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A. Proof of Theorems

To establish the asymptotic results given in Theorems 1-2, we need to assume some reg-
ularity conditions. Recall that a working logistic model (3) is assumed for the propensity
scores with parameters 6 for the IPSWKME and a working proportional hazards model (5)
is further assumed for the survival time T for the AIPSWKME with parameters 3 and Ag.
Let vy; = (XZT,Ai,AiX;TF)T and v, = (Xlr,gn(Xi),gn(Xi)XZT)T. Define

Kl AT s = [T
s — [ A= DY (EI(24 ~ 1)gy(X) + (1~ A)}dN(w)
riexadom= [ [ Bl Y W) ’

where w;, = [Agn(X)+(1-A){1-gy(X)}]/7* and 7 = 7(X; 0" ) A+{1—-7(X;60%) }(1-A).
In addition, define

_ It (u) = Jg' (u)
n)_/o E[{L{‘(U)—LA( )Ygn(X) + L (u)]”

KX, AT, 5m) = /t{Li“<u> VB [0 — ) (X) + I )]
T (B [{Li (W) — i)} gn(X) + Li@)])®

where JA(u) = E=CDM g (1) 1o, (1 - M) exp {—A§(u)er} Sc(w)dAs(u), LA (u) =

A0 ()4 (1 054 exp (A (w)er} So(u), ex = exp { B (X k, kXT)T ],
k =0,1. We assume the following conditions.

A1l. The covariates X are bounded.

A2. The propensity score 7(X) is bounded away from 0 and 1 for all possible values of
X. N

A3. The equation FE HA — %TXE)} X} = 0 has a unique solution 6*.

1+exp(67 X
A4. The equation
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has a unique solution 3%, where 7 > ¢ is a prespecified time point satisfying P(TZ >
7) > 0. Let Af(u) fo dN;(s)/E{Y;(s) exp(8* v 4;)}] and it satisfies Aj(7) < oco.
A5. SUP)| | = 1E[{K (X A, T,851m)}?] < oo and SupHn”:lE[{KJA(X,A,T,é;n)}Q] < o0,
7=172.
A6. nh—>ooandnh4—>0asn—>oo.

Under assumed regularity conditions Al - A4, we have the following asymptotic repre-
sentations:

VB =) = <=3 b+ o). VAB—B) = 2= 3 n+o,(1)

Vil Ro(u)—Aj(u)} = % > duilu)top(1),  vialSo(u)-So(u)} = % > duilu)+o, (1)

where ¢1;’s and ¢9;’s are independently and identically distributed mean-zero vectors, and
¢3i(u) and ¢4;(u) are independent mean-zero processes. Moreover, consistent estimators

o1, Doi, égl(u) and <§4i(u) of ¢14, Poi, d3i(u) and @y;(u) can be easily obtained.

A.1. Proof of Theorem 1

For any given regime g, we first derive the asymptotic properties for the corresponding
inverse propensity score weighted (IPSW) Nelson-Aalen estimator. Specifically,

Ry(usm) = Ry(uim, 0 / Ly OnidNi(s) (A1)

i1 WyiYi(s)

It is easy to show that S 1(u;m) and exp{— A 1(u ,n)} are asymptotically equlvalent for any
given 7). Therefore, the asymptotic properties of S 1(u n) easily follows those of A; (u;m).

When the propensity score model is correctly specified, we have 8* = @ and Wai = Wa-
Then n=! Y00 | W Yi(s) =p E{wnYi(s)} = E[Y*{gn(X);s}] uniformly for s € [0,7] as
n — oo. Similarly, we have n=! 3" | 1y dN;(s) —p E{wn:dN;(s)} = E[dN*{gn(X);s}]
uniformly for s € [0,7] as n — co. Therefore,

Ar(u * EldN"{gn(X);s}] _ [" Sc(s)dP[T"{gn(X)} < 5]
E[Y*{gn(X); s}] o Sc(s)P[T*{gn(X)} = 5|
- IOg{S* (ua 77)} = A*(uv 77)’

which establish the consistency given in (i) of Theorem 1.

Next, we derive the asymptotic distribution of Al(u;n). By applying the first-order
Taylor expansion of Aj(u;n) with respect to parameter 8, we have

Vi{Ar(uin) = A (usm)} = Vr{Ai(usm, 0) — A (u;m)} + Di(w) v/ (6 — 0) + 0,(1),
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where Dy (u) = lim,_,oo OA;(u; 1, 8)/06. In addition,

_ 12N [ wnildNE{gn(X); s} — Vi {gn(X); s}dA* (s m)]
Z/ E[Y*{gn(X);s}]

— pl2 Wi d M {gn(X); s} o
jg:u/m B {gn (X))

+ 0p(1)

where M {gn(X);s} = N;{gn(X);s} — fos Y;*{gn(X);v}dA*(v;n) is a mean-zero martin-
gale process. Therefore,

Vi{Ar(uim) — A*(uym)} = _WZ( ; wgiﬂigﬁn().?}?} + Di(u) ¢“) +0p(1)

= nl/2 ZQ(U;W) + 0p(1),

=1

where (;(u; m)’s are independent mean-zero processes. By delta method, we have \/ﬁ{gj(u, n)—
S*(u;m)} = —S*(u;n)n=/2 31 ¢i(usm) + 0p(1), which converges weakly to a mean-zero
Gaussian process by applying the empirical process theory. This proves (ii) of Theorem 1.

Since 75" is the maximizer of S;(t;n) and n°P* is the maximizer of $*(t;n), following
the similar arguments in Zhang et al. (2012), we have

VS (A7) = 570} — Va{S1(t:n®P) = 8 ()} = 0p(1).
It follows that /n{S;(t;AY) — S*(t;n°PH)} =@ N(0,%;(t;n°PY)), where X (t;n°Pt) =

{S*(t;m°PY) }2E{C?(t;n°P")}. This proves (iii) of Theorem 1. In addition, ¥ (¢;7°P') can
be consistently estimated by {S;(t; 7" )}2n~1 S0, C2(t; /"), where

+ ﬁ1(t)T¢31i7

and Dy (t) = A (t; 75", 0)/0614_p-

Finally, we show that S [(t 79°") and S(t; 73P") are asymptotically equivalent. For any
given m, we have

Via{Ri(tsm) — Ai(tm)}

_ i iz{Q ("TX’) CI(nTX > o)} « KXo, A Tosim) (A2)

=1

h
n Ty . _

z:l

+ 0p(1).
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For simplicity, define ¢ = (X, A, T, §) and " = n? X. Following the similar arguments

in Heller (2007), we have
rn . .
L[ Ao () - 10 =0} kltamaromamaciam)|.
qJrm

where M is a finite constant, G(q;n) and F (r"|g;m) are the marginal empirical cumu-
lative distribution functions for ¢ and the conditional empirical cumulative distribution
function for r", respectively. For simplicity, we omit the superscript n in 7, the con-
dition 1 in K{(g;n), F(r|g;n) and G(g;n). Thus, the equation (A.2) is bounded by
M/nsup)j, =1 | Y], where

[(A.2)] < Mv/n supp =1

= [ [{#(5) - 10> 0} Kl@dFCiaacia)
Write T = 11 4+ Y5, where
= [ [{o(5) 1020} ki@ {tF0le) - areia ) ica)
= [ [{e(5) 1020} @arclaica)

with F(r|q) = lim,_,  F(r|q). By variable transformation z = r/h and integration by
parts, we have

_ /q / il (@)p(2) { [F(zhlg) — F(hlq)| - [F(0lq) - F(0la))| } d=dGila),  (A4)

where ¢(z) is the probability density function of standard normal distribution. Under
regularity condition A5, we apply the results on oscillations of empirical process (Shorack
and Wellner, 2009, Theorem 1, p. 542) to equation (A.4) and have

1
Vn|T1] =0, <\/hlogn10g <hlogn>> )

In addition, by similar arguments and applying second order Taylor expansion of Yo with
respect to h around 0, we have

//K1 f'(zh*|q)2%dzdG(q),

where f'(ulq) = 0?F(u|q)/0u® and h* lies between h and 0. Thus, we have \/n|Yy| =
O, (y/nh?). Combine the above results, we have

1
(A2)] < VAT1] + Vil Ts| = O, <\/hlognlog (hbgn) n \/W) |

By condition A6, we have supj,|=1 [(A.2)| = 0,(1). Similarly, we have sup, = [(A.3)| =
0p(1). Therefore, we have /n{A;(t;n) — Ar(t;n)} = o,(1) uniformly in n, which im-
plies f{gj(t n) — Si(t;m)} = op(1) uniformly in n. In addition, it is easy to show that
V{5 (t; ~0pt) S(t; nom)} = 0,(1) and /{87 (t: 7P — 57 (t; 7P} = 0,(1). Tt follows
that /n{S;(t;7") — S;(t; A*)} = 0,(1), which proves (iv) of Theorem 1.
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A.2. Proof of Theorem 2

For any given regime g, we similarly introduce the augmented IPSW Nelson-Aalen esti-
mator

R = S ) 1) 006 XS oo 06). X)
Zz 1 wni}/;(s) + (1 - wnz)ST(‘S'gT](Xl)a XZ)SC(S)

(A.5)
We will show that A A(u;m) is consistent when either the propensity score model is correctly
specified or the survival model for T is correctly specified, i.e. having the doubly robustness
property. First, assume that the propensity score model is correctly specified. Then, we
have 6" = 0 and w;,;, = wy;. In addition, the denominator of equation (A.5) converges in

probability to E{wy;Y;(s)} + F [(1 — wn;) exp{—A(s) exp(ﬁ*TVm)}SC(s)} uniformly for

s € [0, 7]. Note that the second term is zero since E(wy;|X;) = 0. Similarly, the numerator
of equation (A.5) converges in probability to

B{wnidNi(u)} + E | (1 = wyi) exp{=Aj (1) exp(8 v }Sc(u) exp(B" vyi)dAs (u)|

uniformly for s € [0, 7], where the second term is also zero. The proof of consistency then
follows that for the IPSW Nelson-Aalen estimator.

On the other hand, when the survival model for T is correctly specified, we have 8* = 3
and Aj(s) = Ao(s). We can show that the denominator of equation (A.5) converges in
probability to

B |exp{—20(s) exp(8 ) S0 (5)| + B (w}[Yi(s) = exp{—Ao(s) exp(8 ) 1S (5)])

uniformly for s € [0, 7], where the first term equals to S*(s;7)Sc(s) and the second term is
zero since E[Y;(s) —exp{—Ao(s) exp(8” vm:i)}Sc(s)|As, Xi] = 0. In addition, the numerator
of equation (A.5) converges in probability to

E [exp{—Ao (s) exp(BT i) }Sc(s) eXp(,BTl/m)dAo(s)}
+E (wj” [dN;(u) — exp{—Ao(s) exp(BT v4i)}Sc(s) exp(BTum-)dAo(u)])

uniformly for s € [0,7], where the first term equals to —Sc(s )dS’* (s;m) and the second
term is zero since E[dN; (u) —exp{—Ao(s) exp(8” v4:)}Sc(s) exp(B” vm;)dAo ()| As, X 3] = 0.
Therefore, the remaining proof follows that for the IPSW Nelson- Aalen estimator.

Next, we derive the asymptotic distribution for Sa4(u;n), assuming that either the
propensity score model or the survival model for T is correctly specified. Note that
AA(u n) = AA(u 17,0 ,8 AO,SC) By Taylor expansion of AA(u n79 3, AO,SC) with re-
spect to the estimators 9 B, Ao and S¢ around their population values, we have

ViR a(u;m) =A% (usm)} = Va{Aa(uin, 07, 8%, Ay, So)— A (uin) }Hn~ 23 i (usm)+0,(1),
i=1

where 19, (u;m)’s are 1ndependent mean-zero processes due to the asymptotic expansions of
the estimators 6, 3, Ao and S, and are functions of ¢1;, ¢, ¢3i(u) and ¢4;(u). As in the
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proof of Theorem 1, t9;(u;m) can be consistently estimated by the usual plug-in method,
and its estimator is denoted as 19;(u; 7). By simple algebra, we have

n{Aa(u;n, 0, B, AL — A (u — 1/ — [ dh;(s) .
ViRm0 545 5) = A} =073 [t o)

where

dhi(s) =wy{dNi(s) = Yi(s)dA"(s;m)}
+ (1= wy)S7(slgn (X ), Xi)Sc(s)d{ AT (s|gn(Xi), Xi) — A" (s;m)}
Note that the first term in dh;(s) equals to wy,dM;{gn(X);s} and the second term is

zero if the propensity score model is correctly spemﬁed If the survival model for T is
correctly specified, we have E{A%(s|gn(X;), X;)} — A*(s;m) = 0. Define ¢1;(u;n) =
u dh;(s)
Jo E[Y*{gn(X);s}]"
¥1:(u;m) can be consistently estimated by
, v Wi {dN; dAa(s;
bt = [ — wldNi(s) - Yi(odRa(sim))
n= S0 { i Yi(s) + (1 — i) S (s]gn(X ), X3)Sc(s)}
o (1 = 1) Sr (519X 1), X0)Sc ()AL Ar (slgn(X.), X.) — Ra(sim)}
0 n= 3T {iniYi(s) + (1 — oy ) S (s|gn(X i), Xi)Sc(s)}
Let 4 (u;m) = i (us m)+bai (s m). We have v/n{Aa(usm)—A* (u; )} = n=/2 0 i (usm)+
0p(1), which converges weakly to a mean-zero Gaussian process. By Delta method, \/n{Sa(u;n)—

S*(u;n)} also converges weakly to a mean-zero Gaussian process. Following the proof for
Theorem 1, we have

VI{Sa(tAT) = S (HmP)} = ViadSa(t ) — ST (50} = op(1).

It follows that v/n{Sa(t; HP") — S*(t;n°P%)} =4 N(0,La(t;n°PY)), where L4 (t;n°Pt) =
{S*(t; m°PY) Y2 E{?(t; n°PY) }. Moreover, X 4(t;n°Pt) can be consistently estimated by

Then, 11;(u;n)’s are independent mean-zero processes. In addition,

{8t} 1Z{wht A%) + it )},

Finally, for any given 7, we have

\/E{T\A(t;n) —KA(t;n)}

= nxli ) ' X —I(n"X,;>0)¢ x Ki{"(X,,A;,T5,6;m) (A.6)

- ni:1 h n 1 = 1 iy iy, L4,05M .
1 ¢ nTXi T A 7

FVnx =Y o) —T(n"X;>0)p x K3"(Xi, A, T;, ;) (A7)
n h

+0,(1).

Under conditions A5 and A6, following the similar arguments in the proof for (iv) of
Theorem 1, (A.6) and (A.7) can be bounded uniformly in 1. Therefore, /n{S4(t; n) -
Sa(t;m)} = 0,(1) uniformly in . Since f{SA(t 7P =S 4(t;m°PY)} = 0,(1) and /r{Sa(t; HF)—
Sa(t;n°P")} = 0,(1), it follows that /n{Sa(t;7%F") — Sa(t; AP} = 0,(1).
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A.3.  Proof of Theorem 3

To establish the asymptotic results given in Theorem 3, the regularity conditions A1-A3
and A5-A6 need to be modified accordingly to incorporate the two-stage treatment regimes,
and condition A4 is not needed. However, the proof of Theorem 3 can follow similar steps
as for the proof of Theorem 1, and is omitted here.
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