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Supplementary information  

Mathematical deviations of corneal tangent modulus1 

The basic principle of Goldman applanation tonometry comes from the Imbert-Fick law.2 

Ideally, the IOP is given by  

IOP =  
𝐹

𝐴
 ,                                                             (1) 

where F is the force applied to the applanation head and A is the flattened area of the cornea 

(Figure 7). The law is valid when the cornea is infinitely thin, perfectly elastic, spherical 

and dry at the contact surface. Nevertheless, none of the assumptions is true for human 

corneal tissue. When an indentation probe is in contact with the cornea, the actual balance 

of force is therefore  

𝐹 + 𝑠 = 𝐴 ∙ IOP + 𝑏 ,                                                   (2) 

where s is the surface tension of the tear film and b is the resistance of the cornea to 

deformation (Figure 7). The resistance force b during indentation of a partial spherical 

shell by a concentrated force is derived from the Roark’s formula,3 which can be 

calculated as 

𝑏 =  
𝐸∙𝑡2

𝑎(𝑅−𝑡 2⁄ )√1−𝑣2
𝛿                                                     (3) 

in the absence of surface tension and IOP. The resistance force b is dependent on corneal 

material properties, such as corneal tangent modulus E, corneal geometry constant a, 

corneal thickness t, corneal radius of curvature R, Poisson’s ratio of the cornea ν, and 

indentation depth δ. The value of a is determined from µ ,3,4 

𝜇 = 𝑟𝑜 [
12(1−𝜈2)

(𝑟−𝑡 2⁄ )2𝑡2]
1 4⁄

                                                   (4) 

where r0 is the radius of a circular flat-surface probe that is in full contact with the cornea. 

 

By differentiating equation (2) with respect to indentation depth δ, it gives  

𝑑𝐹

𝑑𝛿
+

𝑑𝑠

𝑑𝛿
=

𝑑

𝑑𝛿
(𝐴 ∙ 𝐼𝑂𝑃) +

𝑑𝑏

𝑑𝛿
 .                                           (5) 



Changes in the surface tension s can be negligible under constant IOP and constant 

contact area A. After substituting equation (3) into (5), it gives  

𝑑𝐹

𝑑𝛿
=

𝐸∙𝑡2

𝑎(𝑅−𝑡 2)√1−𝑣2⁄
 .                                                    (6) 

Rearranging equation (6), the equation for corneal tangent modulus becomes 

𝐸 =
𝑎(𝑅−𝑡 2)√1−𝑣2⁄

𝑡2

𝑑𝐹

𝑑𝛿
 .                                                    (7) 

Therefore corneal tangent modulus E at individual-specific IOP can be determined by 

substituting individual corneal thickness t and curvature R measured using available 

clinical devices, and individual corneal stiffness 
𝑑𝐹

𝑑𝛿
 obtained from the CID.      
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