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S1 Raw PL Spectra

The raw spectra used in our analysis are shown in Fig. S1 with the trapped exciton peak at low temperatures clearly noted.

S2 Trion Thermal Distribution

Ultra-fast pump-probe experiments find the carrier thermalization time in MoS, to be ~20 fs!, while THz pump-probe
spectroscopy shows the combined trion non-radiative and radiative lifetime to be ~30 ps®. Since these two time scales differ by
three orders of magnitude, our assumption of thermal equilibrium is well founded. Further, estimates of trion density based on
laser power, spot size and quasi-particle lifetimes show that in our experiment we will not achieve trion densities sufficient for
quantum degeneracies, supporting our use of the Maxwell-Boltzmann distribution for trion momentum.

S3 Optical Matrix Element Calculations and Adaptations

The optical matrix element, M (p), which describes the momentum dependent probability of radiative decay of a trion is given
by?

M(p)“/dzp%(m:0,P2=P)6Xp (—i'>~ (SD

where ;, is the trion wave function, and p; and p, are the locations of the electrons relative to the hole. The matrix element is
computed with one of the electrons having a relative coordinate of zero, which makes intuitive sense as one of the electrons
should be recombining with the hole at the origin. Hence, the optical matrix element is just the Fourier transform of the
trion wave function’s second electron position with the first electron position set to zero. If we make the substitution into

)
equation (S1) that the trion wave function is a Gaussian packet with standard deviation a, WP (0,p) o exp (ﬁ) then

2
M'P (p) < exp [— (;”Tff %) pz} and we can interpret a as the effective trion size as discussed in the text.

We have emphasized in the previous paragraph that the Gaussian wave packet corresponds with a one parameter trion
wave function by using the superscript 1P, the single parameter being the effective trion size, a. However, the absorption
spectroscopy work* and theoretical calculations® both used more realistic two parameter trion wave functions as follows. It is
expected, based on observations in GaAs quantum wells, that the two electrons will form a singlet state, in which case y;, must
be symmetric when swapping the positions of the two electrons. A standard way to incorporate this symmetry is to form the
symmetric product of two single particle wave functions. In the absorption spectroscopy work?* and theoretical calculations® the
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Figure S1. Waterfall plot of data before removing the trapped exciton peak, marked with D, and an exponential tail from
lower energy defect states.
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author Substrate  n, [cm~2] b[nm] c[nm] = a[nm]
Zhang et. al.* Quartz 4 x 102 0.83 1.08 = 096
Zhang et. al.* Quartz 2% 10'2 0.93 177 = 135
Berkelbach et. al’  Vacuum 0 1.03 252 = 178

Table S1. Table of two parameter, b and ¢, wave function sizes along with adapted single parameter wave function size, a.

single particle wave function is chosen to be the zero angular momentum 2D hydrogen atom wave function

2
Vx (pia) =/ ﬁefp/a (52)

where the X denotes exciton since this is expected to be the lowest energy exciton wave function, and a is a free parameter for
the size of the orbital. The trion singlet state wave function formed from this single particle wave function is

Y (P1:P2:b,¢) o< Wx (P13b) W (Pa:¢) + Wi (P2:b) Wx (Py:c) (S3)

where the superscript 2P denotes that this is a two parameter wave function with parameters b and c that describe the size of the
two electron orbits about the hole.

To compare results from Berkelbach et. al.’> and Zhang et. al.* with ours we have adapted their values for b and ¢ by
finding the value of a that minimizes the sum square error (SSE) between the optical matrix elements of their two parameter
wave function and our single parameter wave function. The SSE is given by

SSE = / &p [M"® (p) — M (p)]? (S4)

where M'? is the matrix element given by our one parameter, Gaussian wave function, and M?® is the matrix element given by
the more complicated two parameter, symmetrized hydrogen atom wave function. The values of a that minimized the SSE for
different values of b and ¢ found in the literature are shown in Table S1.

S4 Absorption Spectroscopy Trion Peak Shift

As discussed in the main text, the trion peak is red-shifted relative to zero momentum trion energy because of the convolution
of the phenomenological broadening with the asymmetric intrinsic spectrum. The Feynman diagram for trion decay can be run
in the reverse time direction to create the diagram for optical absorption via trion formation, so the absorption spectra will also
have a low energy tail just like equation (1a). However, because the absorption will be proportional to the occupation number
of electrons (which are being captured by the photo excited excitons to create trions) equation (1b) will be modified slightly to

1 my 1 myx 2 dm,a? .
- = m—;kB—T + <mtr> T‘z (m, — my, in the first term) , (S5)

which makes the temperature dependent first term roughly 3 times larger than in the PL case. This means that the absorption
tail length at temperature 7 is approximately equal to the PL tail length at temperature 7 /3. The peak red-shift is determined
by the trion tail length and lifetime, so if we neglect thermal changes to the trion lifetime, then Fig. 4b & c can be used as a
mapping from tail length to peak red-shift. Under this approximation, the red-shift of the absorption peak at temperature T is
simply the red-shift of the PL peak at temperature 7' /3. Since the red-shift monotonically increases with temperature, the peak
shift observed in absorption spectroscopy will always be smaller than the shift observed in PL spectroscopy. For example, at
room temperature the PL peak is red-shifted by ~15 meV, but the absorption peak is expected to red-shifted by only ~10 meV
(the red-shift in Fig. 4b at 100 K). In short, the red-shift of the absorption trion peak will be less than the PL peak.

S5 Fitting Method and Statistical Analysis

We fit our measured spectra to two Lorentzian peaks for the A and B excitons, and a long-tailed peak for the trion using equation
(1a) convolved with a Lorentzian to account for the finite trion lifetime. Additionally, we accounted for inhomogeneous
broadening®® by convolving the fit function with a Gaussian. This broadening is relatively small at the lower temperatures
where it is less than half the FWHM of any of the peaks, but is increasingly important at the higher temperatures where it
becomes the same size as the Trion FWHM, the smallest FWHM of any of the peaks. In total, these peaks amount to 11 fit
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Figure S2. a) y2 cumulative distribution for PL measured at 123 K. The dashed red line denotes the 68th percentile, which
indicates the threshold x\% value that sets the 16 confidence interval for the joint probability distribution of all variables. b)
Distribution of trion tail length, €, for the PL measured at 123 K. The cyan vertical line denotes the best-fit value to the data,
and the green vertical lines denote the upper and lower cut offs which contain 68% of the distribution, establishing the 1o
confidence interval for the single variable probability distribution for €.

parameters: amplitude, position and width of all three peaks, the trion tail length, and the inhomogeneous broadening parameter.
This is only one additional parameter, the trion tail length, relative to the number of parameters that are typically used, and all
the parameters are well motivated by the physics. A small trapped exciton peak® '? was observed in the spectra below 198 K,
which we were easily able to subtract from the spectra due to the large energy difference between the trapped state and the trion
(see Supplementary Information S1).

The addition of the trion tail length to the set of typical fit parameters does complicate the fit procedure because the tail
length and peak widths can compensate for each other creating unphysical, local ¥> minima. We use a multi-step fit procedure
to steer the fitting parameters away from these spurious, local minima. First, we take advantage of the separation between
the trapped exciton peak and trion peak to fit the trapped exciton peak and background parameters independently'!. These
parameters are then held constant while performing an initial fit to the trion and exciton peaks. For some spectra, the peak
widths and inhomogeneous broadening extracted at this stage are unphysically small, in which case we replace them with
realistic values which are held constant during a refitting of the remaining parameters. Then a final fit is performed in which all
parameters are free to minimize 2, yielding the best-fit overall parameters. This procedure was successful at yielding physical
fit parameters for all but one spectrum, measured at 148 K, so we have removed this spectrum from all further analysis. Finally,
we quantify the confidence intervals of our fit parameters by bootstrapping our data to perform a Monte Carlo simulation of our
experiment'?. Bootstrapping also estimates the distribution of each fit parameter for each spectrum. In all cases, the distribution
contained a single peak clustered around the best-fit value, indicating the robustness of our approach (see below).

Fit errors were determined by bootstrapping the data to create 100 new data sets for each measured spectra. Each of the
100 new data sets was then fit to create a distribution of fit parameters with different y> values. Confidence intervals were
calculated by ranking fit results by their 2 values and increasing the cutoff x> value until 68% of the fits or more fell between
the upper and lower bounds set by the cutoff. Note that this was necessary as the Jacobian fit matrix was very flat at the bottom
of the x? potential, so simple first order propagation of error yielded erroneously large fit errors.

Fig. S2a shows the cumulative distribution of reduced chi squared, x\%, for 100 fits to the bootstrapped data from the
PL measurements made at 123 K. The distribution appears like an error function suggesting that 100 samples is a good
representative sample. Fig. S2b shows the distribution of trion tail lengths. The best-fit to the original data is shown in cyan,
which the distribution is centered on. That there is no other value of the tail length around which the distribution is clustered is
indicative of a robust fit. The green bars indicate the low and high cutoffs that surround 68% of the distribution and set the 1o
confidence interval for the trion tail length for the data measured at 123 K. All parameters for each of the PL. measurements
similarly show distributions clustered around a single value of the fit parameter, indicating a robust fit.
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S6 Peak Red-Shift Temperature Dependence

The PL spectrum of a trion is the convolution of a Lorentzian with equation la in the main text

r [~ . —(EY—E) /e
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where in the second line we temporarily defined X as (E,O, —E ) /€ and y as I'/¢, and in the third line we have Taylor expanded
the non-exponential part of the integrand about zero, a standard method for approximating integrals with exponential factors'>.
The peak position is where the derivative with respect to energy is zero, which gives the following implicit equation for the
peak position as a function of temperature

oI, T | 2(EQ—E—¢) 8¢ (EQ.—E)

ol I L St 2 g (S7a)
(ES-E)+12] (B -E) +12]

= 0= [(Eh—E)"+T°| (E) —E—¢) +4e (ES —E) 4. (S7b)

The temperature dependence is hidden in this equation in Etor, €, and I'. However, we are not interested in the complete shift, as

much of the shift will be due to band gap and binding energy renormalization, but the shift relative to E. For convenience we
will denote the shift we are interested in as AE = E_. — E. Keeping only the terms we have explicitly calculated this gives a
third order polynomial equation for AE, which we can Taylor expand in temperature about some temperature 7p.
0=AE>+3eAE?> +T°AE —T’¢ (S8a)
0= (3AE? +6€AE +T7?) AE' + (3AE* —T?) €' +2I'(AE —€)T”  (Derivative with respect to 7'.) (S8b)
(3AE? —T?) &' +2I'(AE —¢)I”
3AE? +6€AE 4172

(T—-Ty)+--- (S8¢)
Ty

where primes denote derivatives with respect to temperature. We could attempt to gain new information from this formula
by using it to compare our peak fit parameters to our linear fit to peak shift versus temperature. However, the degree of
approximation in the calculation is large and any new insights gained would be very speculative. Further, this formula is too
complicated to gain physical intuition from, so we find it doesn’t assist in understanding the data.

S7 Tail Length Low Temperature Expansion

The first three terms of the low temperature expansion of the tail length, equation (1b) from the main text, are

my my 4mya® my 4mya? 2
€= —kgT |1—— kBT—i—( kBT> — ] (S9)

me mMyy hz myy hz

This expansion shows that the temperature scale that controls the convergence of this series is

1 m, B 409Knm?
- L

=—— = S10
¢ kB nmy 4mxa2 a ( )
Values of T for the values of @ used in Fig. 4c of the main text are shown in Table S2. Since T is lower when a is larger, higher
order terms need to be included when a is larger, which explains the increasingly non-linear behavior observed for larger values
of a. T is on the order of a few hundred Kelvin for most values of a in Fig. 4c, which necessitates the use of higher order terms
to describe the tail length curves at even the lowest temperature, < 83 K, in Fig. 4c.

5/6



alom] | 054 096 135 1.78

T.[K] | 1403 444 224 129

Table S2. Convergence temperature scale for each value of a used in Fig. 4¢ of the main text.
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