (0.0011)
NB(p=0.05) 0.135 0.135 0.136
(0.0001) (0.0001) (0.0001)
PPV (p = 0.05) 0.271 0.271 0.271
(0.0002) (0.0002) (0.0002)
NPV (p=0.05) 0.980 0.979 0.979
(0.0000) (0.0000) (0.0000)
TPR(p = 0.30) 0.620 0.620 0.620
(0.0008) (0.0008) (0.0008)
FPR(p=0.30) 0.090 0.090 0.090
(0.0001) (0.0001) (0.0001)
NB(p=0.30) 0.071 0.071 0.071
(0.0001) (0.0001) (0.0001)
PPV (p=0.30) 0.578 0.579 0.579
(0.0003) (0.0004) (0.0004)
NPV (p=0.30) 0.923 0.923 0.923
(0.0000) (0.0000) (0.0000)
PCF(0.20) 0.658 0.657 0.657
(0.0004) (0.0004) (0.0004)
PNF(0.85) 0.623 0.623 0.623
(0.0004) (0.0004) (0.0004)
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TABLE 3
Efficiency comparisons of TIPW and AIPW estimators in a random sample design

(a) Random CCH designs with cohort sample size 1,000 and 1 control per case matching.

Method: TIPW(6, Y1) ATPW(4, Y1)
True | Mean SE Mean SE RE

51 1.099 | 1.116 (0.201) | 1.123  (0.183) | (1.209)
Ba 0.693 | 0.702  (0.198) | 0.700 (0.199) | (0.982)
AUC 0.875 | 0.877 (0.015) | 0.878 (0.013) | (1.296)
DMR 0.357 | 0.362 (0.039) | 0.361 (0.034) | (1.293)
TPR(p=0.05) | 0.948 | 0.948 (0.008) | 0.948 (0.008) | (1.182)
FPR(p=0.05) | 0.516 | 0.508 (0.053) | 0.507 (0.047) | (1.243)
NB(p =0.05) 0.135 | 0.136  (0.013) | 0.136  (0.013) | (1.008)
PPV(p=0.05) | 0.269 | 0.273 (0.020) | 0.274 (0.019) | (1.167)
NPV (p=0.05) | 0.979 | 0.979 (0.002) | 0.979 (0.002) | (1.299)
TPR(p=0.30) | 0.621 | 0.620 (0.042) | 0.622 (0.039) | (1.137)
FPR(p = 0.30) 0.092 | 0.090 (0.015) | 0.091 (0.014) | (1.162)
NB(p = 0.30) 0.071 | 0.072 (0.011) | 0.072 (0.011) | (1.053)
PPV(p=0.30) | 0.574 | 0.582 (0.032) | 0.581 (0.028) | (1.284)
NPV(p=0.30) | 0.923 | 0.923 (0.008) | 0.923 (0.007) | (1.221)
PCF(0.20) 0.655 | 0.657 (0.031) | 0.657 (0.027) | (1.311)
PNF(0.85) 0.621 | 0.623 (0.031) | 0.623 (0.027) | (1.274)

(b) Random NCC designs with cohort sample size 2,000 and 1 control per case matching.

Method: TIPW(4, Y1) ATPW(9, Y1)
True | Mean SE Mean SE RE

B 1.099 | 1.188 (0.453) | 1.236  (0.404) | (1.259)
B2 0.693 | 0.757 (0.446) | 0.743  (0.450) | (0.980)
AUC 0.883 | 0.889 (0.025) | 0.892 (0.019) | (1.667)
DMR 0.167 | 0.193  (0.058) | 0.197 (0.044) | (1.750)
TPR(p=0.05) | 0.933 | 0.926 (0.021) | 0.929 (0.017) | (1.583)
FPR(p=0.05) | 0.420 | 0.396 (0.081) | 0.394 (0.067) | (1.478)
PPV (p=0.05) | 0.057 | 0.063 (0.014) | 0.063 (0.010) | (1.850)
NPV(p=0.05) | 0997 | 0.997 (0.001) | 0.997 (0.001) | (1.458)
TPR(p=10.30) | 0.785 | 0.783 (0.057) | 0.791 (0.048) | (1.429)
FPR(p=0.30) | 0.190 | 0.183 (0.048) | 0.186 (0.041) | (1.373)
PPV(p = 0.30) 0.101 | 0.111 (0.023) 0.110 (0A018) (1.649)
PCF(0.20) 0.779 | 0.782 (0.057) | 0.787 (0.044) | (1.634)
PNF(0.85) 0.720 | 0.727  (0.060) | 0.733  (0.046) | (1.640)
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TABLE 4
Efficiency comparisons under various two-phase designs.

(a) Efficiencies relative to TIPW estimators under CCH sampling with optimal sampling fraction

Setting A: Random B: Matched C: Balanced
Matching none Z3 Z3
Method TIPW  AIPW(J, Youa) | TIPW  AIPW(4, Youa) | TIPW  AIPW(4, Yoa)
B 0.73 0.97 1.04 1.08 0.83 0.87
B2 0.90 0.88 1.10 1.13 0.87 0.88
AUC 0.61 1.17 1.01 1.25 0.66 0.88
DMR 0.64 1.22 1.02 1.34 0.60 0.89
TPR(p = 0.05) 1.01 1.10 0.54 0.73 0.76 0.85
FPR(p=10.05) 0.72 1.13 0.79 1.09 0.83 1.04
NB(p =0.05) 0.95 0.97 1.01 0.99 0.73 0.74
PPV (p=0.05) 0.68 1.07 0.80 0.96 0.63 0.74
NPV (p=0.05) 0.83 1.34 0.49 0.76 0.82 1.00
TPR(p = 0.30) 0.66 0.99 1.02 1.06 0.63 0.74
FPR(p = 0.30) 0.81 0.99 1.09 1.07 0.81 0.95
NB(p =0.30) 0.82 1.04 1.00 1.16 0.62 0.74
PPV (p=0.30) 0.69 1.18 1.05 1.55 0.57 0.93
NPV (p=0.30) | 0.67 1.06 1.04 1.13 0.79 0.94
PCF(0.20) 0.65 1.15 1.06 1.14 0.74 0.97
PNF(0.85) 0.62 1.12 0.98 1.11 0.76 0.92

(b) Efficiencies relative to TIPW estimators under NCC design with random sampling.

Setting D: Random E: Matched
Matching none Z3
Method TIPW  AIPW(4, Youa) | TIPW  AIPW(X, 6, Youa)
51 1.00 1.30 1.53 1.63
B2 1.00 0.98 1.58 1.61
AUC 1.00 1.30 0.99 1.23
DMR 1.00 1.45 1.45 1.65
TPR(p=0.01) 1.00 1.24 0.61 1.05
FPR(p=0.01) 1.00 1.24 0.55 1.10
PPV (p=0.01) 1.00 1.31 1.18 1.43
NPV (p=0.01) 1.00 1.36 0.44 0.54
TPR(p =0.03) 1.00 1.24 1.16 1.34
FPR(p=0.03) 1.00 1.27 0.68 1.03
PPV (p=0.03) 1.00 1.31 1.52 1.70
NPV (p=0.03) 1.00 1.24 0.62 1.00
PCF(0.20) 1.00 1.26 1.00 1.26
PNF(0.85) 1.00 1.28 0.90 1.23
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