Appendix

“Bra-ket” notation In the appendices we use special notation
to deal with column vectors, row vectors and their products. The
correspondence between this notation, which is borrowed from
theoretical physics, and the more standard one is:

column vector X |x)
row vector w' (w|
scalar product w'x (w|x)
rank-one matrix ~ xw’ |x) (w|
For example, the equality w'Ax =w' (Ax) = (ATw)Tx corre-
sponds to (w|A|x) = (w|Ax) = (ATw|x) in the new notation.

Appendix A. Generic perturbations lead to the same asymptotic
return rate

Here we show that the asymptotic return rates are essentially
independent of the perturbation direction u and of the observation
direction w.

We begin by investigating the long-term behavior of (w, x(t)) =
(w, eAtu). We assume that A has no degenerate eigenvalues, which
is generically the case. This ensures that its spectral decomposi-
tion exists, constructed using the eigenvalues A; and corresponding
(right) eigenvectors vf and left eigenvectors v{.- (i.e., eigenvectors
of AT). For simplicity we assume that the dominant eigenvalue is
real; we discuss the case of a complex conjugate pair of dominant
eigenvalues at the end of this appendix. We order the eigenvalues
such that

)\.] > 5)1\2()\.2) > E?te(k3) > ...
Using the spectral decomposition, we have

A= Z)‘ih)}z) (] and e = Ze)»,'th]?) (W,
A i

so that
(Wlx(t)) = (wle*u) = 3" e (wvf) (v} ).

If (w|v‘})(v%|u) # 0 and for sufficiently large t (more precisely, for
e~ (1—Me(2))t « 1), the sum in the right-hand side is dominated
by the i =1 term,

(wlx(t)) ~ e (wivf) (v |u),

so that (see also Appendix B),

_Infwix®)]  ,  In[wph ]
t ~ 1 —t ~ 1
ins d d R L
R (W) = —- In[(wx(©))| ~ —A1 — - In[(wlr) {vlu)] = 24
L 0 LI TR

These approximations, valid for large t, become exact in the limit
t— oo. Hence,

Ree () = lim RI™(w) = lim R{*(w) =~

Hence, the asymptotic return rates do not depend on the pertur-
bation direction u (as long as (v%|u) #0) and on the observation
direction w (as long as (w[vR) # 0).

Similarly, for sufficiently large t and if (v%|u) £0,

()1l ~ M [vR|] (v ).

Substituting this expression into the defintion of return rates R,
Rits and R{“E, we get
Roo = lim RIM = lim R{"E = ;.
t—o0 t—o0
The case of a complex conjugate pair of dominant eigenvalues is
more subtle. In this case also the asymptotic return to equilibrium
is governed by the dominant pair of eigenvalues (and correspond-
ing eigenvectors). The asymptotic regime has persistent oscillations
of decreasing amplitude. The rate of decrease of the amplitude is
equal to asymptotic resilience (equal to minus the real part of the
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Fig. A.l. Return to equilibrium depends on perturbation direction - case of complex conjugate pair of dominant eigenvalues. Same figure as Fig. 3, but for different commu-
nity matrix, A = (‘2'5 ‘1). The oscillatory behavior leaves a clear imprint on the decay of the distance to equilibrium (panel C) and on the convergence of return rate R;{"®

-1
to asymptotic resilience (panel D).

dominant eigenvalues). However, because the return rates are com-
puted on the oscillating variables (rather than on the amplitude
of the oscillations), the return rates for large t can also oscillate,
without converging to a proper limit. The distribution of instanta-
neous return rates R{“S remains wide for large time t (Fig. A.1). In
contrast, the average return rates R{*® have a distribution that be-
comes narrow for large time t, converging to asymptotic resilience.

Appendix B. Direction of observation

In the main text we defined return rates using the Euclidean
norm [|x(t)|| to measure the extent of the dynamical displacement
from equilibrium, see Eqgs. (3)-(5). To compute the associated re-
turn rates, all dynamical variables x;(t) have to be observed. When
this is not practical or even possible, it is more convenient to use
return rates that require a limited number of dynamical variables.
Here we introduce return rates of a particular ecosystem variable
of function (e.g., total biomass, nutrient uptake). After lineariza-
tion such a variable becomes a linear combination Y ;w;x;(t) =
w'x = (w|x), where the vector w can be interpreted as an ob-
servation direction. For instance, the direction of total biomass is

w' =(1,1,...,1). The corresponding return rates are
Reo (W) = tlim —w (B.1)
ins d
R (W) = — g In[{w]x(6)] (B.2)
_ +
R2% ) - HOWIX(O)| I |(wix(0))| 53)

t

Note that we have added the dependence on the observation direc-
tion w to distinguish these return rates (e.g., R{'®(w)) from those
based on the Euclidean norm (e.g., R;{"®).

Appendix C. Return times

As explained in the main text, return time can be defined as
the amount of time it takes for the system to return, and remain
within, a specified distance to equilibrium. We denote the allowed
distance to equilibrium by c. Then, the return time T(c) is defined
as

T(c) =min{t | |x(t+5)|| <c for all s > 0}. (c1)

Fig. C.1 illustrates how the requirement that the displacement re-
mains within this bound for all times t>T(c) allows us to deal
with non-monotonous return to equilibrium. It is interesting to
note that the inverse function T(c) has a simple interpretation. It
is the maximal displacement ((t) that occurs after time ¢,

C(t) = max [[x(s)]|. (C2)
The relationship between T(c) and C(t) is explained graphically in
Fig. C.1.

Neither T(c) nor C(t) are directly comparable to return rates
Rins and R;*®. To see this, note that T(c) has units of time, while
C(t) is unitless (recall that Ri" and R{*® have units of recipro-
cal time). This shortcoming can be overcome by applying an ap-
propriate transformation to T(c) and ((t). To find this transforma-
tion, we consider a single-species system, for which A = —«a with
>0 and RI™ =R{"® = a. We find C(¢t) =x(0") e~ and T(c) =
—(lnc - 1nx(0+))/a, suggesting the following transformed quanti-
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Fig. B.1. Return to equilibrium depends on perturbation direction - displacement measured along a particular observation direction. Same figure as Fig. 3, but the displace-
ment from equilibrium is measured as the deviation of total biomass from its equilibrium value. This corresponds to projecting the trajectories on the observation direction
w' = (1,1) (dashed line in panel A). The patterns are qualitatively the same as those in Fig. 3, but the variation around the median is larger.
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Fig. C.1. Definition of return times. Panel A: same as Fig. 1, but for a return to equilibrium with damped oscillations. Panel B: we define the return time T(c) as the smallest
time starting from which the distance to equilibrium remains smaller than a factor c of the initial displacement ||x(0*)|. To construct the return time, it is convenient to
introduce the quantity C(t) as the largest displacement after time t relative to the initial displacement. The function ((t) is monotonously decreasing; its inverse is the return

time T(c). Parameter values: N*7 = (2.4,1.6), A= (72> _") and u” = (0.9,0.4).

ties,

InC(t) —In ||x(0*)|| Inc—In||x(0%)]|
R S (O
(C.3)

C =

which have the dimension of reciprocal time. For the purpose of
comparison, stability measure C; is of particular interest, because
it is indexed by time t like return rates R™ and R;'®. Substituting
the definition of C(t), we get

_ Inmaxg. [|%(s)|| —In [|x(0)]|
; ,

C =

showing that ¢; is closely related to R;*®. They are equal when
maxsst ||X(s)|| = ||x(t)||, which holds when the return to equi-
librium is monotonous. This indicates that our results, although
mostly expressed in terms of return rate R;'®, are also valid for
stability measures based on return times such as (.

Appendix D. Median return rate

We derive approximate expressions for the median value of re-
turn rates RI" and R{*® for a random perturbation u. The only
information the approximation requires about the distribution of
perturbation vectors u is a correlation matrix C. In the next section



we compute this correlation matrix for a few simple perturbation
models.

We start by deriving some exact expressions for averages over
the distribution of perturbation vectors. First, we consider the
squared displacement from equilibrium. Denoting by E the mean
over the distribution of vectors u, we have

E ([Ix(t)[|1%) = E (x(t)|x(t))
=E (e*ule’u)
=K (Tr |eA‘u>(eAfu|)
=Tr M E(|u)(ul) e
=TreMCeA™, (D.1)

where C =E |u)(u| is the correlation matrix of perturbation vec-
tors.

Next, we consider the time derivative of the squared displace-
ment from equilibrium. We have

d 2 _ d At t
IR = - (e uleu)

= (AX(D)]x(1)) + (x(t) |AX (1))
=2(x(t)[H(A)X()).

where H(A) = (A+AT)/2 is the symmetric part of matrix A. Taking
the mean over the perturbation vectors u,

2 (S IxO1) = 25 O HWFO)
—2E (Tr IH(A) eu) (ef‘fu|)
=2Tr H(A) ™ E(|u) (ul) e*"
=2Tr HA)eMCer". (D.2)

We are interested in averages of [|x(t)||, Ri" and R{'®. These
quantities can be expressed as non-linear functions of ||x(t)||% and
d 112
allx@©1°.

(@O = v/llx(t)[|2
ins __ _#E 2
rave _ I [x(©O] —In lx(0)|?
£ 2t '

Applying these functions to the means of ||x(t)||? and %Hx(t)”2
(i.e., Egs. (D.1) and (D.2)) gives poor approximations for the means
of [|x(t)ll, RIS and R;*®. Applying the same procedure to medi-
ans leads to much better approximations. Explicitly, denoting by
M the median value over the perturbation vectors u, we get from
Egs. (D.1) and (D.2),

M([|x(t)[|?) ~ TrCer't e

M(% %) ||2) ~ 2Tr Ce’T H(A) e

Hence,
M([|IX(6)]l) ~ |/Tr (CeA't er) (D.3)
i Tr(CeftH(A)ett)
M(R{™) ~ e D (D.4)
In(TrCeAteAt) —In(Tr C
M(R?VE) ~ _ n( ree e2t) n( r ) (DS)

The accuracy of the approximations is excellent, as illustrated in
Figs. 2-4 and A.1 (compare full line (numerically computed me-
dian) and x -marks (analytical approximation); Eq. (D.3) in panel C
and Eq. (D.5) in panel D).

It is interesting to consider the median of initial return rate
RIS = lim,_,o R{"®. From Eq. (D.4) or (D.5),

Tr(CH(A))  Tr(CA)
T mC T TC

In the simple case where C is proportional to the identity matrix
(see next section), we find that

M(Rg*) = lim M(R]®) ~

n n

M(Rg*) = 1E%M(R?Vg) = —%TrA = —% ;Ai = % ; —Re(Xp),
where A; are the eigenvalues of A. Hence, the median initial return
rate is always positive and larger than asymptotic resilience. This is
the case even for reactive systems, for which the initial return rate
for some perturbation directions is negative (that is, the system
initially moves away from equilibrium).

A similar procedure as above can be used to derive approxima-
tions for the median values of [(w, x(t))|, RI"(w) and R;"¢(w),

M ([ (w, x(t))]) ~ /(w| eA CeA't w) (D.6)
. (w| e (AC + CAT) eAtw)
M(Rt (W)) ~- 2 (\Ev| eAtCeATt)W> (D.7)
t Tt _
M(Rf"g(w)) - _In(w|efCet 2\/;/) In <W|CW>v (DS8)

The accuracy of these approximations is illustrated in
Fig. B.1 (Eq. (D.6) in panel C and Eq. (D.8) in panel D).

Appendix E. Correlation matrix of perturbations

The statistics of the perturbation u acting on the system are
summarized in the correlation matrix C. Here we derive this co-
variance matrix for two simple random perturbation models. In
the first model we assume that all perturbation directions u are
equally probable. This implies that on average all species are
equally displaced. In the second model we allow that certain per-
turbation directions are more probable than others. In particular,
we assume that a typical perturbation will displace more, in abso-
lute terms, species with large equilibrium biomass.

To define the first model, we specify the distribution of the ran-
dom perturbation vector u. For a given perturbation direction (i.e.,
given u/||u||), the norm |u|| of the perturbation vector has no ef-
fect on the return rates by linearity. Hence, we can choose |[u| = 1.
Then, because all perturbation directions are equally probable, we
see that the perturbation vector u is uniformly distributed on the
unit sphere (i.e., the sphere defined by the condition ||u| = 1).

To generate samples from this distribution, the following proce-
dure can be used,

1. Generate a vector v, of the same dimension as u, consisting of
independent standard Gaussian variables v;.

2. The normalized vector u = v/||v| gives a sample from the uni-
form distribution on the unit sphere.

Note that the components v; of vector v have to be taken from
a Gaussian distribution for this procedure to work. Hence, we have
the following relationships between the probability distributions of
v,uand r=|v|,

Pvedv) =P(redr)P(uedu) = HIP’(vi e dy;), (E1)



where the distributions P(v; € dv;) are standard Gaussian.

To compute the corresponding correlation matrix C, we start
from the equality
C=E |u)(ul =/|u)(u| P(u e du). (E2)

We multiply both sides of the equation by r% and integrate with
respect to distribution of r = ||v||. For the left-hand side, we get

/CrZIP’(redr)=C/r2P(redr)

=C/||v||2 P(v e dv)
ZC/ZU?HP(Ui € dv,-)
i i
=Cz:/vi2 P(v; € dv;) = nC,
i

where n is the dimension of u and v. For the right-hand side, we
get

/ |u)(u| P(u e du) r? P(redr) = / |v) (v| P(v € dv).
Hence, we find that

c— %/|v><u| P(v € dv).

The integral in the right-hand side is equal to the correlation ma-
trix of the random variables v;. They are independent and have
variance 1, so that

C:l]l,
n

(E.3)

(E4)

where 1 denotes the n x n identity matrix.

To define the second model, we give the procedure to sample
random perturbations u. The procedure is a slightly modified ver-
sion of the previous sampling procedure,

1. Generate a vector v, of the same dimension as u, consisting of
independent standard Gaussian variables v;.

2. Multiply the vector v by D, the diagonal matrix containing the
equilibrium species biomass, giving w = Dv.

3. The normalized vector u = w/||w|| gives a sample from the dis-
tribution of perturbation u.

Note that this is again a distribution on the unit sphere (defined
by ||u|| = 1). However, this distribution is not uniform due to the
multiplication by matrix D.

We compute the corresponding correlation matrix C. First, we
note that the components of vector w are independent Gaussian
variables. Their distributions are not identical; component w; has
variance Dizi (and mean 0). Introducing the variable r = ||w||, we
have the following relationships,

P(w e dw) = P(r e dr) P(u € du) = [ [P(w; € dw;), (E.5)

1

Then, we can apply a similar computation as for the first model.
Using that

/rz P(redr) = Z/Wf P(w; € dw;) = ) "D,
we get
c= ﬁ / W) (w| P(w € dw). (E.6)

The integral in the right-hand side is the covariance matrix of the
random variables w;. Substituting their variances and covariances,

we find that
1
YiD;
This result show that, on average, species with larger biomass are
affected more strongly by the perturbation. The standard deviation
of the displacement of species i is proportional to D;;. Hence, the
displacement strength relative to species biomass does not differ

between species. Note that also for this second model the pertur-
bation affects species in an uncorrelated way.

C

D?. (E7)

Appendix F. Effect of rare species on asymptotic resilience

Here we illustrate a simple mechanism of how a rare species
can determine asymptotic resilience. We assume that the rare
species is present in the community without significantly affect-
ing the other species, but is kept at low abundance by interactions
with the core community (a satellite species). We consider two
cases: one in which the rare species can persist in the commu-
nity without immigration, and another in which the rare species is
maintained by immigration (a sink population).

We focus on the dynamics of the satellite species, which we
describe by logistic growth with immigration. Denoting its biomass
by Ny, the dynamical equation reads,

dN Ny +ﬂ10N0> ter

1 — —
o - (1 K

with r; the intrinsic growth rate, K; the carrying capacity, and ¢,
the immigration rate of the satellite species. Variable Ny aggregates
the biomass of the core species. Because the effect of the satellite
species on the core species is assumed to be negligible, the dy-
namics of Ny are autonomous, converging to an equilibrium value
N§. Competition coefficient 819 quantifies the negative effect of the
core species on the satellite species, effectively reducing its intrin-
sic growth rate,

N; N*
rn — n (1 — ‘B]O O) =0o1n Wlth o = 1- ﬁl]g 0. (FZ)
1

(E1)

The factor «; is smaller than one, and can even be negative. The
effective growth rate oqr; is equal to the invasion fitness of the
satellite species (without immigration).

First, assume the satellite species has positive invasion fitness,
o1 >0, so that it can persist in the community without immi-
gration. Neglecting immigration, ¢c; = 0, we find that the equilib-
rium biomass is Nj = @1K; and that the corresponding eigenvalue
is —aqrp (recall that the other eigenvalues of the community dy-
namics are basically unaffected by the satellite species). Hence, for
small «q, the satellite species contributes a small eigenvalue (in
absolute value). The eigenvalue might be smaller than the other
eigenvalues of the community dynamics, in which case the satel-
lite species determines asymptotic resilience.

Second, assume the satellite species has negative invasion fit-
ness, oy <0, so that it is maintained in the community by im-
migration. Neglecting intraspecific competition (i.e., dropping the
N2 term in Eq. (F1)), we obtain the equilibrium biomass N; =
¢1/(|log]rp) and the corresponding eigenvalue ory. If immigration
is very weak (very small c;), both biomass and eigenvalue can be
small. Hence, the satellite species can contribute a weakly negative
eigenvalue to the community dynamics, and might even determine
asymptotic resilience.

The two cases (positive and negative invasion fitness) are illus-
trated in Fig. 5. For concreteness, we complement Eq. (F.1) with a
simple dynamical equation for the aggregate biomass N,

dNo NO). (F3)

= T'()No(] — E
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Fig. F.1. Rare species determine asymptotic resilience in random community model.
Same model as in Fig. 6, but here we look at a single realization. Black line: recov-
ery trajectory for full community (averaged over perturbation directions). Red line:
recovery trajectory for community from which the rarest species has been removed.
Inset: zoom of the recovery trajectories for shorter times.

We take rg = 1.0 and Ky = 1.0, so that Njj = 1.0 and the associated
eigenvalue Ag = —1.0. For the satellite species we set r; = 1.0 and
B1o =0.8.

In case A of Fig. 5, we take K; = 0.77 and ¢; =0, so that oy =
—0.039. Hence, the satellite species cannot persist and the commu-
nity dynamics are not affected.

In case B of Fig. 5, we take K; =0.83 and c¢; =0, so that
o1 = 0.036. Hence, the satellite species can persist and its equi-
librium biomass is Nj = 0.030. This introduces a new eigenvalue
in the community dynamics, equal to —0.036 = 0.036 Ay, which is
strongly dominant. This illustrates the first case discussed above.

In case C of Fig. 5, we take K; =0.77 and c; =0.002. The
satellite species is maintained by immigration and its equilibrium
biomass is Nj = 0.027. The associated eigenvalue —0.11 = 0.11
is strongly dominant. This illustrates the second case discussed
above.

The previous observations can be generalized to many-species
communities, as shown in Fig. 6. Here we look more closely at a
single model realization (Fig. F.1). In this example, asymptotic re-
silience can be linked to a single species, because the left eigen-
vector associated with the dominant eigenvalue is strongly concen-
trated on a single component. This species is the rarest of the com-
munity. When removing this species, asymptotic resilience changes
drastically, but the short-term recovery dynamics do not (see inset
in Fig. F1). The same phenomena are observed in a majority of
model realizations. In other cases, asymptotic resilience is not as
clearly associated with a single rare species.
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