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RESPONSE	MODELS	WITH	LIMITED	EXTRAPOLATION	HORIZON	
In order to investigate the hypothesis that subjects may only be able to predict the pole dynamics 

accurately over a limited period before having to switch to a heuristics, we investigated a class of 

partly heuristic forward models (lh_cVEL).  

Let ݐ௡௢௜ ൌ  be the time after which the force that is applied to the cart is clamped to zero and let ݏ4.5

௢௖௖ݐ ൌ ௡௢௜ݐ ൅ ݏ0.1 ൌ ௥௘௦௣ݐ be the time of the occlusion onset. Furthermore, let ݏ4.6 ൌ ௢௖௖ݐ ൅ ݏ0.9 ൌ

௡௢௜ݐ ௘௦௧. Forߠ be the time when the subjects have to report their current pole angle estimate ݏ5.5 ൑

ݐ ൑  ௥௘௦௣, the true dynamics of the cart-pole system are described by the second-order differentialݐ

equations (1) with the initial state ݏ௜௡௜௧ ൌ ݐሺݏ ൌ ௡௢௜ሻݐ ൌ ሺݔሺݐሻ ሶݔ ሺݐሻ ሻݐሺߠ ሶߠ ሺݐሻሻ். 

     

These equations describe also the dynamics that are simulated by the model PERF, which 

consequently extrapolates the pole angle ߠሺݐ௥௘௦௣ሻ without error. When assuming constant pole 

acceleration (cACC) or velocity (cVEL) after the occlusion occurred (ݐ ൒  ௢௖௖ሻ, the estimated poleݐ

angle ߠ௘௦௧ሺݐ௥௘௦௣ሻ is determined by simulating the dynamics, which are described by the differential 

equations in (2) and (3) with the initial state ݏ௜௡௜௧ ൌ ݐሺݏ ൌ  .௢௖௖ሻݐ

ሷ௘௦௧ߠ  ൌ  ௢௖௖ሻ (2)ݐሷሺߠ

ሶ௘௦௧ߠ  ൌ  ௢௖௖ሻ (3)ݐሶሺߠ

Our model lh_cVEL has one parameter ݄, െ100݉ݏ ൑ ݄ ൑  which determines the duration ,ݏ900݉

of precise state extrapolation in milliseconds. It first either observes (݄ ൑ ݄) or extrapolates (ݏ0݉ ൐

௢௖௖ݐሺݏ the state (ݏ0݉ ൅ 	݄ሻ by simulating the true dynamics (equation 1) using the initial state ݏ௜௡௜௧ ൌ

ݐሺݏ ൌ  ௢௖௖ሻ. Then, it switches to the constant pole velocity model (cVEL) and simulates theݐ

corresponding dynamics (equation 4) for	ݐ௢௖௖ ൅ ݄ ൑ ݐ ൑ ௜௡௜௧ݏ ௥௘௦௣ using the initial stateݐ ൌ

ݐሺݏ ൌ ௢௖௖ݐ ൅ ݄ሻ. 

ሷߠ ൌ ,ߠ൫ܨ ሶߠ , ݑ ൌ 0൯ ൌ
݃ sinሺߠሻ ൅ cosሺߠሻ ቆ

െݑ െ݉௣	݈	ߠଶሶ sin ߠ
݉௖ ൅ ݉௣

ቇ

݈	 ൬
4
3 െ

݉௣ cosଶ ߠ
݉௖ ൅ ݉௣

൰
 

ሷݔ ൌ ,ߠ൫ܩ ሶߠ , ሷߠ , ݑ ൌ 0൯ ൌ
ݑ ൅݉௣	݈	൫ߠሶ ଶ sin ߠ െ ሷߠ cos ൯ߠ

݉௖ ൅݉௣
 

(1) 
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ሶ௘௦௧ߠ  ൌ ௢௖௖ݐሶሺߠ ൅ ݄ሻ (4) 

For ݄ ൌ  the model coincides with the model PERF, which represents perfect knowledge of ݏ900݉

the pole dynamics. Correspondingly, for ݄ ൌ  the model coincides with the model cVEL, which ݏ0݉

assumes that, the pole velocity remains constant over the time of the occlusion. We investigated 61 

values of ݄ corresponding to the 61 frames (Δݐ ൌ ݄) from 100ms before (ݏ1/60 ൌ െ100݉ݏ) to 

900ms after (݄ ൌ  the pole occlusion. The prediction error increases with increasing value of (ݏ900݉

the parameter ݄. This corresponds to the decreasing accuracy of the model (Figure 1). 

 

 

Figure 1. Prediction error as function of the extrapolation horizon (ࢎ) averaged over all stimuli. Notice 

that the prediction error monotonically increases with decreasing value of the parameter ݄. 

In order to determine the best fitting model (݄௦∗) for each subject (ݏ), we first calculated the root mean 

squared error (்ܴܧܵܯସ,௦,௛) between the models’ (ܮܦܯ௛ ൌ ܴܵ) ’௥௘௦௣ሻ) and subjectsݐ௘௦௧ሺߠ ்ܲସ,௦) 

responses in block T4 for each model (݄) (Equation S1). 

ସ,௦,௛்ܧܵܯܴ  ൌ ට ଵ

ସ଴
∑ ൫ܴܵ ்ܲସ,௦,௧௥௜௔௟ െ ௛,௧௥௜௔௟൯ܮܦܯ

ଶସ଴
௧௥௜௔௟ୀଵ  (S1) 

The best fitting model (݄௦∗) for each subject (ݏ) was determined by minimizing the root mean squared 

error with respect to ݄ (Equation S2).  

 ݄௦∗ ൌ argmin
௛
  (S2)	ସ,௦,௛்ܧܵܯܴ
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Figure 2 shows the root mean squared error of all investigated models in the class lh_cVEL for two 

representative subjects, one from the group VF and the other from the group MF. 

 

Figure 2. Root mean squared error of the model class lh_cVEL for two representative subjects. The best 

fitting model (݄∗), according to the root mean squared error (RMSE) is for each of the two subjects indicated 

by a star. For the subject representing the group MF, ݄∗ (extrapolation horizon) is higher (closer to the model 

which perfectly extrapolates the dynamic behavior of the pole: ݄ ൌ  than for the subject representing (ݏ900݉

the group VF. 


