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1 Simulation Studies: Continuous Response

In this subsection, we apply MWPCR to the high-dimensional prediction problem. We are inter-
ested in predicting univariate continuous responses y; by using 20 x 20 x 10 image data x; = {X; g :

g € G}. We generated the 3D-images x; as follows:
Xig = Bo(g)li +€i(g) for i=1,--- ,n =50, (1)

where [; =1+ 0.01(¢ — 1) and 3 is the same as the image in the left panel of Figure (1). We set

y; =1; for : =1,...,50. In this case, we have n = 50 and p = 4, 000.
(1

i

We consider three types of noise €;(g) in (1). First, €

a N(0,22) generator across all voxels. Second, (—:Z@) (8) = Xjjg—gli<1 e§1)(g’)/mg were generated

(g) were independently generated from

from ez(.l)(g) by introducing the short range spatial correlation, where || - ||; is the L; norm of a
vector and mg is the number of locations in the set {|| g’ — g ||1< 1}. Third, to introduce the
long range spatial correlation, eZ(S) (g) were generated according to 653) (g) = 2sin(mg1/10)&1 +
2cos(mga/10); 2 + 2sin(mgs/5)&i s + € (g), where g = (g1,92,93)7 and & for k = 1,2,3 were
independently generated from a N(0, 1) generator. Moreover, the noise variances in all voxels of
the red cuboid region equal 4, 4/6, and 4{sin(rg;/10)? + cos(mg2/10)? + sin(wgs/5)%} + 4 for Type
I, II, and III noises, respectively. Therefore, among the three types of noise, Type III noise has the
smallest signal-to-noise ratio and Type II noise has the largest one.

We ran the three stages of MWPCR for the second set of simulations as follows. In Stage 1, we
fitted the same linear model as (1) for f(x;g|y:, 3(g)), in which z; was dropped out. Then, W7 is
calculated based on the p-value of Wald test associated with the correlation between x; ¢ and y; at
each voxel g. Similar to the first set of simulations, MWPCR1, MWPCR2, and MWPCRS3, respec-
tively, correspond to the location kernel Kj(.), the similarity kernel K(.), and the combination of
kernels Ki(.) and Ka(.). In Stage 2, we tried different numbers of principal components of PCA
to reconstruct the low dimensional latent variables {uy ;}r<x. The analysis results are very robust

and we just report the results corresponding to 5, 7 and 10 principal components (PCs) in Figure



2. In Stage 3, we fitted a linear latent variable regression given by y; = ag + Zszl apug; + € to
do prediction.

We compared MWPCR and three other dimensional reduction methods including PCA | weighted
PCA (WPCA) (Skocaj et al., 2007), and supervised PCA (SPCA) (Bair et al., 2006). We used
the leave-one-out cross validation method to compute the prediction errors of all methods. Let y;
be the fitted response value based on the linear latent variable regression, the prediction error is
defined as |y; — yi|/|yi|]- Subsequently, we calculated the prediction error difference between MW-
PCR and all other three methods across different types of noise and different numbers of principal
components. Figure 2 presents the box plots of the prediction error differences under different sce-
narios. These simulation results confirm that MWPCR outperforms all other methods for different
types of noise and different numbers of PCs. Figure 3 reports some further results based on the
variance thresholding. The green, red and blue curves in Figure 3, respectively, represent the first,
second, and third quantiles of the error differences between MWPCR and the three other methods
as the variance thresholding increases. These results further show that MWPCR outperforms all
other methods.

We compared MWPCR with four other high-dimensional regression methods, including penal-
ized regression (PR) (Tibshirani, 1996), sure independence screening (SIS) regression (Fan and Lv,
2008), support vector regression (SVR) (Basak et al., 2007), and SPLS (Chun and Keles, 2010). We
used the software packages SLEP (Liu et al., 2009), SIS (Fan et al., 2010), LIBSVM (Chang and
Lin, 2011), and spls (Chung et al., 2012) to run PR, SIS regression, SVR and SPLS, respectively.
Figure 4 shows the boxplots of the prediction error difference between MWPCR and all the other
regression methods under the three types of noise. The prediction error differences are almost
always less than 0 (under the dashed line), indicating that MWPCR outperforms PR, SIS, SVR,

and SPLS.



2 Theoretical Properties for Binary Classification

In this section, we theoretically compare MWPCR with standard and supervised PCAs, which do
not incorporate the spatial and important score weights, in a high-dimensional binary classification

problem. Our results shed some new insights on MWPCR in such problem.

2.1 Setup

We introduce several notation that will be used in the following context. Consider two sequences

of constant values {a, :n=1,...,00} and {b, : n=1,...,00}.
e Denote a,, > by, if lim,,_,oay, /b, = 0.
e Denote a, < by, if o <lim,, ,  a,/by < lim, 5000, /by < ¢1 for two constants ¢; > ¢z > 0.

Consider a binary classification problem with (x;,y;), where y; = 0, 1 is the class label. Without
loss of generality, it is assumed that y; =0fori=1,...,nyandy;, =1fori=n1+1,...,n and

xilyi ~ N ('“’yw Z). Let pp1 =ni/nand X =Y ;" | x;/n. We have

if\’J*]\[(#'vn_IZI) y E(i) :M:pn,1”0+(17pn,l)ll'lv

Xi —plyi =0~ N ((1=pn1)(o— 11), %), xi—plyi =1~ N (pn1(peg — o), %)

2.2 Theory Under an Ideal Scenario

In this subsection, we assume that ¥, pg, and p; are known and investigate the effect of applying
the spatial weight and importance score weight matrices on PCA and its variants for classification.
We consider the spectral decomposition of ¥ = VDVT, where D is the diagonal matrix of the
population eigenvalues \; > Ag > --- > X\, and V = [vy,---,Vp| is the matrix of corresponding
population eigenvectors. Let a®? = aa’ for any vector or matrix a and || - ||z be the Euclidean

norm of a vector or matrix. In addition, we assume a multiple component spike model (Paul, 2007;



Jung and Marron, 2009) such that as n — oo, the eigenvalues satisfy
00 >AL > A > > Ay S Mgt — - = Ay = 07, (2)

where m is a finite positive integer and o is a positive constant. We define a signal set and a noise

set, which are, respectively, denoted by S and S*, as follows:
S =span{vy,---, vy} and St =span{v,, 1, -- ,Vpt. (3)

We consider three different spatial weight matrices including a precision matrix, a kernel matrix,
and a selection matrix. We state the following theorems.

The expectation of n=t 31 | (x; — p)(x; — p)T is equal to So = X+ pn1 (1 — pn1) (g — 1) 2
Similarly, for any weight matrix Q), the expectation of Q¥Tn =1 Yo (xi — ) (% — 1)TQW is
given by

S =QUTEQY + poi(1 - pu1) QYT (g — pg)®2QY. (4)

If we set Q) = £71/2, then (4) reduces to
Spa) = Ip+ pna(l = pr ) S (g — ) PSR, (5)

We obtain the following results about the eigenvalue-eigenvector pairs of o and ¥ p(;) and their

impact on PCA as follows.

Theorem 1 We have the following results:
(a) Under Assumptions (2) and (3), if o — py € ST and ||y — p1]|2 << A, then the first m

etgenvalue-eigenvector pairs of Yo are the same as those of 3.



(b) The eigenvalues and eigenvectors of X1y are, respectively, given by

Mgy =1+ pna(l - P )IIE72 (1 — o)l > AB(1)2 =" =Ap)p =1L, (6)

Ve =22y = po) /1S (g — po)ll2s Ve € {VeQ)a}T for 1>2.

(¢) Except for a constant, the extracted first principal component (x; — u)TE*UQVE(l)jl corre-
sponds to the Bayesian optimal classifier and (xi—u)Tﬁfl/QvE(l)J\yi ~ N(A=1+y)||=2(py —
o)ll2, 1). The misclassification rate of the Fisher discriminant based on the extracted first principal
component is equal to 1 — ®(||S7Y2(uy — po)||2/2), where ®(-) is the distribution function of the

standard normal.

Theorem 1 has several important implications on PCA and its variants. Theorem 1 (a) indicates
that if the signal ||py — pq||3 is relatively weak and g, — g is orthogonal to S, then the first m
principal components of o do not contain useful information for better classification. Thus, PCA
may produce misleading feature selection and inferior classification under the presence of strong
correlations in X. Similar comments are also correct, when one standardizes X before applying
PCA. Theorem 1 (b) indicates that without noise, the normalized ¥~1/2(puy — ) is always the
most important direction selected by MWPCR when Q) = %~1/2. Furthermore, if the signal
[[Z712(puy — po)l|2 is very strong, we expect that the estimated largest eigenvector of Ypa) is
approximately parallel to $=1/2(p; — p). Theorem 1 (c) indicates that the use of Q) = £~1/2 in
MWPCR can substantially improve classification accuracy.

We consider the effect of applying a kernel matrix. Specifically, as discussed in Section 2, we
may construct a spatial kernel matrix Wg by using either the local spatial weights or the weighted
adjacency matrix in order to reduce noise in data (Buja et al., 1989). Therefore, for the binary

classification problem, it is assumed that W satisfies

WEeD (1 — 1o) = pol' (k1 — po), (7)



where pg is a known scalar and satisfies 0 < ¢y < |pp| < 1 and T is a pre-specified weight matrix,

such as ,~1/2

considered above. Two trivial choices of Wg are I, and T'(pg — o) ®?/||T (11 — 12o)|[3-
For the multiple component spike model, ¥ can be approximated by VDVT + UQIp, where V =
[Vi, -+, V] is @ p X m submatrix of ¥ and D= diag(A; — 02, -+, A\, — 02). In this case, we apply

We to TEol'T to get
Spe = Wel(VDVY + 0 L)TTWE + o (1= o) o5 {T (1 — 120)}°*. (8)

The eigenvalues of Wg usually satisfy three properties. First, all eigenvalues of Wg are smaller
than or equal to one. For the locally spatial weight matrix, Wg can be regarded as the transition
probability matrix of a Markov chain with p states, whose eigenvalues are not bigger than one.
Moreover, all eigenvalues of Wg = exp(—0.5L/7) based on the Laplace-Beltrami operator are not
bigger than one, since L = Wp — W is nonnegative definite. Second, when the kernels K (t) and
K(t) are differentially continuous functions of ¢, the ordered eigenvalues of Wg usually decay in
polynomial rates (Little and Reade, 1984; Reade, 1984). Moreover, since pg is usually close to one,
(p; — pg) should be the eigenvector corresponding to one of the largest eigenvalues of Wg. Third,
for I' = I, the elements of WEWE converge to zero for most smooth kernels (Buja et al., 1989),
whereas those of WEV[?VTWE do not change too much. This observation is also important as we
set T'=X~Y2, In this case, WEFZFTWE reduces to WEW]Z:, whose elements converge to zero.

Let {()‘i,wvw,k) :k =1,...,p} be the eigenvalue-eigenvector pairs of WgpWZ. It is assumed

that as min(n,p) — oo, we have
2 2 2 2
L2 X012 2 Ame = Aomet1 = Ay — 0, (9)

where m,, is a positive integer. As discussed in Buja et al. (1989), most linear smoothers (e.g.,
spline) satisfy Assumption (9). For instance, A, js are either 0 or 1 only for many linear smoothers,
such as bin smoother.

Let F be the linear space spanned by Wgvi, -, WgVy,, Vi1, s Vwm,, and We(py — pg).



We obtain the following results for X (g).

Theorem 2 Under Assumptions (2), (3), (7), and (9), we have the following results:
(a) For any v L X7V2(uy — pg) and T = S72 if pp1(1— pu1) 031|272 (g — po)|3 is larger

than 1, then we have

VTEE(Q)V

(q — Mo)TE_I/QZE 2 2_1/2(1‘1 — Ho) -
(2) > pn,l(l — Pn,l)p(Q)HE 1/2(11'1 o HO)H% = >\12U’1 = W
2

||271/2(H1 _UO)H%

If Wg is symmetric and )\121} ko = P2, then the eigenvalues of Y p2) and their corresponding eigen-

vectors are, respectively, given by

)‘1211,17 T 7)\121),]60717 )‘%u,ko + pn,l(l - pn,l)p(Q)HE_l/Q(H’l - IU’O)H%? )‘%u,ko+17 T 7>‘121},p
Vw1, 5 Vw,ko—1; 271/2(“‘1 - /"10)/"271/2(“1 - NO)|’27 Vuwko+15" " Vw,p-
(b) For T = I, if pn1(1 — pn1)pgller — moll3 is larger than o)z, . '\, then

(11 — 10) S g2y (111 — o)
ey — pol[2

T
v X gV
> pur(1= pu )Pl — poll3 > 0202, 0, 4y > ——2C)

VI3

holds for any v L F. Moreover, if pg— p; L Wgv; holds for all j < m and Wg is symmetric, then

(o — 1)/ ||1g — p|l2 is the eigenvector of g corresponding to the eigenvalue p§o® + pp1(1 —

Pn1) PRl Iy — 1ol 13-

Theorem 2 has several important implications on PCA and its variants. Theorem 2 (a) re-
veals a key advantage of applying both Wx and ~Y2. If py = 1, then the optimal direction
Y2 (g — o) /1272 (y — pg)||2 corresponds to the largest eigenvalue of Yp(2). Compared
with the eigenvalues in Theorem 1 (b), the ordered eigenvalues of Yp(2) decay much faster to
zero. Therefore, when the signal |[|X1/2(u; — pg)||3 is relatively weak, applying both kernel ma-

trix and covariance matrix can outperform solely applying covariance matrix in MWPCR. Theo-

rem 2 (b) also reveals the key advantage of applying Wg. Specifically, the use of Wg can down-



weight all vectors that are orthogonal to F and |[Wgvj|l2 < 1 holds for all j; thus, p; — pg
can easily appear in the space spanned by the leading eigenvectors of Xpoy. Furthermore, if
pni(1 = pn1)pglley — poll3 >> max(Ar, 1), then (kg — p1)/|[o — pa ]2 is the first eigenvector of
YE@)-

1/2

We examine the effect of applying the selection weight matrix Qg@ to either X or XX~ , where

X =X-— 1,7 is the centered data matrix. We consider two different sets, including a discriminative
set S) ={geG:{2(u, — o) }(g) 7 0} and a signal set So = {g € G : {pt; —po}(g) # 0}, where
{-}(g) denotes the g—th component of a vector. If ¥ is diagonal, then we have S; = S;. However,
similar to the arguments in Mai et al. (2012), we can show that S; and S can be very different for
correlated features. Without loss of generality, for & = 1,2, it is assumed that Si contains the first

ps, indices. We can partition »1/2 and p; according to S7 and Sy as follows:

My 5 s, 12 255 2SS 12 25,8, XS, Sg
My = s MW= , BT = =
My s¢ My sg Yges;  Msese Ysss, Ysssg

)

for I = 0,1, where Sf is the complement of S; for | = 1,2. Let Xg3) be the expectation of

0)rXX7r7(I

PS>

(I

pPsy»

0)”. We obtain the following results.

Theorem 3 We have the following results:
(a) S1 C Sy if and only if 23552252152(;11752 — o.5,) = 0.
(b) So C St if and only if Kise = Bosc OT Esfslzgllsl(ﬂl,& —1s,) =0.

1/2

(c) The eigenvalues and eigenvectors of Yg 3y corresponding to I' = X7/ are given by

)‘I(k),l =1+ pp1(1 - pn,l)H(IpskaO)zilm(N’l - V’O)H% >Ap == )‘IJDSk =1,

Vi), = (IpskvO)E_m(M - Mo)/H(IpskaO)E_l/Q(M —po)ll2 Vigys € {vigatt for 1>2.

(d) For Q) = 2_1/2(Ipsk,0)T, the misclassification rate of the Fisher discriminant based on
the extracted first principal component is equal to 1 — ® <H(Ipsk,0)2_1/2(u1 — ,uo)HQ/Z). For the

discriminative set, we can get the optimal Bayesian classifier.



(e) For T' = I, if py — py € S+ and Assumptions (2) and (3) hold, then the eigenvalues of
EE(3) are gien b?/ )\1017 M) Amcma o? + pn,l(l - pn,l)”“l - p’OH%? 027 e 7027 where C1, -+ ,Cm are
m nonnegative scalars less than or equal to 1 and will be introduced in the supplementary document.

Moreover, (pg — p1)/l|1tg — ]2 is the eigenvector of L3y corresponding to the eigenvalue o® +

P (1= pn,)l 1 — poll3-

Theorem 3 has several important implications on PCA and its variants. Theorem 3 (a) and (b)
are direct generalizations of Proposition 1 of Mai et al. (2012) for correlated features. Theorem 3 (c)
indicates that the normalized (I, , 0)X Y2y —po) is always the most important direction selected

by MWPCR when Q) = =-1/2(1

PS> 0)”. Theorem 3 (d) quantifies the misclassification rate of the
Fisher discriminant based on the extracted first principal component. In most high-dimensional
problems, it is much easier to approximate the signal set compared with the discriminative set.
Theorem 3 (e) indicates that the use of (Ips2,0) can dramatically improve the reconstruction of
(Ko 5, — M1 g,) in a very challenging scenario discussed in Theorem 1 (a). Specifically, \; is reduced
to ¢jA; for all j = 1,...,m, whereas the eigenvalue corresponding to (g — p1)/||pg — t1||2 does

not change. Particularly, if pg, << p, then all ¢, can be much smaller than 1. In this case,

(g — 1)/l — 1|2 will easily show up in PCA.

2.3 Theory Under A Real Scenario

In this subsection, we focus the estimated X, p, and p; and investigates the effect of applying the
spatial weight and score weight matrices on PCA and its variants for classification.

From Theorem 1 of Fan et al. (2008), we can find a sample based covariance matrix estimator
S such that

IS = S|lF = Op(pn~2) (10)

We respectively replace ¥ and p; — ptg in (5) by ¥ in (10) and the sample mean difference X; — X

to generate

2E(l) =1, + pn,l(l - Pn,l)iflﬂ(il _ §0)®2271/2, (1)



which further yields 3 £(3) in Theorem 3 (c)

N

zAIE(S) - (Ipskao)zE(l) (Ipsk70)T' (12)

Theorem 4 The first eigenvalue and eigenvector of EA]E(I) in (11) and f]E(3) in (12) are, respec-

tively, given by

Apa = 1+ pna(1—pn)||IZ72(X1 —%0)I3, (13)
Ve = STV —%0)/|ISTVA (%L — %o)l|2

Mg = 1+ pna(1=pon)l|(Ts, , 0)% 2% — %0) |13,

Vp@a = (s 0)S ' 2(® —X0)/|(Tps, ,0)52(%1 — o) |2

—-1/2

Under Assumptions (2) and(10), ||ty — poll2 < oo, and p?n — 0, the first eigenvalue and the

corresponding eigenvector satisfy that as n — oo,

Apy1 2 Apya and | <Yy, vema > | 2L, (14)

Ap@)1 2 Mg and | < Vpe) 1 VeEa > | 2 L

Theorem 4 further confirms the better performance of MWPCR. Depending on the sample data
X, MWPCR could generate the consistent estimator V1), (or Vg ) for S22 (g — o) (or
(Ipsk,O)E_l/Z(ul — o) ). Theorem 1 (c¢) (Theorem 3 (d)) has clearly shown that the extracted
direction X~ Y2(p; —pag) (or (Ips, » 0)X~Y2(py —py) ) corresponds to the Bayesian optimal classifier.
Thus, the sample based MWPCR could exact the optimal classification direction and improve
classification accuracy even when dimension p — oo.

Now we consider the sample based estimators for ¥ p(9) in Theorem 2 (a) and (b) as following:

X(a A - - ®2
Z(E'()Z) = WEW]?_«; + pna(1 — pn,l)p% {E 1/2(X1 - XO)} )
S0y = WESWE + pua(l = po1)pd(E — %)™,

10



1/2

Theorem 5 Assume that pn™/* — 0 and ||p — poll2 < oo.

(a)

where /\E(

(a) If oo > /\SEL}()Q)’1 >.o> 2@

E(2) ko’ 2.k 1s the k-th eigenvalue of EE(Q) in Theorem 2

(a), then the ko-th eigenvalue and eigenvector of igé) satisfy

2

Moty ko 2 A2 g + Pt (1= o DA IS™2 (g — o) |13,

E(2),k
< iy g 52 = 1) /115711y = )2 >| B 0.
(b) If co > A® . > A®) where X8 s the k-th eigenvalue of Yy in Theorem 2 (b),

E(2), E(2),2’ E(2),k
and pp1(1 — pn1)pdlley — woll3 >> max(A1, 1), then the first eigenvalue and eigenvector of igzm
satisfy
(b »
3o 2 o8+ o1 = pu) il — sl
~ (b »
< V%zz),p (o — m1)/llo — pill2 > = 0.

Theorem 5 (a) reveals that the MWPCR estimators are consistent. This together with Theorem

2 shows that MWPCR with both kernel matrix and covariance matrix is better than MWPCR

(b)

B(2)1 and

only with covariance matrix. Theorem 5 (b) shows that the sample based estimators A

(b) (b) (b)

B(2),1 B(2)1 a0d Vo) -

v are respectively consistent with A This together with Theorem 2 indicates
that the standard PCA could exact the useful information for classification when the signal of

pr1(1 = pn1)p3lly — poll3 is much stronger than max(\, 1).

2.4 Classification Accuracy

In this subsection, we consider a specific setting and show that the use of spatial kernel and
importance score weight matrices in MWPCR can improve classification accuracy even when signals
are weak (Fan and Fan, 2008). For notational simplicity, we assume that x;|y; follows a single spike

model as follows:

Xi = My, + \/;\7&'61 + o€, (15)

11



where & and €; are independent with & ~ N(0,1) and €; ~ N (0, I,,), e1 is a p x 1 unit vector, and
A\ and o are positive scalars. Without loss of generality, we further assume e; = (1,0,---,0)7. In
this case, X is equal to Xleler{ + 02Ip.

Our MWPCR proceeds as follows. First, we calculate fig = > ;% x;/n1, f1; = Z?:nﬁl X /N2,
and ft = ppiftg + (1 — pn,1)fr. Second, we perform PCA on the sample covariance matrix of

{QT(x; — 1) :i=1,--- ,n}, denoted as Sgrx, as follows:
_Tn e \®2 _ AT _UP2UT
Sorx = QT Y (xi — 1)¥*Q = QTSQ = VDV,
i=1

where Sx = > | (x; — fug)®%/(n—1) and V =[¥1,--,Vk]. Without of loss of generality, we focus
on the space spanned by v1 and construct a projected linear discrimination function. Specifically,

a new observation x is classified into Class 0 if
3(x) = (x — )" QV1v{ Q" (jag — f11) > 0 (16)

and its misclassification rate is W(S) =P {3(){) <0|xi,i=1,--- ,n} =1 — ®(¢)g), where 1 is

given by
(po — ﬂ)TQ‘A’I‘A’{QT(ﬂo — f) .
Vo — )T Q9 (VT QTEQI)VT QT (g — o)

We compare our MWPCR with the independence classification rule (Fan and Fan, 2008). As

o =

shown in Fan and Fan (2008), the independence rule would be no better than the random guessing
due to noise accumulation, when the signal level is relatively weak, that is \/n/p||pg — p1]|2 — 0.
Below, we will show that our MWPCR can improve classification accuracy under a key condition
that n||QT (g — ) |13/tr(QQT) converges to co as follows.

Let po.i2 = €7 QQT (g — 1)/ (1Q7 (o — 111)|12/1Q7ex]|2). We need the following assumptions.
(A1) Let 1> Xg1 >+ > Agq > AQqt1 = -+ = Agp = 0 be the sorted eigenvalues of QQT such
that (0, Ag)/(n]1Q7 (g — p1)[[3) =7 0 as min(p, n) — oo.

(A.2) [1Q" (1o — 1113/ log(n) — oo.

12



(A.3) Ro = :\1HQT91H%/HQT(H0 — m1)|l3 < oo holds for pg12 # 0 and Ry < 1 — &g for pg12 =0,

where dg > 0 is a sufficiently small constant.

Theorem 6 Under Assumptions (A.1)-(A.3), the misclassification rate of (16) is given by

W) 21— (allQ" (1o — m1)ll2) , (17)

where g 1s a positive constant defined in the supplementary document.

Theorem 6 shows that the use of ) can reduce the effects of noise accumulation on MWPCR.
Specifically, when the true signal levels are relatively weak, that is ||ug — pq]|3 = o(y/p/n), our
MWPCR outperforms the random guessing as tr(QQ7)/\/np is relatively small. As discussed
above, applying both smoothing and selection weight matrices can reduce tr(QQ7), so these weight

matrices should be used.

3 Proofs

This sections shows the proofs of Theorems 1 to 6. The proof of Theorems 1 is straightforward and
skipped here to save space. The proofs of Theorems 2 to 6 are respectively given out in Sections

3.2 to 3.6. Section 3.1 presents several lemmas that are used in the proofs of theorems.

3.1 Lemmas

This subsection shows several lemmas that are used in the proofs of theorems. This first one is the

Wielandt’s Inequality (Rao, 2002) that is used to prove Lemma 2.

Lemma 1 (Wielandt’s Inequality). If A, B are p X p real symmetric matrices, then for all j =

13



Ai(A) + A(B) Ai(4)  + A(B)

Aj+1(A) + Ap-1(B) < A(ALB)< Aji-1(A) + Xa(B)
S Ay >

M(A)  + N(B) [ A+ A(B)

The second lemma shows the convergence of eigenvalues and eigenvectors for two sequences of

matrices.

Lemma 2 Assume that two p X p matrices sequences {Ag, k=1,--- ,00} and {Bg,k=1,--- ,00}

satisfying that as k — oo, ||Ax — Bg||r — 0, then we have

maxi <j<p|Aj(Ax) — Aj(Br)| — 0, (18)

where \;(.) is the jth eigenvalue of matriz and p could go to infinite when k — oco. Furthermore, if
the first m (m is finite) eigenvalues of By satisfy that as k — 0o, 0o > A\ (Bg) > -+ > A (Bg) > 0
, then as k — oo,

| <Vl(Ak),Vl(Bk) > | =1, I=1,---,m, (19)
where vi(.) is the lth eigenvector of the matriz.

Proof of Lemma 2. First, we show the proof of (18). According to Lemma 1, we have that

which yields

maxi<j<p|Nj(Ax) — Aj(Br)| < M (Ax — Br)| + [\p(Arx — Br)| < 2[| A — Byl F. (20)

Since ||Ag — Bg||r — 0, then it follows from (20) that (18) is established.

14



Second, we show the proof of (19). Note that Ay and By have the following eigen-decomposition

Ay = ZZ M(AR)vi(AR)v{ (Ay) and By = ZZ N(Bi)vi(Bi)vi (Br),
=1 =1

which yields

M(Ag) = vI(Ap)Brvi(Ag) + v (Ag) (A, — By)vi(Ayg)

< M(Be)(vi (Ap)vi(Br))® + Xa(Br)[1 — (vi (Ae)vi(Br)*) + | Ak — Billr.  (21)
Since ||Ax — Bi|lr — 0 and A\ (Ax) = A1 (Bg) > A2(Bg), then it follows from (21) that
(Vi (Ap)vi(By))? = L, (22)

which yields (19) for I = 1. According to (22), we have that |v2 (Ax)vi(By)| — 0. Repeat the same
procedure, we have (19) for [ = 2,--- ,m.

The third lemma is about the convergence of the sample based matrices.

Lemma 3 Under the assumptions (2) and (10) and pgn_% — 0, we have following properties that

as N — oo,

IS72 =272 p = 0,(pPn7) and ||ST1 = S| = Op(pPn72). (23)

Proof of Lemma 3. Since $71/2 4 1-1/2 )\113/2[1, is the non-negative matrix, then it follows

from Proposition 2.1 in Van Hemmen and Ando (1980) that

=712 =22 < ASVEIET -2 g (24)
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According to (6.12) of Fan et al. (2008), we have that whenever ||[S7||p||2 — Z||F < 1,

- S| -2 AR -5
Hz—l_z—luFS ” ||F|| _ ||F < DAy H_l _ ||F ’

1= IS [pl2 = Ellr ~ 1=p 2N X = 3|p
which together with (2), (10) and (24), yields (23).

The fourth lemma is about the convergence of the sample mean difference.

Lemma 4 The difference between X1 — Xo and py — o satisfy

11 = %o) = (111 = pao)llow = Op (log(p)2n %)

Lemma 4 is from (A5) in the appendix of Mai et al. (2012).

The last lemmas show the uniform convergence of sample eigenvalues.

Lemma 5 Under the assumptions (2) and (10) and pn_% — 0, the eigenvalues of 3 and ¥ satisfy
that as n — oo,

maxi<j<plj — Aj| = 0.

Lemma 5 is directly from Lemma 2.

92 = ww! for any

Lemma 6 Consider a rank-2 matriz Yo = Awo’lwi@Q + )\w072W§®2, where w
vector w, ||will2 = [|wall2 = 1, and Ayo1 > Awo2 > 0. Let p1o =< wy,wa >. The two non-zero

etgenvalues of Yo are given by

A = 0.5{Xwo1+ Awo2 + \/()\wo,l — Aw0,2)? + 4Aw0,1 A w0207 2}

Ao = 0.5{ 0,1 + Awo2 — \/()\wo,l — Awo,2)? + 4)\w0,1)\w0,2Pi2}~

16



If p12 # 0, then the eigenvectors corresponding to A1 and A_ are given by

w1+ 2_ (W2 — p12w1)

Ji+ai1—piy)

W1+ x4 (Wo — p12wW1)
Vo1 = 2 2
\/1 +xi(l- Pl,z)

and Vo2 =

where x4 and x_ are, respectively, given by

*{)\wo,z(Qp%,g — 1)+ Ao} = \/()\wO,l — Aw0,2)? + 4)\w0,1)\w0,2,0%72
2Xw0,2p12(1 = pi o) ‘

r4+ =

3.2 Proof of Theorem 2

First, we prove Theorem 2 (a). For I' = X~1/2 it is easy to show that for v L ©71/2(u; — o), we

have

Spe) = WeWE + pni(l— pu1) oS 2 (g — 1)}, (25)
vy v TWeWT
EQ)7 - T RETEY <0 (26)
[vl[5 [vll5

If Wg is symmetric, A2

w

ko = p2 and Y2 (py — pg) is an eigenvector of Wg, then WrW, has the

eigen-decomposition

T
52y — po) SV2(py — pp)
WeWi = A - . 0 + 22 kvakvg k-
50\ T2y — ol | T o0 — il |+, 2, P

Then it follows from (25) that ¥ p(9) has the eigen-decomposition

T
SN2y — ) 22y — mo)
B 2 2([y2—1/2 2 L 0 ! 0
SpE) = {AWO + pna (L= p) gl 1S 2 (g — “O)HQ} { 157200 — )2 [ ) II=-72(ay — o)l

+ Z /\%u,kvw,kvg,k (27)
k#ko,1<k<p

Until now, we have showed the eigenvalues and eigenvectors of ¥y in Theorem 2 (a).
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According to (27) and (26), we have that

(1 — po) TSV 28 5oy 572 (g — ) 2
HE_I/Q(IH - H’O)H% b

> pua (1= po )52 (1 — po)l3 > 12 X7, >

ko + o1 (1= o) PRS2 (g — )13

VTZE(Q)V
vl

Until now, we finished the proof of Theorem 2 (a).

Finally, we show the proof of Theorem 2 (b). For I' = I, it follows from (8) that
Spe) = We(VDVT + 2 IL)WE + pni(1 — pn1)pg { (11 — 1o) 2. (28)

Since v L F and (28), then

VTHEVEH<§>V _ szVHVVEHV%Vf?" <N, . (20)
According to (28), we have
(b "HLTE_EL;T“ ) 5 a1 )Rl — ol (30)
Since pp1(1 — pna)pdlle — woll3 is larger than 02)\121)7mw+1, then it follows from (29) and (30)

(1 — o) S p(2) (11 — 1)
ey — 12ol13

> pna(l— Pn,l)p(z)th — ol[5 > U2)‘%u,mw+1 >

VTEE(Q)V

IvI[3

In addition, if pg — py L Wgv; holds for all j < m and Wg is symmetric, according to (28), it is
easy to check that (pg— pq)/[|1eg — p1 |2 is the eigenvector of ¥ p(9) corresponding to the eigenvalue

P22 + pni(1 = pn1)pdlls — moll3- This finishes the proof of Theorem 2 (b).
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3.3 Proof of Theorem 3

We only prove Theorem 3 (e). We have

Sp@) = (ps,, 0)(VDVT + 0% 1)(Ips,,0)" + ppi(1 = pu1)po{ (11,5, — Ho,5,) >

Furthermore, we have

m m
(Ips,, O)VDVT (I ,0)" = " Njve, jvh, 5 = > NIV, 139,595, 45
j=1 j=1
where vg, j = (Ipg,,0)v; for j =1,....mand Vg, ; = vs, ;/[|[Vs,,jl|2, in which [[vg, j[|2 < 1. It fol-

lows from the Cauchy (eigenvalue) interlacing theorem that the j-th eigenvalue of (g, , O)f/Df/T(IpS2 ,0)T,

denoted as Ajcj, is smaller than A; for j = 1,...,m. Thus, we have ¢; < 1.

3.4 Proof of Theorem 4

Note that 3 E(3) is a sub matrix of the )y E(1), and the proof of the consistency of the first eigenvalue
and eigenvector of by E(1) and by E(2) are essentially same. Thus we only give out the proof of the
properties of ) g(1) here. Proof of (13) is straightforward and skipped here to save space. We now
show the detailed proof of (14).

First, we show the asymptotic property 5‘E(1),1 2, Agq),1- According to (6) and (13), we just
need to show

[£72 s = Xo)ll2 = 11572 (kg = o)l (31)

which is equivalent with

15721 = %o) = 72 (ny = pg) ]2 = 0. (32)
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We rewrite 271/2(%; — %o) — B72(uy — po) as following:
STV (%1 - %o) = 27V (g — o) = T1 + T, (33)

where

Ty =2 -5y —po) and To=3""2[(%; — o) — (k — ko)) -

In order to show (32), it follows from (33) that we just need to show
I Tills &0, i=1,2. (34)

Note that

IT1lls < sy — paollol|£712 = 57125

which together with Lemma 3 and the assumptions |[g; — o2 < co and p?n=2 — 0, yields (34)

for ¢ = 1. In addition, note that

IT2][5 < pA I = Ko) = (k1 — ko) [

which together with Lemmas 4 and 5, and the assumption p?n~=2 — 0, yields (34) for i = 2. Then
it follows that (32) is established.

Second, we shows the asymptotic property of the eigenvector Vp(1) 1 such that
- P
| < VB, VEQ), > | = L (35)

Since
|(X1 —%0)X 1 (g — po)|
51251 — x0) [l [£2(, — o)

| <VEW),1VEQ),L > | =

20



then in order to show (35), it follows from (31) that we just need to show

(X1 — X)X (g — po) 2 (kg — 120)TS 7 (g — o) (36)

Note that

M

(%1 —X0) 57 (11 — o) — (1y — 110) TS (g — o) = TF + T3, (37)

where
T} = (1 — o) (7 =) (1 —pg) and T3 = {(X1 —%0) — (11 — o)} =71 (11g — o).
Thus, in order to prove (35), it follows from (36) and (37) that we just need to show
T %0, i=1,2. (38)

Note that

T3] < [y = ol BlIE™ = 27| F

which together with Lemma 3 and the assumptions ||, — |2 < 0o and p?n=1/2 — 0, yields (38)

for ¢ = 1. In addition, it follows from Cauchy-Schwarz inequality that

T3 < |57V [(%1 — o) — (11 — ko)l IBIIE72 (11 — po)l3

IN

A2 (R —%o) — (e — o) I3 lliey — o 13,

which together with Lemmas 4 and 5, and the assumptions ||, — o[z < 0o and p*n=1/2 — 0,

yields (38) for i = 2. It follows from that (35) is established.
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3.5 Proof of Theorem 5

Let Eg()Q) be ¥ p(9) in Theorem 2 (a). In order to prove Theorem 5 (a), it follows from Lemma 2
that we just need to show

\(a) (a) P
HEE(Q) - EE(Q)”F =0,

which can be realized by proving

12550 = T llr 20, (39)
srooow@ B 40
|| E(2) E(Q)HF_> ) ( )

T 2 [$—1/2 @2
where X7, = WgWg + pn1(1— pn1)pg {E* 12y — No)} .

First, we give out the proof of (39). The s E*E(Q) can be rewritten as:

E(2)
& (a) X
sy )
E(2) E@2) Sl e o 1
= = —Xo) — (1 — 5 _
pna(1 = pu1)p? { (X1 —X0) — (4 uo)]} { (1 No)}

b B2 — o) B2 0~ %0) — (- )]}
+ B %) - (- o]} (a1)

where the right three terms are defined as I} for ¢« = 1,2,3. In order to prove (39), it follows

from (41) that we just need to show
[LllF =0, i=123 (42)
Since for 1 =1, 2,

[lm = 112772 (%0 = %0) = (1 — po)l 21572 (ky = po)I2

< NUIED—X0) = (1 — mo)l2ll11 — poll2

IN

P23 Iy = poll2]I(%1 = %o0) = (k1 = po)loos
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then it follows from ||y — po||2 < oo, p>n~/2 — 0, and Lemmas 4 and 5 that (42) is established

for ¢ = 1,2. Similarly, we have

15117 < pA, (1 —X0) — (k1 — o)l

which together with Lemmas 4 and 5 and p?>n~'/2 — 0, yields (42) for i = 3. Then it follows
from (41) and (42) that (39) is established.

Second, we give out the proof of (40). The ZE(Q) — 2@ s rewritten as following

E(2)

E*E@) B 25g()2) S—1/2 ~1/2 —1/2 T
T = T T M — o)}
n? n7 0

: {271/2(“1 - ”O)} {(271/2 =52 (g - uo)}T

S ) Sy g} (43)

where the right three terms are defined as I7*,

i =1,2,3. In order to prove (40), it follows (43)
that we just need to show

| r 20, i=1,2,3. (44)

Since for 1 =1, 2,

1l = &2 =572 (g = po)llIE72 (1 — ko) 2

Ao 2y — ol B[E7Y2 = £V

IN

then it follows from Lemma 3 and the assumptions ||p; — pol|2 < oo and p?n~—1/2 — 0 that (44) is

established for ¢ = 1,2. Similarly, we have

T3P < Iy — pol BIIET2 — =72 2,

together with Lemma 3 and ||p; — poll2 < 0o and p?n~Y2 — 0, yields (44) for i = 3. It follows

23



that (40) is established.

Let £

£(2) Pe Xp(2) in Theorem 2 (b). In order to prove Theorem 5 (b), it follows from Lemma 2

that we just need to show

(b b
1550 — S5t llr 2 0. (45)

The £ — »®)

B(2) ~ Zp(z) AN be rewritten as following:

= We(E-2)W;
+ pna (= pn)pg (K1 — Xo) — (11 — )] (kg — po)”
+ (L= paa) ey — o) [(X1 — Xo0) — (kg — po)]”

+ pna(l— Pn,l)/)% (X1 —Xo0) — (pg — No)]®2

Y

where the four right terms are defined as I; for i = 1,2,3,4. In order to prove (45), we just need to
show

Note that

ILllF < X llE = Zllr < [IE - Z|p.

In addition, since A1 < 1, pn~ /2 — 0 and (10), then (46) is established for i = 1. Since

1Ll < P (1 = pan)pp"2llis — moll2l|(X1 = %o) = (k1 — po)lloos 1= 2,3,

then it follows from Lemma 4, ||pt; — pto|2 < oo and pn~1/2 — 0 that (46) is established for i = 2, 3.

Finally, since

IallF < pua(1 = pna)pgpll (%1 — Xo) = (11 — o)l

then according to Lemma 4 and pn~'/2 — 0, we have (46) for i = 4.
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3.6 Proof of Theorem 6

Recall that g is given by

T STAT(h &
1/)0 — (“0 P’) QVIVI Q (”0 “’1) £> aOHQT(“O _ I‘l’l)”Q' (47)
Vo — i) TQ9T QTSQuIVT QT (g — )

The proof of (47) consists of four key steps:

A

e Step (I) is to derive an approximation to v1Q” (uy — ft).

Step (I1) is to derive a bound for [|QTn {31 | €21Q||op, where €; ~ N (0, I,,).

=1 "1

Step (III) is to derive an approximation to ||QT (i1 — f11)]]2-

Step (IV) is to derive an approximation to V.

Step (V) is to derive an approximation to .

For Step (I), we proceed as follows. Since fi = py 169+ (1 — pp1)fty and ||[Vi||2 = 1, we have

VTQ (o — 1) = (1= pu)¥T QT (g — 1) + 91 QT (g — frg)-

It can be shown that
ni ni

VTQ" (o — i) = 9TQTer VAY &/mi+0vTQT S ei/n1 = Op(ny /) (VNQ et |2 +0|Q¥1 12).
=1 =1

For Step (II), we proceed as follows. Let Q = USAQVQ be the singular decomposition of @,

where Ag = diag()\gi, e ,)\gf]) and UQUg = VQVg = I,. We have

QTn Y _e7*1Q =Vghgn ' {Y_(Uge:)**}AqVa.
i=1 =1

Note that the eigenvalues of AB are the same as those of BA, where the column of B is the

same as the row of A. Therefore, the eigenvalues of QTn {3 7 | €”?}Q are the same as those
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nt Z‘;:l Aq ;€72 where & is an n x 1 Gaussian random vector N (0, I,). It follows from the

matrix Bernstein theorem (Tropp, 2012) that with a high probability, we have

12)‘62] €; H0p<”_1z)‘QJ+CIIOg _12)\ ]/log 1/2}- (48)
Jj=1 Jj=1

For Step (III), we process as follows. It is easy to show that ||Q7 (fig — f11)]|3 is equal to
1QT (1o — 1) [1* + HAﬂo,lH% +2(po — Ml)TQAﬂo,h (49)

where Aty = QT (fig — pg — iy + p1), which follows N(0, (ng" + ny ") (AQTe1e] Q + 0%Q7Q)).

Therefore, it is easy to show that with a high probability, |(z, — H1)TQA110,1’ is bounded by

log(n)
f

1Q7 120 — )l 2y QT e} + o2
Moreover, |[Afig ;|3 can be represented as
(ng" + i HAi(n"QTer)” + (ng" +ny)o™n" QT @,

where i ~ N(0,1,). Similar to (48), it is easy to show that with a large probability, n7 QT Qn

is smaller than Z?Zl AQj /2 =1 )\22, ;Clog(n), where C' is a generic constant. Moreover, since

n7QTe; ~ N(0,||QTe1|3), with a large probability, we have

A2 < Cn o l[QTer |3 + Cn1(> " Agy + ZA log(n)}.
7j=1

By combining above results, we can derive an approximation to ||QT ({1, — f1,)||3 as follows:

log(n)
\/ﬁ

q
+ QT (o — )13 Z AQ.ihs

=1

ClQT (po — my)I13{1 +

where C is a generic constant.
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For Step (IV), we proceed as follows. Recall that ¥1 is the eigenvector of Sgry corresponding

to its largest eigenvalue. We construct an approximation of Sgry, denoted as SQTX, given by

QTel R2

QT el

Sors = nl{HQT(A ) 12+ Ko (50)

(frg — f19)]2

where K1 = pn,1 (1= pn,1)nl|Q" (f1g — 1) 13/ (n—1) and Kz = M|Q e |3 32777 €/ (n—1). With

some calculations, we have

n—1

5 (Sqrs = Sgry) = 7°QTePQ + 0 VAQ {e1(E0)” + (Ee)ef 1. (51)

n_

where €¥2 = Y17 e®2/(n —2) and fe = Z?:_f &i€i/(n — 2). It follows from the random matrix

theory that with a high probability, we have

o?||QTe®2Q||op < o*(n Z)\Q]—FC&log {1+ [n 12)\ Jlog(m)]V?)),  (52)
7j=1

o[[VAQT {e1(Ee)” + (E€)eT }Qllop = csan—l/zﬁu@%mz,

where || - ||op is the spectral norm of a matrix and Cj3 is a generic constant.
We consider an approximation of vi by using the eigenvector of Sgry, denoted as vy, corre-

sponding to its largest eigenvalue. It follows from Lemma 6 that v; is given by

(1 - pg127Q.+) QT (fo — i1y) Q.+ Qe 53
o ek e g el Y
\/ a1 (1= Pg 1) \/ +ag (1= 55 12)

where pg,12 = €7 QQT (tg — ) [|Q7 (g — 1|l 1QTexlly " and 2.+ is given by

_{K’V%Q(szQ,lQ -1+ Kn,l} + \/(Knl - Kn,2)2 + 4Kn71Kn,2ﬁé,12
'/I:Q»J’_ = N ~D :
2Kn2pqQ12(1 — PQ,12)

It follows from Theorem 2 of Yu et al. (2015) that if vI¥; > 0, then with a large probability, we
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have

C||Sgry — S iy 1
HVI _V1H2 < H QTx QTXHOP —C(ZJ;(I. Q.J + (;f(n) +(71Kn,1)_1/2)- (54)
\/ n,1 —Kn 2) +4Kn lKn 2pQ 12 nin,1 n,1
For Step (V), we proceed as follows. We first derive an approximation to v7 QT (g — p,) and

then approximate v7'QTXQv;. It follows from (53) that we have

‘A’lTQT(ﬂo -y = ‘7? T(ﬂo — fuy) + (V1 — ‘~’1>TQT(ﬂ0 — 1)

+ C[%1 — 1| 2)1QT (2 — fa1)]2-

\/1 + gy (1= 0g.10)

Similarly, since V7 QT2Qv; = A(¥TQTe1)? + 02||Q¥1]|3, we have

. - . - 12T 12+ . -
TG e = FTQTer + (91— 1)7QTer = [|QTey[lo{ L= L2127C *”Q QF 4 O|v1 — %12}
VUi+ad (=)

Therefore, with a high probability, we have

. . — PO.12% po 12 +T -
Q0w = [ AlIQTer a1 P02 T 20k 1> | 2106112 | 11+ o).
I+ ah (1= 5% 1)

Moreover, if pg 12 # 0, then it can be shown pg 12 = pg 12 + 0(10:5/@) and

—{RQ(QpQQ,lz 1)+ 1} + \/ (1-— R() + 4RopQ 12
2Ropg,12(1 — PQ 12)

rQ+ —F

By combining the results in Steps (I)-(V), we can finish the proof.
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Class 0 Class 1

Figure 1: True mean images for the first set of simulations: Class 0 in the left panel and Class 1 in
the right panel. The white, green, and red colors, respectively, correspond to 0, 1, and 2.
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Figure 2: Simulation results for the second set of simulations: comparison of MWPCR and the
three dimension reduction methods including principal component analysis (PCA), weighted PCA
(WPCA), and supervised PCA (SPCA) for the three types of noise. All panels show the box plots
of the prediction error differences between MWPCR and PCA (or WPCA, or SPCA) for three
different numbers of principal components. The error differences are almost less than 0 (below the
dished line) and confirm that MWPCR, outperforms PCA, WPCA, and SPCA.
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Figure 3: Simulation results for the second set of simulations: comparison of MWPCR, and PCA,
WPCA, and SPCA based on the variance thresholding for the three types of noise. In all panels,
the green, red and blue curves are respectively the first, the second, and the third quantiles of error
differences between MWPCR and PCA (or WPCA, or SPCA) for different variance thresholding.
These results further confirm that MWPCR outperforms PCA, WPCA, and SPCA.
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Figure 4: Simulation results for the second set of simulations: the box plots of the prediction error
differences between MWPCR and other high-dimensional regression models including Lasso, SIS,
SVR, and SPLS. The error differences are almost less than 0 (below the dished line) and confirm
that MWPCR outperforms Lasso, SIS, SVR, and SPLS.
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