
Frequent implementation of interventions may increase
HIV infections among MSM in China
Xiaodan Sun, Yanni Xiao, 1 Zhihang peng, Ning Wang

1 Existence of the periodic disease-free equilibrium

We can show that system (2)-(3) has a disease-free periodic solution.

Lemma A.1 System (2)-(3) has a Tl−periodic solution Ŝ (t) = (Ŝ 1(t), 0, 0, 0, · · · , Ŝ i(t), 0,

0, 0, · · · , Ŝ n(t), 0, 0, 0).

Proof To show the existence of disease-free periodic solution of system (2)-(3), we

consider the following disease-free subsystem.
dS i
dt = Ui − (µi + σi(t) + d)S i,

dσi(t)
dt = −rσi σi(t), t , kTl,

σi(T+l ) = σm
i , t = kTl.

(S.1)

Let S (t) = (S 1(t), S 2(t), · · · , S n(t)), U = (U1,U2, · · · ,Un), µ = (µ1, µ2, · · · , µn) and σ(t) =

(σ1(t), σ2(t), · · · , σn(t)), where σi(t) = σ0
i e−rσi (t−kTl), k = 1, 2, · · ·, kTl ≤ t < (k + 1)Tl, we

have
dS (t)

dt = U − (µ + σ(t) + d)S (t), t , kTl. (S.2)

Clearly, (S.2) has a unique positive Tl periodic solution

Ŝ (t) = e−
∫ t

0 (µ+σ(s)+d)ds

(
Ŝ (0) + U

∫ t

0
e
∫ s

0 (µ+σ(ξ)+d)dξds
)
.

which is globally attractive in Rn
+, where

Ŝ (0) =
U

∫ Tl

0
e
∫ s

0 (µ+σ(ξ)+d)dξds

e
∫ Tl

0 (µ+σ(s)+d)ds − 1
.

Thus, system (2)-(3) has a unique disease free periodic solution x∗(t) = (Ŝ 1(t), 0, 0, 0, · · · , Ŝ i(t),

0, 0, 0, · · · , Ŝ n(t), 0, 0, 0).
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2 The basic reproduction number

In the following, we define the basic reproduction number of (2)-(3) by using the theory

proposed by Wang and Zhao.1 System (2)-(3) is equivalent to the following system

d
dt

x(t) = F (t, x) −V(t, x). (S.3)

where x = (I1,DI1,DA1, · · · , Ii,DIi,DAi, · · · , In,DIn,DAn, S 1, · · · , S i, · · · , S n),

F (t, x) =



B1(t)

0

0
...

Bn(t)

0

0

0
...

0



,V(t, x) =



(d + δ1)I1

−ρδ1I1 + (ξ + d + αI)

−(1 − ρ)δ1I1 − ξDI1 + (d + αA)DA1

...

(d + δn)In

−ρδnIn + (ξ + d + αI)

−(1 − ρ)δnIn − ξDIn + (d + αA)DAn

−U1 + B1(t) + (µ1(t) + d)S 1

...

−Un + Bn(t) + (µn(t) + d)S 1



,

with Bi(t) = βii(1 − vii(t))S i
Ii+ϱDIi+ϵDAi

Ni
+

n∑
j,i
βi jmi jvi j(t)S i

I j+ϱDI j+ϵDA j

N j
.

It is obvious that conditions (A1)-(A5) in reference1 are satisfied. Let f (t, x(t)) =
F (t, x) −V(t, x) and M̃(t) = (∂ fi(t,x∗(t))

∂x j
)3n+1≤i, j≤4n, where x∗(t) = (0, 0, 0, · · · , 0, 0, 0, S ∗1, · · · ,

S ∗i , · · · , S ∗n) is the disease-free periodic solution and xi is the i−th component of f (t, x(t))
respectively. Then we have

M̃(t) =



−(µ1 + σ1(t) + d) 0 · · · 0

0 −(µ2 + σ2(t) + d) · · · 0
...

...
. . .

...

0 0 · · · −(µn + σn(t) + d)


,

and it is easy to obtain that r(ΦM̃(ω)) < 1, where ΦM(t) is the mondromy matrix of the

linear Tl− period system dy
dt = M̃(t)y and r(ΦM̃(ω)) is the spectral radius of ΦM̃(ω). Thus,

the condition (A6) in reference1 also holds.
Let F(t) = (∂Fi(t,x∗(t))

∂x j
)1≤i, j≤3n and V(t) = (∂Vi(t,x∗(t))

∂x j
)1≤i, j≤3n, where Fi(t, x) andVi(t, x) are
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the i−th component of F (t, x) andV(t, x), respectively. Then, we have

F(t) =



A11(t) A11(t)ϱ A11(t)ϵ · · · A1n(t) A1n(t)ϱ A1n(t)ϵ

0 0 0 · · · 0 0 0

0 0 0 · · · 0 0 0
...

...
...

. . .
...

...
...

An1(t) An1(t)ϱ An1(t)ϵ · · · Ann(t) Ann(t)ϱ Ann(t)ϵ

0 0 0 · · · 0 0 0

0 0 0 · · · 0 0 0



,

and

V =



d + δ1 0 0 · · · 0 0 0

−ρδ1 ξ + d + αI 0 · · · 0 0 0

−(1 − ρ)δ1 −ξ d + αA · · · 0 0 0

· · · · · · · · · . . . · · · · · · · · ·
0 0 0 · · · d + δn 0 0

0 0 0 · · · −ρδn ξ + d + αI 0

0 0 0 · · · −(1 − ρ)δn −ξ d + αA



,

where Aii = βii(1 − vii(t)), i = 1, · · · , n, Ai j = βi jmi jvi j(t)
N̂i(t)
N̂ j(t)

, i, j = 1, · · · , n, and N̂i(t) =
Ui

µi+σi(t)+d .

Let Y(t, x) be a 3n × 3n matrix solution of the following system.

dY(t, s)
dt

= −V(t)Y(t, s), for any t ≥ s, Y(s, s) = I,

where I is a 3n × 3n identity matrix. Therefore, the condition (A7) in reference1 holds.

Define ψ(t) as the initial periodic distribution of infected individuals with periodic Tl.

Then, the distribution of infected individuals infected at time s and are still infected indi-

viduals at time t can be given by Y(t, s)F(s)ψ(t). Let CTl be the ordered Banach space of

all Tl− periodic functions from R to R3n, which is equipped with the maximum norm ∥ · ∥
and the positive cone C+Tl

:= {ψ ∈ CTl : ψ(t) ≥ 0,∀t ∈ R}. A linear operator L : CTl → CTl

is defined as follows.

(Lψ)(t) =

∞∫
0

Y(t, t − a)F(t − a)ψ(t − a)da,∀t ∈ R, ψ ∈ CTl .

Then, we can define the basic reproduction number as

R0 := ρ(L).

From Wang and Zhao,1 we have the following Lemma.

Lemma S1(See1) The following statements are valid:
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• If r(W(Tl, λ)) = 1 has a positive solution λ0, then λ0 is an eigenvalue of L, and hence

R0 > 0.

• If R0 > 0, then λ = R0 is the unique solution of r(W(Tl, λ)) = 1.

• R0 = 0 if and only if r(W(Tl, λ)) < 1 for all λ > 0.

On the basis of this Lemma, we can calculate the basic reproduction number numerically

by finding the positive solution λ0 of r(W(Tl, λ)) = 1.

3 Effects of interventions on HIV infections
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Figure S1: Effects of the network structures on the number of HIV/AIDS cases of

each community. The number of communities is n = 10 and each community has a

mean of k = 2 neighbours. The maximum within-community impacts of interventions

are vm
ii = 0.5, and the maximum between-community impacts are v∗between = 0.5. For

each network structure 100 simulations are conducted. (a) WS network with rewired

probability of p = 0.2. (b) WS network with rewired probability of p = 0.6. (c) Random

network. Here, Tl = 1/2, σm
i = 0.02, rv

ii = rv
i j = 2, rσi = 2. Other parameters are described

in Table 1 in the main text.
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