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Shapley Values

In cooperative game theory, the Shapley value has been introduced as a scheme of
distribution of the total gains among players with a coalition-dependent contribution to
the total gain [1]. The rationale behind the scheme is that the Shapley value is the only
distribution such that the total gain is always fully distributed among players.
Additionally, such distribution is linear (if the total gain doubles, each player gets twice
the share), symmetric (two players with equal contributions in every possible coalition
get the same share) and fulfills the “Zero player” condition (a player not having a
contribution in any coalition will get a share equal to zero).

This technique has recently been used to decompose other values in different
contributions when the same properties are required. For example, Huettern shows that
the Shapley value is the only way to decompose the R2 of a multi-dimensional
regression between the single regressors, if the decomposition is required to have
properties formally equivalent to the ones stated before for cooperative games [2]. In
our case, in Section Time evolution we use the same procedure to decompose the total
inequality of a county among industrial sectors, according to same index I of inequality.
To illustrate the procedure to compute the Shapley values, let us start with an empty
economy and compute the inequality index at each step while adding all the k industries
in a given order P . The Shapley value for a particular industry j is computed as the
average marginal contribution to the inequality index of adding the industry j to the
economy over all k! possible permutations P ∪K of the k industries.

Since the marginal contribution of industry j does not depend on the order of both
the industries introduced before and after, by defining Pi as the set of industries
preceding i in the permutation P , the share of the inequality index assigned to industry
j can be written as:

Ij =
1

k!

∑
P⊆K

I(Pj ∪ {xj})− I(Pj).

This formula describes the sectoral contributions to wage inequality represented in
Fig 1.
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Figure S2 1. The macro-sectoral contributions to wage inequality computed with the
Shapley value over the time interval 1990–2014.
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