SUPPLEMENTARY METHODS

Derivation of the chemical fluctuation theorem, equation (1)

Let us consider an intracellular reaction network that produces product molecules with a
general lifetime distribution. Elementary reaction processes composing the reaction network
producing the product molecules can be arbitrary stochastic processes, which may be coupled
to complex and dynamic cell states. The topology and regulatory mechanism of the reaction
network producing the product molecules may be arbitrary as well. The product annihilation
process can be a non-Poisson, renewal process, but the product creation process does not have

to be a renewal process.

For the general reaction model, the currently available theories, including the chemical
master equation or the chemical Langevin equation, cannot provide exact analytic results for
the fluctuation in the number of product molecules, but the theory presented here can provide
simple analytic expressions for the fluctuation in the product number in the form of the

chemical fluctuation theorem, derived below.
The mean number of product molecules

Let t° and t° denote, respectively, the times at which the i-th product molecule is
created and the time at which the i-th product molecule is annihilated. Then, the number n(t)

of product molecules at time t is given by
n(t)=> 0@t-t)o(t’ —t) (M-1)
i=1

where ®(x) denotes the Heaviside step function, which assumes 0 for negative X but 1 for
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positive X . In equation (M1-1), O(t—t*)®(t" —t) is unity if t*<t<t®, but vanishes

otherwise. It represents the contribution of the i-th product molecule to n(t).

In the special case where product molecules do not decay, we have t° — o and

O(t" —t) =1 atany timet, so that equation (M-1) reduces to

N (t) = i@(t —t9) (M-2)

From equation (M-2), the product creation rate R(t) of product molecules, which is defined

by R(t)=dn(t)/dt, can be obtained as

(0) 0
R(t) = d”dt(t) -3 5-1) (M-3)

where §(x) denotes the Dirac delta function. Since {tF} is a set of stochastic variables, the

product creation rate R(t) is a stochastic variable as well. The mean (R(t)) of the product
creation rate can be defined as the average of R(t) given in equation (M-3) over a distribution
of {tf}. When the product creation process is a stationary process, the average of product

creation rate should be constantin time, i.e., (R(t)) =(R).However, when the product creation

process is a non-stationary process, the mean creation rate, (R(t)), of product molecules

changes in time.

(R(t)) =%<n<°’ (t) = <i5(t—ti°)> (M-4)



In terms of the mean product creation rate, (R(t)), the mean product number, (n”(t)), is

given by
() = <i®(t —tf)> = [, d=(R() (M-5)

When product molecules have finite lifetimes, by taking the average of both sides of

equation (M-1) over distribution of the distribution of {tf,tf‘}, we obtain the analytic result

for the mean product number as
(n(®) = [ drRE)S(E-7) (M-6)

where S(t) denotes the survival probability of a product molecule, or the probability that a

product molecule created at time 0 has not suffered an annihilation as of time t. The detailed

derivation of equation (M-6) is as follows.
Derivation of equation (M-6)

Since O(x) =1-0O(—x), equation (M-1) can be written as

n(t) = ij::@(t —t)[1-0¢-t)] (M-7)
In equation (M-7), @(t-t") can be decomposed into two integrals:

o(t-t) = [des(r—t¢) = [ drs(r 1) + j: drs(r—19). (M-8)

Because the product decay time, t‘, is always greater than the product creation time, t°, the
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first integral on the right side of equation (M-8) vanishes, i.e., J‘:cdré(r—ti“)zo

(- <t° <t’). With the latter equation and equation (M-8) at hand, one can rewrite equation

(M-7) as
n(® =Y et —tf)[l— [ drﬁ(r—tid)} (M-9)

By changing the integration variable from 7 to z'=z—t’ in the integral in equation (M-

9), we have
n(t) = i@(t—tf)[l— j;‘“c dr'&(r'—ri)} (M-10)

where 7, denotes the lifetime, t° —t°, of the i-th product molecule. By using the following

identities, @(t—tf)=_[£dr§(r—ti°) and o(r-t)f(t)=0(-t)f(r) , we can rewrite

equation (M-10) as
n® =3[ des(s —tf)[l— J:_Tdr'é(z"—ri)} (M-11)

By taking the average of equation (M-11) over distribution of {t°,z, }, we obtain
> ot t-r
)= dr<§(r—ti°)>[1— [ ey, (T')} (M-12)
i=1

where w,(zr) denotes the lifetime distribution, <5(r—ri)>, of the i-th product molecule.

Given that every product molecule has the same lifetime distribution, i.e., v, (z") =y (") for
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any i, we can rewrite equation (M-12) as
(n(t)) = j;dr<ia(r—tf)>5(t _7) (M-13)

where S(t) denotes the survival probability of the product molecule, defined by

S(t) Zl—J:dTW(T). Noting the definition of the product creation rate, given in equation (M-
4), <i o(r —ti°)> =(R(z)) , we obtain equation (M-6) from equation (M-13).
i=1

We note that equation (M-6) is equivalent to a transient version of Little’s law derived by
Bertsimas and Mourtzinou® for the general class of a non-stationary queueing system. The
mathematical derivation presented in this section can be extended to obtain the variance of the

product number in a straightforward and self-contained manner.
The variance in the product number

From equation (M-1), we can obtain the following equation for n*(t)

M) =3 Y ot-t)et -Het-t)e(t: ~t)

i=1 j=1

—nt)+ Y S e(t-t)e(t —Het-t)e(t: ~t)

i=1 j=1
J#i

(M-14)

where n(t) on the right-hand side results from the sum over the terms with i= j. By using

the same method to obtain equation (M-11) from equation (M-1), we obtain the following

equation from equation (M-14):



n(t) =n(t)
£33 [Ldtot ) [1—1:1 dz'o(r'~ fi)}ﬁ dt,s(t, —tﬁ)[l— [[drse -fj)}

i=1l j=1
j#i

(M-15)

where 7, denotes the lifetime, tid(j) ~t;), of the i(j)-th product molecule. By taking the

average of equation (M-15) over {t7,t;} and {z;,7;}, we obtain

(n*(t)) =(n(t))

+[ daf drs-r)s(t-7,) 225(Tl—ti°)5(r2—tj°) (M-16)

i=1l j
J

0
1

B

where we have used the same method to obtain equation (M-13) from equation (M-11). Noting

the definition of product creation rate R(t) , given in equation (M-3), we identify

o0 0

225(11 ~t7)o(z, —t]) ) asthetime correlation function (TCF) of the product creation rate,

i=1 j=1
J=i

(REIR@)) =( 33 5(r,~t)8(z, ) (M-17)

i=1l j=1
j#i

Note that the diagonal terms with i= j do not make any contribution to equation (M-17) or

our definition of the TCF of the product creation rate. For this reason, tIirrt1 (R(tl)R(t2)> may

not be always the same as <R2(t1)>, with R(t,) given in equation (M-3), to which the
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diagonal terms do contribute. Since the diagonal terms make a positive contribution, we have

the following inequality:
lim (RER(,)) < (R*(1))
Substituting equation (M-17) into equation (M-16), we obtain

(n*(t)) =(n(1))

+[Lda [ dr,S(t-5)St-,) (REIRE)) (M-19)

Subtracting (n(t))*, with (n(t)) given in equation (M1-6), from equation (M-18), we obtain

the chemical fluctuation theorem

ol (t) =(n(t))

t t (|\/|-19)
+J.Odrlj.0dr28(t—rl)S(t—1'2)[(R(TZ)R(71)>—<R(rz)><R(rl)>]

Equations (M-6) and (M-19) hold even when the product creation process is a non-stationary

stochastic process.

When the product creation process 1is a stationary process, we have

(R(z,)R(7)) =(R(z, —7,)R(0)) and (R(r,))=(R(r,))=(R) . Substituting these equations
into equations (M-6) and (M-19), we obtain

() = (R dzS(r) (M-20)
and

o2(t) =(n(t)) +2 I;drz jo dz,S(t—17,)S(t-17,){5R(z, - 7,)5R(0)) (M-21)
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where (SR(t)6R(0)) designates (R(t)R(0))—(R)*. In the case where the product decay

process is a simple Poisson process, the survival probability, S(t), of a product molecule is
given by S(t) =exp(—yt) and equations (M-20) and (M-21) reduce to results of ref. 2 in the

long time limit. The derivation is similar to the derivation of equation (N8-4) from equation

(N8-3).

As shown in the derivation, the chemical fluctuation theorem (CFT) is a general result
that can be derived without making any assumption about the property of the product creation
process. This means that it holds exactly for any intracellular regulatory network in which the
product creation rate is modulated by product number or any other environmental variables.
The only assumption involved in our derivation of CFT is that the lifetimes of product
molecules are identically distributed, independent random variables, so that the product
lifetime distribution does not change over time. It is possible to think of a more general product
decay process, but, in such a case, the CFT would lose its concise form and would become far
more complicated. We believe that the current form of CFT is already general enough to
provide a quantitative explanation of the chemical fluctuation for most intracellular networks,

as demonstrated in the present work.

It is possible to generalize equations (M-6) and (M-19) for the case where the survival
probability of a product molecule is dependent not only on the time elapsed from its creation
but also on the time at which the product molecule is created. The mean and variance of the
product number for this case is given by equations (M-6) and (M-19) with S(t—z;) being
replaced by S(t,z;), which designates the probability that a product molecule created at time

7, has not suffered an annihilation as of time t.
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The Chemical Fluctuation Theorem from transient Little’s law and the law of total

variance

In this section, inspired by an anonymous reviewer’s comment, we discuss the derivation
of the CFT from transient Little’s law and the law of total variance. In probability theory, the
law of total variance states that, if X and Y are random variables on the same probability space

and the variance of Y is finite, then

(8Y2) = [(3Y2), pO)EX + [(¥2), pOX)EX ~[ V) X)X | | (M-22)

where (f(Y)), denotesthe average of f(Y) over the conditional probability p(Y | X).

Given that the law of total variance could be extended to describe the variance in the
product number for a non-stationary reaction system with rate being an arbitrary stochastic

process, the variance in the product number is given by

(5n%) = [ DIROKSN*)¢(, PRV

. (M-23)
+[ DIRMKN2, PIR®]-{ [ DIROKM 5, PIRO]

where (f(n))g, denotes the average of f(n) over the conditional probability p(n|R(t)),
or the probability of the product number, n, under the condition that a stochastic realization of
the reaction rate is given by R(t). In equation (M-26), J.D[R(t)] and p[R(t)] denote,

respectively, the functional integration and the probability density of a stochastic realization,

R(t) , of the reaction rate, which satisfies the following normalization condition:

[ DIR®IPIR®]=1.



To obtain the expression of the R.H.S. of equation (M-23), we need the expression of

(Mg and <5n2>R(t) . From the transient version of Little’s law or equation (M-16), we obtain

(Mg = j;drR(r)S(t—r). (M-24)

In addition, according to our CFT, the variance in the product number is equal to the mean for

any particular realization of R(t), i.e.,
t
(80 pgy = (Mg, = | dTR()S(E-7). (M-25)

We expect that equation (M-25) is already known in queueing theory. In addition, from

equation (M-24), we have
Mz = [ 07, [, dzR(Z)R(@)S (- 7,)S (t-7,) . (M-26)
Substituting equations (M-24)-(M-26) into (M-23), we obtain
(o) =(m+ [ dr, [ dzS(t-17,)S(t —@[(R(Q)R(q)y —(R@))(R(q))} . (M=27)
where (R(z,)R(z,)) and (R(z)) are defined by
(R(z)R(@))' = [ DIRWIR(z,)R(r) pIR(D)] (M-28)

and (R(7r)) = J DIR(t)]R(z) p[R(t)], respectively. Since the derivation of equation (M-27) only

relies on two well-established laws, the transient version of Little’s law and the law of total
variance, equation (M-27) is exact. Note that equation (M-27) has exactly the same

mathematical structure as equation (1) or equation (M-19). Since both equations (M-27) and
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equation (1) are correct, the TCF defined in equation (M-28) should be equal to the TCF
defined in equation (M-17), that is,

(RER(E)Y = (REIRE) = D3 (S ~)8(5, ~ ). (M-292)

i=1 j=1
J#i

We emphasize that (R(rz)R(rl)y in equation (M-27) is different from

D> DSz, ~t)(z,—t))  although R(t) is defined by equation (M-3) or

i=1 j=1

R(t) = ié(t —t7) . Should we choose to interpret <R(rz)R(rl)>' by
i=1

iiw(rz )8 (z, — %)

o0

=3 (5(r, )55, -t + 2 3 (e, ~t)5(5, 1)) (M-29b)
i=1 i=l j=1
j#i

=0(r,— z'1)<R(T1)> + <R(12)R(T1)>
equation (M-27) would yield an incorrect result.

We can show this for the simple case where the product creation process is a Poisson
process. In Supplementary Note 18, we present the relationship between the TCF of the rate
fluctuation and the reaction time distribution. As shown in Supplementary Note 18, when the

product creation process is a stationary renewal process with the waiting time distribution,

v, (), the TCF defined in equation (M-29a) can be related to y,(t) by

(R(t+1,)R(t,)) = (R(t+1,)R(t)) = 2(t)(R) (M-30)
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with 2(s) =7,(5) / [1-.(s)] (see equation (N18-13)). For a Poisson product creation process

with a constantrate, R,,wehave y,(s)=R,/(s+R,) and 2(t)= <R> =R, so that equation

(M-30) yields
(R(t+1,)R(t)) —(R) =0. (M-31a)

On the other hand, if one were to mistakenly adopt equation (M-29b) for the definition of

(R(t +tO)R(tO)>', one would obtain a different result, namely,

!

(R(t+1,)R(t)) —(R)" = 5(1)R,. (M-31b)

Between equations (M-31a) and (M-31b), equation (M-31a) is obviously the correct
result for a Poisson product creation process with a constant rate. It is well known that, when

product creation is a Poisson process, the product number distribution is the Poisson

distribution with (Sn?(t)) = (n(t)) . Equation (M-27) yields the correct result only when we

adopt the correct definition of <R(t+tO)R(t0)>' given in equation (M-29a). This example

clearly shows that equation (M-17) or (M-29a) is the correct definition for the TCF of the

product creation rate, but equation (M-29b) is not.

The derivation of the CFT in Supplementary Methods “The Chemical Fluctuation
Theorem from transient Little’s law and the law of total variance” is simpler than the derivation
in Supplementary Methods “The variance in the product number”. On the other hand, the
derivation of the CFT in Supplementary Methods “The variance in the product number” has a
greater advantage over the derivation of the CFT in Supplementary Methods “The Chemical

Fluctuation Theorem from transient Little’s law and the law of total variance”; the former
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provides the precise microscopic definition of the TCF by equation (M-17) while the latter
cannot. It is only from equation (M-17) that the TCF of the product creation rate can be related
to the microscopic dynamics of the product creation processes, for example, by equation (N18-
12) or (N18-13). An additional advantage of the derivation of the CFT in Supplementary
Methods “The variance in the product number” is that the derivation procedure can be extended
to obtain the analytic expressions of various other statistical measures including the TCF of the
product number, while the law of total variance cannot be extended in such a way and only
provides the variance. However, the alternative derivation of the CFT in Supplementary
Methods “The Chemical Fluctuation Theorem from transient Little’s law and the law of total
variance” clearly confirms the correctness of the mathematical structure of the CFT and
connects the CFT with well-established laws in probability theory, specifically, a transient

version of Little’s law and the law of total variation.

Derivation of equations (2) and (3)

In the steady-state where product creation is a stationary state, equation (1) reads as:
oty =(my+ [ dt, [ dtS(L,)S L )OR (L,)SR, () (M-32)

for the transcription of a single gene copy. R (t) and S(t) denote the rate of the transcription

of the single gene copy and the time-dependent survival probability of mRNA, respectively.

The overall transcription rate of Model 111 can be written as R, =&« (I"), where £ isa

stochastic variable for the gene state, taking one of two values, 0 for the repressed gene state

and 1 for the unrepressed gene state, and «(I") represents the rate of the transcription process
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of the unrepressed gene, which depends on cell-state variable I". For this model, the mean

number of mMRNA, (n), (= <R1>f: dtS(t) =(R))z,, ) and the TCF of the rate fluctuation in the

overall transcription process can be obtained as

(), =(x){&)7, (M-33a)
<5R*§215;1(°» = 6. 0) + 02 () + . (4. (1) (M-33b)

where 72 =(59°)/(q)* denotes the relative variance or noise in q, i.e., 17 =(59)/(q)’
(q e{x, &) . See equation (Al2) in ref. 5 for the derivation of equation (M-33b). Dividing
equation (M-32) by (n,)*> and substituting equations (M-33a) and (M-33b) into equation
(M-32), one can easily derive equation (2). In the case where the survival probability of

MRNA is an exponential function of time, i.e. S(t) = exp(—yt), the noise susceptibility y,,

appearing in equation (2) reduces to y _[: dte‘7‘¢q (t) . An alternative derivation of equation (2)

can be found in ref. 2, but the derivation is only applicable when the product survival
proability is an exponential function.

Now let us move on to derivation of equation (3). For the transcription of g identical copies
of the gene, equation (1) reads as

0%y =(my+ [ dt [ dLS ()5 0) Y (OR (L)SR, (1) (M-34)

i,j=1

where R, denotes the transcription rate of the i-th gene copy. The mean transcript number

(n), created from g identical copies of the gene is related to the mean transcript number
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(n), created from the single gene copy by

M, =>"7 (R)S(0) = g(R)S(0) = g(n), (M-35)

because the mean transcription rate of one gene copy is the same as that of another gene copy,

ie, (R)=(R,)=...=(R,). §(O)[s I: dtS(t)} is the same as the mean lifetime of mMRNA,

ie, S(0)= j:dty/(t)t with w(t) being the distribution of the mRNA lifetimes. w(t) is
related to the survival probability S(t) of mMRNAby w(t)=-dS(t)/dt. In the third equality

of equation (M-35), we have used (n), = (R1>§(O) , Which is valid for any functional form of
the mMRNA lifetime distribution.

The second term on the right-hand side of equation (M-34) can be then rewritten as

[ dt] dtIS(tz)S(m{ini (t,)0R (1)) + X (SR (t,)0R; (1))

i#]

=g dt, [ dtS(L)SENGR (L)SR (L) + X ["dt, [ " dt;S (L) (L )(OR (1) R, (1)) M-36)

= g(oZ, () )+ (onon;)

i#]

=g(og, —(n)y)+9(g-1c
In the second equality of equation (M-36), equation (M-32) has been used. In equation (M-36),
(6n,on;) denotes the covariance between the copy number of mRNA produced from the i-th

gene copy and the copy number of mRNA produced from the j-th gene copy. The value of

(on,on;) should be the same for any pair of identical gene copies, so it is denoted by c.

Noting that o ; =(n?), —(n);, one can obtain the expression of (n’), from equations (M-
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35) and (M-36) as follows:
(n*)y = g*(n); +9o,, +9(g-1)c (M-37)

Taking the average on both sides of equations (M-35) and (M-37) over the gene copy number

distribution, one obtains

Ny =(g)n), (M-38a)
(N*y =(g*Xn) +(g)o’, +(g(g-D)c (M-38b)

From equations (M-38a) and (M-38b), we finally obtain equation (3):

o= on F (3901 ¢
(), @ () (M-39)
:(7751 +Fy+ tolo 1) an<n>1
| (9)

where 775,1 denotes the relative variance or noise in the copy number of mMRNA produced by
a single gene copy, i.e. ajyl/<n>f . C, denotes the mean-scaled correlation between mRNA

levels produced from two gene copies, which is defined by <§ni5nj>/<ni><nj> or c/(ny?.

Equation (M-39) can be easily re-arranged to equation (3) in the main text (see Supplementary

Note 18).
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SUPPLEMENTARY NOTES

Supplementary Note 1 | The time scale of the RNAP-promoter binding affinity fluctuation.

In this note, we briefly mention the previous works that support our finding that the RNAP
binding affinity of constitutive promoters fluatuates with a rate of about 100 Hz or greater. It
was shown that the supercoiling of DNA affects the formation of the pre-initiation complex
and the subsequent initiation process® 4. Such a tendency differs from gene to gene, depending
on the promoter sequence® ®. The time scale associated to non-enzymatic supercoiling
dynamics amounts to 10 ms or less, which is consistent with our estimation of the RNAP-
promoter binding affinity fluctuation time scale” 8 (see Supplementary Note 14 &

Supplementary Figure 1 for our estimation of time scale of the binding affinity fluctuation).
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Supplementary Note 2 | Equation for the protein noise derived from CFT.

In this note, we apply equatin (1) to the simple vibrant translation process, the rate of which

is given by R, =k, (I')n, and present the equation that shows how the mRNA noise

propagates into the downstream protein noise. For the vibrant transcription process, equation

(1) yields the following equation for the variance aﬁ in the protein number, p, in the steady

state:
oy = (p)+ [ dt,["dt S, (1,)S, (t) (SR (L)SR (1) (N2-1)

where (p) and S (t) denote the mean protein number per cell in the steady-state and the

survival probability of a protein, or the probability that a protein molecule created at time 0 has

not suffered an annihilation as of time t. The mean protein number, (p), is related to the mean

translation rate <RTL> and the mean lifetime of protein z, by (p)=(R )z,, where 7z, is
given by 7, :§p(0)[: J.OwdtSp(t)] Equation (N2-1) exactly holds for general translation

models, irrespective of whether or not the translation rate is dependent on the protein number.

Given that k; (I') and the mRNA number are independent, equation (N2-1) yields

1
n: = o Zow e, * XonlTh + X ot m e e - (N2-2)

The derivation of equation (N2-2) is similar to the derivation of equation (2) (see
Supplementary Methods). In equation (N2-2), the susceptibility or propagation efficiency
coefficient of the source noise into the non-Poisson protein noise is defined as

18



o0 =Sp(0)° [ dt, [ dtS (0)S, (WA (1t —t ) ae{kn, N (kn, M} (N2-3)

where ¢, . (t) designates @, . (t)=4_ (t)¢,(t). The mRNA noise, n?, appearing in
equation (N2-2) is given by 72 =(ny™*+Q,/(n) with Q, being given by equation (2) in the
main text.

The noise susceptibility given in equation (N2-3) can be rewritten as
X5 =25,00)7 [ dt,S, ()] dt.S, (6 +t)4,(t)  a ke, (e )} (N2-4)

When the protein survival probability is a simple exponential, i.e., when S (t) = e ’* one can

easily show that equation (N2-4) reducesto y,, = ;/p¢3q (7,) 2,
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Supplementary Note 3 | Relationship between equation (1) and previously reported

results.

In this note, we briefly discuss how equation (1) is related to the previously reported results

for the product copy number variability.
3.1 Relation to results in refs. 2, 9, 10, 11 and 12

When the survival probability is a simple exponential function, i.e., when

S(t) =exp(—yt), equation (1) reduces to the result of ref. 2. Substituting S(t) =exp(—7t)

into equation (1) for the steady state, one can obtain

2 1 2
= N3-1
N w vl (N3-1)

where 77; and  y. [zngR(y)] denote the relative variance of quantity g and the

susceptibility of the product number fluctuation to the fluctuation of the product creation rate.
The equivalent mathematical expression was previously presented in equation (Al1l) of ref. 2.

When the overall transcription rate is given by R =&k, equation (N3-1) can be rewritten as

equation (2) by using equation (A12) of ref. 2. The derivation given in ref. 2 was made for the
case where the product creation rate can be coupled to cell state variables exlcuding the number
of product molecules. In contrast, equation (1) holds exactly, even when the product creation
rate is coupled to product number as well (see Supplementary Methods), as does equation (N3-

1),

Here, we present a more detailed discussion about the relationship to ref. 2. First, CFT,

equation (1), in the present work has a greater application range over the key results in ref. 2,
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which can be summarized as follows: 1) CFT in the present work is applicable to biological
networks with an arbitrary regulation mechanism on the product creation process, whereas the
result in ref. 2 is not. The result in ref. 2 is only applicable to those biological networks in
which the product creation process is not dependent on the product number. 2) CFT in the
present work is applicable to both a non-stationary product creation process as well as a
stationary process, whereas the result in ref. 2 is only applicable to the latter. 3) CFT in the
present work is applicable to the case where the lifetime distribution is a non-exponential

function, to which the result in ref. 2 cannot be applied.

Second, in the present work, we apply CFT to the quantitative analysis of mMRNA
variability among a clonal population of cells for three different experimental data, namely
those published in refs. 13, 14 and 15. In contrast, the authors of ref. 2 mainly focused on the
application of their result to the quantitative analysis of protein level variability in the dual
reporter system, reported in ref. 16. Since researchers in each experiment employed a different
control variable, we use different models accordingly in the present work. These models are

also different from the model used in ref. 2.

Last, in the present analysis, the effect of gene copy number variability is explicitly
modelled with the use of information extracted from experimental data reported in refs.13, 14
and 15. By doing so, we take great strides in achieving a separate estimation of the mRNA
noise originating from gene copy number variation and various other sources. In contrast, in
ref. 2, the effects of gene copy number variability were implicitly taken into account with gene
copy number treated as a hidden variable.

The relationship of equation (N3-1) to the theoretical results in refs.9, 10, 11 and 12 is

discussed in detail in Supplementary Note 8 of ref. 2.
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3.2 Relation to results in ref. 17

Equation (N3-1) is also related to one of the key results in ref. 17. Equation (N3-1) is, in
fact, equivalent to equation (C.23) in Supplementary Information of ref. 17, from which
inequality (12) in ref. 17 follows. This fact may not be easily noticeable to general readers

because, in contrast to equations (1) or (N3-1), the susceptibility of the product noise to the
noise in the product creation rate is presented in terms of the covariance (nR) between
product copy number, n, and the product creation rate, R in equation (C.23) in Supplementary

Information of ref. 17.

To see the equivalence between equation (N3-1) and equation (C.23) in ref. 17, one has to
have the analytic expression for the steady-state cross correlation between the product copy

number and the product creation rate. Multiplying equations (M-3) and (M-11) gives

o0 0

n(OR(t) = ZZﬁ(t'—tf)'[;dré(r—t?)[l— j;"dr'a(r'—rj)}

=Y o -t) j;dra(r—tf)[l— J.O”dr’é'(r'—ri)} (N3-2)

" j;drii(sa'—tf)a(r—t,?)[l—j;Tdr’é(r’—r,—)]

where the diagonal terms with i = j are separated from the off-diagonal ones with i= j on

the R.H.S. of the second equality. Let us consider n(t)R(t") in the limit where t' >t+¢

with & being positive and infinitestimal. Then each of the diagonal terms vanishes because
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lim 5(t+&—t°) Iotdré(r—tf)[l— j;fdr'a(r'—ri)}

>0+

= lim 5(t+ £ 1) I;dré(r—(t+5))[1— jo'gdw(r'—fi)} (N3-3)

= lim 5(t+g—ti°)j;d75(r—(t+g))=o

By taking the average of equation (N3-2) over {t/,t;} and {r;} and by using equation (M-

17) and (N3-3), we obtain

(MR = [, deS(t-rXRORE) (N3-4)
This equation becomes

(NR) = (RY(N) +(SR?) [ " dE'S (), (') (N3-5)

in the steady-state or in long time limit. Equation (N3-5) is exact regardless of the time-profile
of the survival probability and the stochastic properties of the steady-state transcription process,
which may depend on the product number, in the presence of feedback regulation, as well as
other cell-state variables. Equation (N3-5) is a new result, which has not been previsouly

reported. Its application to biological systems is to be published separately.

In the special case where the product decay process is a simple Poisson process for which

the survival probability of a product molecule is given by S(t) =e™", our results reduce to the

result of ref. 17. In this special case, we can rewrite equation (N3-5) as
(NSR) = (SR*)e (1) = 2 (GR®)¥ = 2o (RUN) = (M) 1, o5 /(R)
Here y.. denotes the susceptibility, ;/¢3R (), of the product noise when the product lifetime
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is exponentially distributed. From this equation, we obtain the following analytic result for the

normalized covariance ¢, [=(SnSR)/(o,0,)] betweennand R,

b = o 12 (N3-6)

n

where y,, Is the same as that appearing in equation (N3-1). With equation (N3-6) at hand,

equation (N3-1) can be rearranged to
My =1+ 4o\, 7Tx (N3-7)

where ﬁqz, the notation used in ref. 17, denotes nj(n). Equation (N3-7) is equivalent to

equation (C.23) in ref. 17, from which inequality (12) in ref. 17 follows. In the derivation, we
confine ourselves to the usual case where every reaction event produces a single product

molecule.

3.3 Relation to results in ref. 18

In ref. 18, the authors considered the following model of single gene expression.

Production of mRNAs occurs in bursts, each of which produces a random number m, of

MRNAs. The transcriptional burst is a renewal process with waiting time distribution f (t).

The annihilation of mRNA is a simple Poisson process with a constant rate. Each mRNA

produces a random number p, of proteins with an arbitrary distribution before decay. The

annihilation of protein is a renewal process with arbitrary waiting time distribution h(t). By

applying queueing theory to the model, the authors provided an approximate analytic solution
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for the mean and variance of protein number in the steady-state for two limiting cases, in which

either f(t) or h(t) isanexponential distribution.

Our CFT, equation (1), yields exact analytic results for the first two moments of protein
copy number for more general models of gene expression, the details of which appear in
Supplementary Note 2. Here, we only make a comparison between equation (1) in this work

and equation (6) of ref. 18 for the case where f(t) is an exponential distribution given by

Ae~*. Equation (6) of ref. 18 reads as
ol =(py+ A [ at[s,®] (N3-8)

where af) and (p) denote the variance and mean in the protein number. A, is the burst
size parameter given in equation (2) in ref. 18. S (t) denotes the survival probability of a

protein molecule. In comparison, given that the translation rate is given by k, n with k;

being constant, equation (1) of the present work yields
of =(py+k7 [ dt, [ dtS, (1,)S, (1) {5n(t,)on(t,)) (N3-9)
for the variance in the protein number. Equation (N3-9) can be obtained from equation (N2-2)

with k; being constant (7; =0). In equation (N3-9), (&n(t,)on(t,)) denotes the TCF of

the mMRNA number fluctuation. Equation (N3-9) is the exact result for the translation model

and it reduces to equation (N3-8) or equation (6) of ref. 18 only when the mRNA fluctuation is

white noise, i.e., (Sn(t,)on(t))=(AA,/ki )3 (t, —t,) . However, in reality, the mRNA noise is

not really a white noise, but a colored noise whose time correlation depends on the dynamics
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of the transcription and the mRNA annihilation processes.
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Supplementary Note 4 |Generalization of equation (1) for the case where the mRNA

lifetime distribution is strongly heterogeneous among the cells.

When the mRNA degradation process is strongly coupled to the cell environment, the
mRNA lifetime distribution can significantly differ from cell to cell, and the cell-to-cell

variation in the mRNA lifetime distribution serves as an additional source of the mRNA noise.

Let S.(t) denote the mRNA lifetime distribution for the cells in state T" and let the

MRNA decay process be a renewal process among the cells in state T". Then the first two
moments of the MRNA copy number distribution among the cells in state " are given by

equation (M-6) and (M-18) with S(t) replaced by S.(t), i.e.,
() = [ d=(RES, (t-7) (N4-1)

(N () =(n();

t t -2
+J-0 drlj-o dz,S.(t—17,)S.(t _T2)<R(TZ)R(T1)> (N4-2)

Performing the average of equations (N4-1) and (N4-2) over the distribution, p(T"), of cell
state, we can easily obtain (n(t)) and <n2(t)>, respectively. By subtracting (n(t))° from
(n?(t)) , we obtain

or(t)=(n(t))

+[dz, [ dz, [(S(t-2)S(t- 7)) (R(z)R() (N4-3)
~(S(t-2))(S(t-7))(R@))(R(x,))]
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where  (S(t)) and (S(t)S(t,)) are defined by <S(t)>zIde(F)Sr(t) and

(S(t)S(t,))= Ide(F)Sr(tl)Sr(tz) , respectively.

Adding O:<S(t—rl)S(t—r2)><R(z'2)><R(rl)> —<S(t—z'l)S(t—TZ)><R(TZ)><R(rl)> to the

integrand of equation (N4-3), we obtain

o, (1) =(n(t))
+[ dz, [ dz, [(S(t-2,)S(t-2,))(5R(7,)5R(z,)) (N4-4)
+(8S(t—7,)S(t—7,)}(R(z,))(R(z,)) |

where (5S(t,)5S(t,)) denotes (S(t)S(t,))—(S(t,))(S(t,)). Equation (N4-4) is the simplest
generalization of equation (1) into the case where the mRNA lifetime distribution is strongly
heterogeneous among the cells. The implicit assumption involved in this derivation is that the
cell state variables coupled to the mRNA lifetime distribution is statically distributed and they
are not coupled to the transcription process. It is possible to generalize equation (1) to
encompass the more complicated cases where these assumptions do not hold; this, however, is
beyond scope of this work. In the steady-state, or in the long time limit, the non-Poisson mRNA

noise is obtained from equation (N4-4) as

oy =M _

<n>2 = 2<Tm>_2_|.:d72_[012 d71<5(71)5(z'2)>¢re (z, _T1)77F§

(22 = (r)?) (7’

(N4-5)

where <rrkn> is defined by jdrp(F)rg(F) with (") being equal to jowdtsr(t). On the

R.H.S. of equation (N4-5), the second term indicates the relative variance of mean mRNA
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lifetimes distributed over cells. In the special case where S_(t) = exp(—krt), the time integral

on the R.H.S. of equation (N4-5) is given by

J:c dr, _[OTZ dr, <S (7,)S (Tz)> $e(r,— 1) = <%> (N4-6)

and (z!) isgiven by J.dl“p(l“)k;'.

In Fig. 5f, we consider the model where the mRNA lifetime is statically heterogeneous

dichotomous random variable among the cells. In this case, we have
p(r) = pS(C~T,)+ p,6(C~T,) with p,+p,=1,and (S(t))= p,exp(-kyt)+ p, exp(-kyt).

For this model, the R.H.S. of equation (N4-6) is given by

J; 4. dr (s @S ) (o) = 3, ) (N4-7)

and (zl) is given by Z; pk ', where K, denotes K, . Substituting these results into

equation (N4-5) and using equation (M-33b) for 77§¢3R(ki) , We can calculate the non-Poisson

MRNA noise for the model where the mRNA lifetime is statically distributed. As shown in Fig.
5f, the non-Poisson mRNA noise for this model is greater than the non-Poisson mRNA noise
of the transcription model with the mRNA survival probability that is not heterogeneous but

the same across the cells and given by S(t) = p, exp(—kt) + p, exp(—k,t) .
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Supplementary Note 5 | Brief review on several approaches dealing with reaction

networks in dynamic environments.

Here, we present a brief review on several approaches dealing with reaction networks in
dynamic environments, which are mentioned in the main text.

Lim et al. extended the chemical master equation to account for the coupling between the
product creation rate and the cell environment?. Taking this approach, the authors provided a
simple analytic result of biological noise, which provides a successful quantitative explanation
of how the RNAP level noise propagates into the downstream protein noise and correlation in
the dual reporter system. In doing so, the authors also take into account the coupling of hidden
environmental variables other than the RNAP level on the gene expression rate in a collective
and complete manner. However, the derivation of the final result in ref. 2 is made under the
assumptions that the product creation rate is independent of the product number and that the
lifetime of product molecules are exponentially distributed, which makes it inapplicable to the
intracellular networks with feedback regulations or the case where the lifetime of product
molecules has a non-exponential distribution. These two drawbacks are removed in our CFT.
In addition, it is remarkable that the CFT, equation (1), is applicable to the case where the
product creation is a non-stationary process, to which the final result in ref. 2 is inapplicable.

Leier and Marquez-Lago introduced another approach based on the delay chemical
master equation (DCME) to efficiently deal with reaction networks. In this approach, the
authors model complex chemical processes as a single-delay reaction, instead of modeling
every detail of the complex chemical processes'®. Here, the single delay reaction is
characterized by the distribution of time delays or elapsed times taken to complete a product

creation event after the reaction is initiated. The derivation of a solvable DCME for general
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networks including feedback loops remains a difficult task, though the stochastic simulation of
the single delay reaction is possible. A different simulation algorithm for reaction networks in
dynamically fluctuating environments was suggested by \oliotis, Thomas, Grima, and
Bowsher?. This method simulates trajectories that can be obtained from the chemical master
equation with time-dependent, stochastic rates. However, the stochastic rate is not allowed to
be affected by the product number, which limits application of this method to regulatory
networks containing feedback loops. Neither of these approaches gives the general analytical

result for second-order chemical fluctuation, which is the central result of our work.

Extending Gardiner and Chaturvedi’s Poisson mixture ansatz into the case where the
mean of a Poisson distribution is governed by the first-order differential equation with time-
varying, stochastic creation and degradation rates, Dattani and Barahona obtained the general
relationship [equation (4.1)] between the product (MRNA) number moments and Poisson mean
moments?:. Among them, the second-order moment equation [equation (4.4)] is comparable to
our CFT, but the application range of their equation is essentially limited to the case where the
degradation rate is a constant or a deterministic function of time. In the absence of the product
degradation process, this result assumes the same mathematical form as the result in ref. 22.
When the rate of the product degradation process is constant, the second-order moment
equation reduces to the result in ref. 2 in the steady state. One can consider a more general case
with a stochastic degradation rate, for which an explicit analytic result is missing in ref. 21.
Taking the approach in ref. 21, one can derive a formal expression of the second moment of
the product number?. However, to obtain an explicit analytic result, one must have the analytic
expressions for the multi-time correlations between stochastic rates governing the time
evolution of the Poisson means up to the infinite order, which makes the practical application

of this approach infeasible when the product lifetime distribution is an arbitrary non-
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exponential function. To the best of our knowledge, the exact analytic expression, equation (1)
reported in this work, for the reaction networks creating the product molecules with an arbitrary

lifetime distribution has not been previously reported.

It is remarkable that , as demonstrated in ref. 21, the analytic result of the time-dependent
mRNA number distributions can be obtained for simple models by solving the time-evolution
equation of the distribution of the Poisson mean. This equation conforms to the generalized
Fokker-Planck equation describing general vibrant reaction networks considered in ref. 2.
These equations, however, are not applicable to reaction networks with a feedback regulation.
Even for the gene expression network without any feedback regulation, it is not feasible to
provide a quantitative explanation of the experimental data for gene expression statistics with

use of the simple models considered in ref. 21.
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Supplementary Note 6 | Analysis of the experimental data for the copy number variation
of mMRNA expressed from lacZ gene under IPTG-controllable Pi.c promoter among a

clonal population of E. coli

Combining equations (2) and (3), we obtain the following expression of the non-Poisson

noise Q,/(n),

Q ) 2 2 ( 2 (g(g-1)) j
— = 2o+ Kool +| Kol + Fy +——=C, (N6-1)
<n>1 s E (x,¢&) I3 g <g>

for Model I11. The non-Poisson noise, Qn/<n>1 , can be decomposed into two components. The

first two terms on the right-hand side of equation (N6-1) originate from the dichotomous

fluctuation of the gene states between the active state (£ =1) and the inactive state (£ =0), so
they are proportional to the relative variance 77§ in the gene state variable, &. On the other

hand, the terms in the bracket stand for the non-Poisson noise originating from other sources,
such as fluctuations in the transcription rate x of the gene in the unrepressed state, the slow
variation in the gene copy number, g, and the correlation between the copy number of

MRNASs created from different gene copies.

To provide a quantitative explanation of the experimental data shown in Fig. 2, we must

know the dependence of the non-Poisson mRNA noise, Q,/(n),, on the mean mRNA level.
Let us first examine the dependence of the common factor, 17§, of the first two terms on the

mean MRNA level or x(=(n), /(n), ....) - For Model III, 172 are related to k,, and k, by

72 = (&) ~(ONE? =k [ken [ (&Y =(&) =Ky /(K +Ky) |- The gene state switching
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rates, k, and k., , are related to the maximum scaled mean mRNA level, X, by

X =Ky, /(K + Ky ) - That is to say, in terms of x, we have n: = (1—x)/x, which vanishes in
the limit where the gene is always in the unrepressed state, i.e., inthe x =1 or k, /K —

limit. Therefore, the first two terms on the right-hand side of equation (N6-1) vanish in the

X =1 limit where we have

lem Qn /<n>1 = anni + Fg +%Cn' (N6'23.)

- - - - 2 - - - -
On the right-hand side of this equation, y, 7. and F, originate from the fluctuation in

transcription rate x of the gene in the unrepressed state and the variation in the gene copy

number, but they are independent of the gene-state switching dynamics or k, k,,and X.

on !

In addition, for Model Il and 11, C, isindependentof k,, k,,and X, aswe will show in

n on !

Supplementary Note 10. Since Iirrl1 Q,/{ny, isindependent of X, only the first two terms on

the right-hand side of equation (N6-1) depend on X or the mean mRNA level, which can also

be experimentally estimated by

Q, /(M —limQ, /(n); =A. (N6-2b)

The dependence of A on X orthe mean mRNA level carries valuable information about

the dynamics of the transcription process comprising the gene-state switching between
repressed and unreppresed states and the transcription dynamics of the gene in the unrepressed

state. For Model I, the fluctuations in the gene state and the transcription rate are neglected,
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i.e, 77 =n2=0,so that the first two terms,

A= 20Tl + Yo 1Ee (N6-2¢)

on the right-hand side of equation (N6-1) vanish for any value of the mean mRNA level, which
is in contradiction with the experimental data shown in Supplementary Figure 2a or Fig. 2a,

Supplementary Figure 3, and Fig. 4. For Model I, the value of the non-Poisson noise Q, /(n),

is the same as Iirr}Qn/(m1 independent of x, which is simply givenby F, because C as

well as 72 vanish in equation (N6-2) for Model I:
Q,/(n), =F, (Model I) (N6-3)

For Model 11, the fluctuation in the gene-state is taken into account, 775 #0, while the
fluctuation in the transcription rate of the gene in the unrepressed state is neglected, i.e., 1> =0,
for which A(= y,.7 + Z,.min?) teduces to y,.nZ, and the non-Poisson noise Q, /(n),

in equation (N6-1) becomes
Q, /ANy = e + Fy, (Model I1) (N6-4)

C, inequation (N6-1) vanishes for Model 11 as well as for Model I. F_ is independent of the

n 9

gene state switching rate or the mean mRNA level, but ,. and 77§ (=Kyy /kon) are related

to the gene state switching rate. From this point forward, we confine ourselves to the case where

the survival probability of mMRNA is explicitly given by an exponential function, i.e. S(t)=e™"

for analysis of the lacZ mRNA number fluctuation given in ref. 14, where the lacZ mRNA
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reportedly show an exponential decay. In this case, y,. isobtainedas y,. = ;// (7 +Kk,, + K )-

The analytic expression of y . can be obtained from the definition, .= ;/'[:dte”‘@(t),

“lanlor ) which is exact for Model 11. The dependence of

and the following equation, ¢.(t)=e¢
Zne 0N X(=(N); Ny ) = Ko /(Ko +Kye ) iS NOL unique; instead, it is sensitive to the

transcriptional regulation mechanism. When the value of k is modulated while the value

k,, is held constant through the transcriptional regulation, we have k,, +k =k,,/x so that

on

Zo: =X/ (X+a) (k,; modulation) (N6-5a)

with a being k,,/y.Onthe other hand, when the value of k, is modulated while the value

of Kk, isheld constant, we have Kk, +Kky =k, /(1—x) so that

Zoz = (@=X)/(L=x+ ) (k,, modulation) (N6-5b)

with g being K. /. As mentioned before, we have

n? = (1-x)/x (N6-6)
in any case. Therefore, the dependence of the non-Poisson MRNA noise in equation (N6-4) on

the maximum-scaled mean mRNA level, x, is given by

Q,/(n); =[@-x)/(x+a)+F, (Model I, k, modulation) (N6-73)

Q,/(n);, =x"(A-x)*/(L-x+ p)+F, (Model Il, k_ modulation) (N6-7b)

on

Note that the non-Poisson noise is divergent in the small x limit for the k, modulation
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mechanism, whereas it approaches a finite value for the k, modulation mechanism. The

experimental data shown in Supplementary Figure 2a and Fig. 2a in the main manuscript are

consistent with the k, modulation mechanism. Therefore, we choose equation (N6-7a) in

analysis of the experimental data with use of Model II.

In Supplementary Figure 2a, we show the experimental data for A(x), which decrease
with x(= <n>1/<n>1ymax) in a bi-exponential manner for lacZ mRNA among a clonal population

of E. coli**. However, neither Model | nor Model Il provide a satisfactory quantitative
explanation of the bi-exponential feature in the experimental data. Equations (N6-3) and (N6-

7a) are used for Q,/(n), in the comparison of Model | and Il with the experimental data. In

equation (N6-3), the value of parameter F, could be estimated to be 0.206 (see

Supplementary Note 16). The value of a(=k,, /») in equation (M-38a) is set to be 0.83,
which is estimated from the reference values* * of » and k_, . The value of k_, is setto
be 6.9x107°%(s™), which is the value of the repressor dissociation rate from the major operator

site O1 reported in ref. 15 and the lifetime of MRNA, »™, is given by 120 seconds in ref. 14.

Adirect comparison between the experimental data and the theoretical predictions of equations
(N6-3) and (N6-7a) is made in Fig. 2a. In addition, the best fits of Model | and Model 1l to the

experimental data for the non-Poisson noise as a function of (n), are shown in

Supplementary Figure 2b. The optimized values of the adjustable parameters are as follows:

F, =150 (Modell); F,=0.215 and a(=k,/y7)=0.451 (Model II). As shown in Figs. 2a

and Supplementary Figure 2b, the bi-phasic feature in the experimental data for Q,/(n) or
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A(x) cannot be explained by either Model I or Model 11, in which the transcription of the gene

in the active state is a simple Poisson process with constant rate « . This observation attests

Model 11I’s assumption that the transcription of the active gene is not a Poisson process.

For Model Ill, A(= Qn/<n>1—lirrl1Qn/<n>l) depends on the non-Poisson transcription

dynamics of the unrepressed gene through the TCF ¢_ of fluctuations in transcription rate « .

The dependence of A on ¢_ for Model 111 can be obtained from equation (N6-1) as

A= 200 | 14 (7 + Koy + K 8, (7 + Ky + o I | (Model I11) (N6-8)

where y,. and 77§ are the same as in Model 11, and their dependence on the mean mRNA
level are given in equations (N6-5a) and (N6-6). Since ¥, is given by)//()/+ Kon + Kyt ), the
dependence of y+k, +ky (=7/7,) onthemean mRNAlevel readsas y (1+a/x) for the

Ky modulation scheme and y[1+8/(1-x)] for the K, modulation, according to

equations (N6-5a) and (N6-5b). Equation (N6-8) can be then rewritten in a more compact form

as

A= o2 |1+ () 20 20007 ] (Model 1) (N6-9)

The explicit expression of A(x) can be obtained by substituting equation (N6-5) into

equation (N6-9):

A(x):(;z)(unj(u%j f}(uﬁn (Model 111, K, modulation)  (N6-10a)
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A(X)=X(§1__—):(J)rm{1+n§[1+£j fl[bﬁﬂ(Modellll, k,, modulation) (N6-10b)

where fk (S) stands for 7¢3K(;/§) with § denoting the dimensionless Laplace variable
defined by §=s/y. The corresponding inverse Laplace transform, fk(f):tl{f,(@)}(f)
with f being the dimensionless time variable yt, is the same as ¢_(f/y). Thanks to the
Tauberian theorem, !Ln; s;/;q (s) =¢,(0) =1, we obtain the asymptotic behaviors of A(x) from
equation (N6-10) as

[7751:,((1+a)+(1+a)’1](1—x) (Model 111, k,, modulation)

il _ , (N6-11a)
f«T(l_x)2 (Model 111, k,, modulation)

for the case where the mean mRNA level is close enough to the maximum value, and

2
7,41 (Model 111, k,; modulation)

AX—>0)—>q @ (N6-11b)
[775 f (L+p)+@1+ ﬂ)-l] x™* (Model 111, k,, modulation)

for the case where the mean mRNA is small enough. As shown in Supplementary Figure 2c,

the asymptotic behavior of the experimental data is found to be consistent with the Kk

modulation scheme, in agreement with the conclusion drawn in ref. 14. It is also consistent
with the mechanism of IPTG, which changes the association rate of the repressor to promoter

DNA or the rate, Kk, , at which the gene switches from the unrepressed state to the repressed

state. Therefore, we choose equation (N6-10a) for the quantitative analysis of the experimental

data for A(x) shown in Supplementary Figure 2a.
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From the experimentally measured dependence of A on X, we can extract the time
profile of the TCF, ¢,_(t). To do this, we first make use of the substitution, 1+a/x=S§ or
x=al(§-1), in equation (N6-10a) and then make a simple rearrangement of the resulting

equation to obtain

n?f () =—2 A( ad j—l (5>1+a) (N6-12)
§-1-«o §

Since the inverse Laplace transform, f, (f) =K1{ fK (§)}(f), is the same as ¢_(f/y), we can

obtain the time profile of ¢ _(t) by performing the inverse Laplace transform of equation (N6-

12) and the experimental data for A(x). When the entire experimental data are plotted in a

logarithmic scale, the data clearly show a bi-exponential feature, as shown in Supplementary
Figure 2a. On the basis of such a bi-exponential feature, the following function is chosen as a

fitting equation for A(Xx):
A(X)=y(X)1-X) (N6-13)

with y(x) being the following multi-exponential function, Z;cie‘“””vm“ﬂc?}(z y(X))
Equation (N6-13) has the correct asymptotic behavior given in equation (N6-10a) for the k

modulation case. The solid curve in Supplementary Figure 2a is the best representation of the

experimental data by equation (N6-13). The value of (n), . is 30.6 according to the

experimental data reported in ref. 14. The optimized values of c and 4, are

ie{1,2,3}

¢, =363, ¢,=1.07, ¢,=0.30, 4, =216, and A,=0.22. These values are found by the
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least square fit of equation (N6-13) into the experimental data under the constraint that the

variance in the transcription event number is positive. The variance in the transcription event

number is given by equation (1) with S(t) =1. Since the small-x limit value of A(x) is given
by A(x—0)=c,+c,+c, according to equation (N6-13), the value of 7> can be estimated

as 30.4 from equation (N6-11b) or ¢, +c, +¢C, = (7> +1)/a forthe k, modulation case.

Substituting equation (N6-13) into equation (N6-12), we obtain

n2f.(3) =~—y(~ij—% (N6-14)
§-1°\8§-1) §

where the value of a(=k,, /) issetto be 0.83 as estimated from the reference values of k,
and y mentioned above. The definition of y(x) is given below equation (N6-13). As shown
in Supplementary Figure 2d, fK(§) or 7/;5,( (7S) has a negative value when the value of § is
less than 40, which signifies ¢_(t) is nota monotonically decaying function. If ¢_(t) were

a monotonically decaying function of time, its Laplace transform will always be positive. Note

that the global fit of equation (N6-10a) with the exponential TCF, ¢_(t) =exp(—At) [equation
(N6-19)] cannot provide a quantitative explanation of the experimental data for Q,/(n), (see
Supplementary Figure 4).

Indeed, the time profile of TCF ¢, _(t) obtained from the inverse Laplace transform of

equation (N6-14) is found to have a non-monotonic function of time, which is given by

T80 =e"Ycald, (2 Aamrt) -1 [<<l+a)’] (N6-15)

i=1
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Here, J, denotes the zeroth order Bessel function of the first kind®*, which is one of the well-

known oscillatory functions frequently encountered in physics and chemistry. As shown in Fig.

2b, the TCF given in equation (N6-15) exhibits an oscillatory behavior.

According to an anonymous reviewer’s suggestion, we repeated our analysis using a non-

parametric interpolation of the raw data version of A(x) to confirm the oscillatory feature in
the resulting TCF of the transcription rate. We interpolate the raw data points for A(x), or

Q, /(n), (x)—Iirrl1Qn/<n>1 shown in Supplementary Figure 2a, using the piecewise cubic

Hermite interpolating polynomial interpolation routine in Matlab 9.2, and substitute the

interpolation result into  A(x) in equation (N6-12). We then cacluate 7’¢_(t), by performing

the numerical inverse Laplace transform of equation (N6-12) with the non-parametric

interpolation of A(x), with use of Durbin-Crump method. As shown in Supplementary Figure

5, the resulting TCF shows an oscillatory feature in qualitative agreement with equation (N6-

15) that relies on the smooth function version of A(X), representing a global trend in the data.

We have also used the Stehfest method for the numerical inverse Laplace transform to
extract the TCF of the transcription rate from the non-parametric interpolation of the raw data

version of A(X). In contrast with the TCF obtained from the Durbin-Crump method, the TCF

extracted from the Stehfest method has a noisy shape, and the details of the shape depend on
which option was chosen for the numerical inverse Laplace transform routine in use. However,
we find that the noisy TCF extracted from the Stehfest method also shows an oscillatory feature
in qualitative agreement with the TCF extracted with use of the Durbin-Crump method, or the
result of our analysis that relies on equation (N6-13), the smooth function version of A(x),
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which are presented in Supplementary Figure 5 and Fig. 2, respectively. However, we do not
present the unnaturally irregular TCFs extracted using the Stehfest method. Given that the
variance in the copy number of mMRNA is a slowly varying function of the mean mMRNA number,

A(x) and hence the TCF of the transcription rate should be smooth functions.

We find that the oscillatory time dependence of ¢_(t) is consistent with the known

transcription mechanism of the active gene, only when the transcription of the gene in the active

state is a strongly non-Poisson process, or only when the distribution . (t) of the

transcription waiting times, or the distribution of intermittent times between two successive
transcription events, has a strongly sub-Poisson peak with the relative variance far less than

unity (Fig. 3b). In the case where the transcription process of the gene in the unrepressed state

is a Poisson process with constant rate -, the transcription waiting time is given by the simple

exponential distribution xe™.

For the transcription model shown in Fig. 3a, the TCF ¢_(t) can be simply related to

the distribution -, (t) of transcription waiting time in the Laplace domain:

7 _ ‘/}T(S) _@ _
¢K(S)F,(——1_V;T © s (N6-16)

[see equation (N18-13)]. The correctness of equation (N6-16) for the transcription model
shown in Fig. 3a can be confirmed against accurate stochastic simulation results (Figs. 3c and

Supplementary Figure 6). For the model, w;(t) is given by the convolution,
(l//l*l//z)(t)[: j;dn//l(r)%(t—r)], of the waiting time distributions w,(t) and w,(t)
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associated with the RNAP-promoter association step and the successful initiation step. The

mean transcription waiting time, (T) :jooodtt//T (t)t, is the same as 7, +7,, the sum of the

mean waiting time of the RNAP-promoter association step and that of the successful initiation

step. In equation (N6-16), (x) is the same as (T)™*. This can be shown by multiplying s

on both sides of equation (N6-16) and taking the small s Ilimit to obtain

@ (0)F, =O=Li£r()1 s/[l-w(s)]-(x)  because of the Tauberian theorem and
w(0) = J:O dty (t) =1. The exact result reads as (x) =(T)™" because of the following identity:
—limfy7 (s) -y (0)1/(s-0) =-047(s)|,, = |, dty; O =T).

According to our stochastic simulation result shown in Fig. 3c or Supplementary Figure
6, the period of oscillatory TCF ¢ _(t) approaches the mean transcription waiting time

(T)(=7,+1,) asthe relative variance in T decreases. To understand this simulation result, let

us first consider the simple model in which transcription events occur exactly at every T,

second. For the extreme sub-Poisson transcription model, the transcription waiting time is

given by . (t)=5(t-T,) of which the mean and variance are T, and zero, respectively.

The Laplace transform of the transcription waiting time distribution is given by

¥, (s) =exp(=sT,) . By substituting the latter equation into equation (N6-16), one can obtain

g;K (S)F, = iexp(—snTo) - (N6-17)

1
ST,
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thanks to the following identities, x(l— x)f1 = z:zlx“ and (x)=1/(T).The inverse Laplace

transform of equation (N6-17) reads as
g (OF, =D 5(t—nTy)-T,* (N6-18)
=1

Note that the TCF given in equation (N6-18) is composed of a series of Dirac’s delta functions

periodically appearing at every T, second. That is to say, for the extreme sub-Poisson
transcription model, the oscillation period of ¢ _(t) is exactly the same as the mean

transcription waiting time. In the model considered in Fig. 3a, the transcription waiting time

distribution consistent with the oscillatory TCF ¢_(t) has a small but still finite variance;
consequently, the peaks inthe TCF ¢_(t) have a broadened shape and its magnitude gradually

decreases with time. In this case, the period of oscillation deviates from the mean transcription

waiting time and the deviation increases with the fluctuation in the transcription waiting time.

For the TCF ¢, (t) in equation (N6-15) extracted from the experimental data, the first

oscillation period is found to be 3.8 seconds as marked in Fig. 2b, which is quite close to the

mean transcription waiting time given by 1/(x)=3.92 seconds. The value of (x)™ can be

easily estimated from the maximum value of the mean mRNA level, (n), . (=30.6), which is
given by (x)/y, and the mean lifetime of mMRNA is given by 7/‘1(: 2 minutes). However,

the oscillation period of the TCF ¢ _(t) extracted from the experimental data gradually

increases with time, as shown in Fig, 2b. We ascribe this feature to the heterogeneity in the
mean transcription waiting time across single cells (see Supplementary Figure 7).
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It is worth mentioning that the non-Poisson mMRNA noise data for the slowly growing
cells with the doubling time greater than 45 minutes exhibit a different behavior from the data
for the majority of cells with a shorter doubling time. We found that, for the slowly growing
cells, the experimental data for the dependence of non-Poisson mRNA noise on the mean

MRNA level is consistent with Model 111 under the k, modulation scheme or equation (N6-
10a) with the exponential TCF, ¢_(t) =exp(-At) (see Figs. 2a and 2b). For the exponential

TCF model, fk(§) , equation (N6-10a) reads as

_ U 1| i
A= x(1+/1/7)+a+x+a}(1 ) (N6-19)

which is in excellent agreement with the experimental data for the dependence of the non-

Poisson noise on the mean mRNA level, which are represented by red circles in Fig. 2a. With

the value of 77, &, (n), ..., and Q,/(n), at x=1 kept the same as above, the extracted

value of the adjustable parameter, A(=A/y) is given by A =306 . The mRNA noise
contributed solely from the fluctuation in x, that is, y, 7’ is then estimated to be 0.1. In

comparison, the value of y, »> ranges from 0.05 to 0.17 (Supplementary Figure 8).

The monotonically decaying TCF ¢ _(t) emerges when the relative variance in the

transcription waiting time is not small enough, as demonstrated in Figs. 3b and 3c. For the
model considered in Fig. 3a, the relative variance in the transcription waiting time gets larger
as the initial binding of RNAP to promoter DNA becomes sluggish, and it gets smaller as the

initial binding of RNAP to promoter DNA becomes faster, making the subsequent successful
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initiation step the rate determining step. This is because the randomness of the initial binding
of RNAP to promoter is far greater than that of the successful initiation step composed of a
number of consecutive reaction processes, which is also expected to be the case in living cells.
The cells with a smaller number of RNAP and sigma factors would have a slower rate for the
initial binding of RNAP to promoter DNA compared to cells with a greater number of the
proteins. In comparison, the rate of the successful initiation step is expected to be far less
sensitive to the abundance of RNAP and sigma factors because successful initiation is a uni-
molecular reaction of the RNAP-promoter complex. Therefore, the cells with the slower
growth rate or a smaller number of proteins would have a greater relative variance in the

transcription waiting time, for which case the TCF ¢, _(t) becomes a monotonically decaying

function of time, as demonstrated in Fig. 3c, and a greater mRNA noise than the usual cells,

which is consistent with experimental data shown in Fig. 2a.

The quantitative information extracted from the analysis of experimental data shown in

Fig. 2a is presented in Supplementary Table 1.
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Supplementary Note 7 | Noise decomposition scheme of CFT.

The chemical noise in living cells has been written as the sum of two components,
intrinsic noise and extrinsic noise, by researchers in this field. However, in the literature, there
has been controversy regarding the most appropriate definition of intrinsic noise and extrinsic

noise. This issue was thoroughly examined in refs. 2 and 25.

According to the CFT, equation (1), the noise in the product number, or the product noise,
can be separated into a Poisson noise component, the first term on the right-hand side of
equation (1), and a non-Poisson noise component, the second term. Here, regardless of the
details in the product creation network and its coupling to the cell environment, the Poisson
noise component is always given by the inverse of the mean without fail, while, on the other
hand, the dependence of the non-Poisson noise component on the mean is dependent on these
details. The Poisson noise component can be thought of as universal “intrinsic noise”. The non-
Poisson noise component can then be thought of as “extrinsic noise” and any remaining, non-
universal or system-dependent “intrinsic noise”. However, in CFT, equation (1), there is no
distinction between extrinsic noise and the non-universal, system-dependent intrinsic noise, so
that both are taken into account as a single term in a unified manner. A further separation of the
non-Poisson noise component between extrinsic noise and non-universal, system-dependent

intrinsic noise depends on one’s definition of intrinsic noise or extrinsic noise.

In the present work, instead of separating product noise into intrinsic and extrinsic noise,
we have factored the product creation rate into two factors: the control variable dependent
factor and the environmental variable dependent factor. The former takes into account the rate
of the chemical process that is coupled to the experimentally controlled variable as well as to

the environmental variables. On the other hand, the latter takes into account the rate of the
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remaining chemical processes in the network, which are coupled to the environmental variables,
but not to the control variable. Using the factorized form of the product creation rate in CFT,
we can obtain the relationship between the product noise and the noise in both rate factors, as
demonstrated in equations (2) and (3) for both the single gene transcription and multi gene
transcription versions of Model IlI, respectively. As shown in equations (2) and (3),
fluctuations in both the control variable and the environmental variable dependent rate factors
contribute to the non-Poisson component of the product noise. However, the product noise is
not given by the simple sum of the noise arising from fluctuations in the two rate factors, but
is instead given by a bilinear function of this noise. This means that the product noise
originating from each of the two rate factors does not represent either intrinsic or extrinsic noise,

terms used in the literature to discuss the sources of product noise.

49



Supplementary Note 8 | Non-Poisson mRNA noise is more sensitive to the transcription
dynamics than the conventional measures such as the variance, the Fano-factor, or the
relative variance in the mRNA level.

Let us first obtain the analytic result for the variance in the mRNA level in cells with

gene copy number variation. The transcription rate R is given by Rzzig:l R, with R,

being the rate of transcription from the i-th copy of the gene. The number g of gene copies

IS a stochastic variable whose fluctuation time scale is much longer than the fluctuation time

scale of the transcription process. For model 111, the CFT, equation (1) yields

2 , 1 Q. (9(9-1)) 2
= ' C N8-1
o <n>+(ng + (9 ), + % n](n) (N8-1a)
or
_ % .| Qu (9(g-1)) _
ST 1+(<n>1+Fg " C“]@l (N&-10)

where (n>l(:<n>/<g>) and le/<n>1 denote the mean mRNA number per gene copy and

the non-Poisson mMRNA noise produced by a single gene copy (see Supplementary Methods).

7792 and C, denote the relative variance of the gene copy number and the mean-scaled

correlation between the mRNA levels produced by different copies of a single gene, defined
by C,=(ann;)/(n)n;) (i# ]), respectively.
Among various terms on the R.H.S. of equation (N8-1), it is inl/<n>l that carries the

information about the transcription dynamics, in terms of the TCF of the transcription rate
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fluctuation as shown in Fig. 2 or equation (2). However, the dependence of variance &> on
the mean (n) is often dominated by other terms so that & appears as a simple quadratic

function of (n) irrespective of the transcription dynamics (Supplementary Figure 9). A

similar observation was reported for the mean dependence of the variance in the protein levels

among micro-organisms?¢. The variance in the mRNA is not a sensitive measure of the

transcription dynamics of individual genes. Likewise, Fano-factor F, on the mean mRNA

(9(g -1

level (n), has a significant contribution from 1+[Fg +—an<n>1, which makes it

(9

difficult to extract information about the transcription dynamics from the dependence of Fano-

factor on the mean mRNA level, either.
By dividing equation (N8-1) by <n>(=<g><n>1), one can easily obtain the analytic

result for the mRNA noise or the relative variance in the mRNA number, given by

ot L1 0, . 0(@-D)
mE gy (), (@)

(N8-2)

For model 111, the last two terms on the R.H.S. of equation (N8-2) are independent of the mean
MRNA level (see Supplementary Note 8) so that the mean mRNA level dependent changes in
the mRNA noise are contributed from the first two terms on the R.H.S. of equation (N8-2).

However, when the mean mRNA level is small, the mMRNA noise given in equation (N8-2) can

be dominated by the first term <n>*l that has nothing to do with the non-Poisson transcription
dynamics.

From equation (N8-2), one can see that the non-Poisson mRNA noise defined by
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2
o 1 .. . . .
. ——(: Qn/(n>) should be more sensitive to the transcription dynamics than the variance,

(m?* (n)

the Fano-factor, and the mRNA noise given in (N8-1) and (N8-2), because the changes in the
non-Poisson mMRNA noise emerge only from the second-term on the R.H.S. of equation (N8-2)
or the first term on the R.H.S. of equation (3) in the main text, which carries the information
about the transcription dynamics. When the information about the mean gene copy number

(g) is available, (g)Q,/(ny or Q,/(n), is a more direct measure of the transcription

dynamics:

Q, Q Q. , (g(g-1)
<n __*n _ _=n C N8-3
Oy Ty, T g (NE-3)
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Supplementary Note 9 | Comparison between the static and dynamic models of

replication.

In this note, the estimations of the first two moments of gene copy number for the static
and dynamic models of replication are compared. The non-Poisson mRNA noise, equation (3),
accounting for the effect of gene copy number variation is obtained by combining equations

(M-38a) and (M-38b). For convenience, both equations are reproduced below:

() ={gxn), (N9-1a)

(N*y =(g°Xn)? +(g)c?, +(a(g -D)c (N9-1b)

These equations are valid irrespective of the explicit time dependence of the slow gene copy

number variation. When the gene copy number, g, is either 1 or 2, Jones et al. obtained the

following equations for (g) and (g?)*®:

(9y=1+f (N9-2)

(9°) =1+3f (N9-3)

where f denotes the fraction of cell cycle after gene duplication. Later, Peterson et al. found the
extended version for equations (N9-2) and (N9-3) with dynamic correction accounting for the
effect of MRNA degradation?’:

e -1
YT

(g)=1+"f+

(N9-4)

=fyr _ 2fyr _
(g?y=1+3f 08 2 T 7 (N9-5)
2yt
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where yand 7 denote the inverse lifetime of mMRNA and cell doubling time, respectively. The
dynamic correction explicitly indicates the third term on the right-hand side of either equation
(N9-4) or equation (N9-5). In the large yz limit, equations (N9-4) and (N9-5) reduce to
equations (N9-2) and (N9-3), respectively. In other words, equations (N9-2) and (N9-3) are
valid for large yz. Before this, Swain et al. also developed a time-dependent theory but they
estimated the dynamic correction to be negligible, which can be attributed to the fact that the
values of relevant parameters they used fall into the case of large y728.

Although we used a time-independent theory in the calculation of the mean and variance

of the gene copy number, this issue does not pose a problem because the value of yzis large
enough. For example, the value of yzis estimated to be 30 with »™ =2 min and 7 =60 min

for the constitutive expression data we used in Fig. 4. In this case, the relative deviations of
equations (N9-2) and (N9-3) from equations (N9-4) and (N9-5) are estimated to be 2% and 4%,
respectively. For the inducer-controlled expression data we used in Fig. 2, where g is either 2
or 4, none of equations (N9-2)-(N9-5) is directly available because these equations are derived

for the case where g is either 1 or 2. However, we could still estimate the values of (g) and

(g?) for the experimental data in Fig. 2 as shown in Supplementary Note 16.
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Supplementary Note 10 | Mean-scaled mRNA correlation is independent of the gene-state

switching process for Model I11.

In this note, we show that the mean scaled correlation C_, between copy numbers of

mRNAs produced from different gene copies is independent of the mean mRNA level for

Model 1lI, as stated before. For Model IlI, the mean-scaled mRNA correlation, C,, is

independent of the mean mRNA level, which can be shown as follows. According to ref. 2, C,

can be decomposed into the three terms:
Cn = lr?fcg + Z:I:KCK + Ir(l:(f,x)cgcx (Nlo-l)
where C, denotes the mean-scaled correlation between fluctuations of g for genes A and B,

explicitly, C, =(59,60s)/(0,){0s) With qe{&,«} . The analytic expression of

susceptibility chq is given by

25=7> 85 0") XY e{AB}, qeléx (&)} (N10-2)

X=Y

where 7 is defined as 7=y"y® /(™ +®) with »*) denoting the decay rate of
MRNA produced from the gene X. For qe{&, «}, ¢qu (t) denotes the normalized TCF
defined by ¢ (t)=(59™ (t)5q(0))/(54™ 59"y . For q=(&,x), 47 () is defined by

g (1) =42 (087 ().

To show that C, is constant in k,, ky, and (n), for the case where the gene
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expression is controlled by changing either k, or k., it is sufficient to show C,=0 ,
according to equation (N8-1). Let Pé(x)g(y)(t) denote the joint probability that the values of

E(E€{0,13) are &% and &Y for the genes X and Y at time t. For Model 11 or Model 11,

Pé(x)ém (t) satisfies the following master equation:

_Zkoff kon kon 0
b (1) oo (ke +he) ° | (t) (N10-3)
ot . ) koff 0 _(kon +koff) |(on .
0 koff koff _Zkon
where P,y (1) is the  four-dimensional ~ column  vector  defined as

P, (t) = (P, (1), P, (1), P, (t), P, (t))" . The superscript T stands for the transpose. The steady-
state solution of equation (N4-3) is simply given by P, () = (x*, X(1—X), X(1-X), (1—X)*)"
with x=(£™) =(&M) =k, /(ky, +Ky) . With the steady-state solution at hand, one can
calculate  (£79£%)) as follows: (P& =D L (EVENP, 4 (0) = Py () = X°
This means that (£X&My is the same as (EYNENY=x2 |, e,

C, =(£Me™) ~(£™)g") =0.

Substituting the result into equation (N4-1), one can obtainC, = y-.C_. Here < and
C_ aregivenby & =X () and C_ = (k™ 5x™)/(x™ )"y, which are independent

of the gene-state switching process or k,, k,and (n). Thatistosay, C, isindependent

on !
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of the mean mMRNA level.

For the transcription model shown in Fig. 4, the RNAP-promoter binding affinity K

undergoes the on-off fluctuation (see Supplementary Note 15), i.e., K=K v with K, and v
being a constant and a dichotomous stochastic variable (v e{1,0}), respectively. Here, v is

equivalent to &. Therefore, like C, =0, wealsohave C, =C, =" ")) =0,

where v and v are the values of v for the genes X and Y, respectively.
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Supplementary Note 11 | Non-Poisson mRNA noise predicted from the model proposed

in ref. 15 for constitutive gene expression.

Here, we describe the transcription model used in ref. 15, and present the result of CFT,
equation (1), for this model. The transcription model of ref. 15 is formed on the basis of three

assumptions:

1) The single gene transcription rate is linearly proportional to the number N of RNAP, i.e.,

R, =kNg,;
2) The number N, of RNAP is a static random variable, i.e. <§NRp (1)ONg, (0)> = <§N§p> ;
3) The transcription rates of different gene copies are uncorrelated, i.e., C, =0.

When a single gene transcription rate is given by R=R =kN. according to the

assumption 1), CFT (equation (1)), can be written as

2 1 2
=+ N11-1
T =y Ao T ( )
with
Xy, =10, (7) (N11-2)

in the steady-state, given that the decay rate of mRNA is constant . Note here that noise

susceptibility X, is proportional to the Laplace transform of the normalized TCF ¢NRp (®)

of the RNAP number fluctuation. Under the assumption 2), we have
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(NG (DN, (0))
Py, (1) = (oNZ) =1

and its Laplace transform is given by ¢3NRP (;/)=J'0°°dte‘”¢NRp (t) = »*. Substituting equation
(N11-2), we get X itg, =1. Further substituting the latter result into equation (N11-1), we

obtain 7?, =1/(n), +77§,Rp . Therefore, the non-Poisson mRNA noise produced by a single gene

is given by
in 2 1 2
— =1 =T\, (N11-3)
(ny )y,

where Q,, and 72, denote o2, /(n), -1 and o7, /(n):, respectively.
The mRNA noise in the presence of gene copy number variation can be obtained by
substituting equation (N11-3) into equation (4):

& _ M, + Fy +Mc (N11-4)

(), (@

where F, and C_ denote, respectively, the Fano factor of the gene copy number and the

mean-scaled correlation between mRNA levels produced by two copies of a single gene,

defined by C, =<5ni§nj>/(<ni><nj>) (i#j). C, has the same order of magnitude as 7,

when the gene expression variability comes from the fluctuation in the number of RNAP?,

However, in ref. 15, C, is neglected. Under the assumption 3), equation (N11-4) reduces to
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(Qn_; i +F, (N11-5)
1

An equivalent form of this equation is presented in the first paragraph of section, ‘Promoter

strength dependent transcriptional noise®®” in the main text.
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Supplementary Note 12 | Incorporation of feedback regulation into the constitutive

expression model.

In this note, we present an example of how the effect of feedback regulation can be
incorporated into the constitutive expression model in the present work. The mathematical
structure of the CFT, given in equation (1), remains the same in the presence of a feedback
regulation, independent of the detailed nature of the regulation mechanism. However, the
transcription rate, R, which appears in CFT, can be dependent on the number of mMRNAs or

proteins, i.e.
R =Ry =kn (M, p) (N12-1)

where @(m, p) is the transcription rate factor with a mathematical form dependent on the
details of the regulation mechanism. For example, for a feedback transcription network, rate

factor & can take the Hill-type form:

K(p)Ng,

LR (N12-2)

where the RNAP-promoter binding affinity, K(p), is dependent on the protein copy number,

p, given by

Ko

K = N12-3
(p) oK ( )

Here, K,, K,, and h denote the RNAP-promoter binding affinity in the small p limit, the
binding affinity of protein to the operator site, and the Hill exponent, respectively. K, and
K, are not just constants but stochastic variables that are coupling to the cellular environment.

A positive h would then indicate negative feedback, and a negative h, positive feedback.
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In the actual application of the CFT to the quantitative analysis of the chemical
fluctuation resulting from a regulatory network, it is necessary to calculate the TCF of the

product creation rate, which depends on the product number.

A simple but general method is to use a perturbative expansion of the transcription rate
in terms of the protein number around its mean value, which was proposed by Tattai &
Oudenaarden in ref. 29 to obtain the gene expression noise for various gene regulatory
networks including the feedback network. By applying this method to the CFT for the TCF of
the chemical fluctuation, which is to be reported separately, we can obtain a closed set of
equations for the TCFs of mRNA and proteins for any given gene regulatory network. The
advantage of our approach is that it enables a calculation of the variance or TCF of the mRNA
and protein for a given feedback regulation network, regardless of the detailed shape of the
MRNA and protein lifetime distributions, which cannot be done by taking the conventional

approach based on the chemical master equation.

To calculate the TCF of the transcription rate under a feedback regulation, one can use
various levels of mathematical or numerical methods. Finding the optimum method is a topic

we leave for the future research.
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Supplementary Note 13 | Dependences of noise and mean-scaled correlation for RNAP-
bound fraction of promoter on the RNAP binding affinity of promoter under constitutive

gene expression.

In this note, we show how 77 in equation (N15-1) and C, in equation (N15-2) are
related to K. In equation (N15-1), we need to consider . and ¢,(t) simultaneously as one
factor because not 77 but (50(t)56(0))/(0) [=n24,(t)] essentially contributes to the non-

Poisson mRNA noise. The TCF, (60(t)06(0)), of fat a single gene can be expressed as
(60(t)560(0)) = (O(1)6(0)) —(0)*

/1 1\ /1Y (N13-1)
T\1+()1+¢0)/ \1+¢

In equation (N13-1), 1/(1+£(t)) can be expanded in the power series of the relative deviation

54”(t)/g,7 of the RNAP-promoter interaction strength ¢'(= KNg,) as follows:

11 L), 72060 j N13-2
1+£(t) 1+§[ A= 4 ©) ¢? ( )

Here o&¢(t) denotes ¢ (t)—¢ with £ being the average of ¢ . Using equation (N13-2),

the two terms on the R.H.S. of the second equality in equation (N13-1) can be expanded as

11 1 2 (SO (0)) 5L |
= ——(1+60 ~—=2~7 227420 N13-3
<1+4(t)1+4(0)> (1+4)2(+ L= e ] (N13-3)

and
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1\" 1 247
S 20 N11-4
<1+§> @+4)° ( €y ;* j ( )

respectively. Substituting equations (N13-3) and (N13-4) into equation (N13-1), we obtain
108, (t) =02, Q-0 (N13-5)

to the leading-order approximation neglecting the higher-order relative fluctuation terms with

(80()56(0))/0(Z)* = (560(t)56(0))/(0)" = i, (1)

Similarly, we consider C, and ¢, (t) simultaneously as one single factor in equation

(N15-2). The TCF, (50 (t)50“(0)), of @at two different genes can be expressed as

(69 (t)56(0)) = (68 (1)0™ (0)) — (6 )(6™")

/1 1\ /1 1 (N13-6)
\L+COM1+¢M0)) \1+¢P [ \14¢0

Applying equation (N7-2) separatelyto (1+¢%)™" and (1+¢™)™, we obtain the equations

that have similar structures to equations (N13-3) and (N13-4):

(6¢(t)5c ™ (0))

1 1 1
<1+c:<x>(t> 1+4<”(0)> T @+ ZO)A+Z ) FHZm
L (S (02

9(§(X)) (X)g a(é,(Y)) (y)z +- J

(1+e<z<x>>e<5<”>
(N13-7)

and
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1 1 _ 1 Z(X)\2 (8%
<1+§(X> ><1+§(Y) > T A 2+ 20y [“9@ ) Fo02

o0 (N13-8)

ey

Substituting equations (N13-7) and (N13-8) into equation (N13-6) gives
C,8," (1) =C.g" (OIL-O(S"NIL-6(S )] (N13-9)

to the leading-order approximation neglecting the higher-order relative fluctuation terms with

(6600 (1)56(0))/6(F (&™) = (567 (1)56™ (0)) /(6" (0™ = C, " (t) . We assume

that identical copies of the target gene have the same binding affinity to RNAP, i.e.,

(K™ = K" = K), when equation (N13-9) assumes a simpler form:
C,ty" (1) = C.¢X" (OO (N13-10)

We note here that ¢§XY (t) is not the same as ¢.(t). The two are the same only for the

hypothetical case where the RNAP-promoter interaction strength of gene X is perfectly

correlated with that of gene Y.
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Supplementary Note 14 | Further discussion on the results of quantitative analysis of the

experimental data shown in Fig. 4.
14.1 Time scale of binding affinity fluctuation

From our analysis of the experimental data shown in Fig. 4d, we find the lower limit

value of k. /y as 54.8, which is far greater than 0.83, the value of k, /y used for the

analysis of the experimental data shown in Fig 2a (see also Supplementary Figure 1). This
result indicates that the time scale of the RNAP binding affinity fluctuation is much shorter for

the constitutive promoters than it is for the promoters with additional regulation mechanisms.

From equation (N15-18) and the value of g, , =1.97 x107° extracted from our analysis

in Supplementary Note 15, we can estimate the lower bound of g=k /7. Given that

nszx <3ka 1+ B) >0, equation (N15-18) yields the following inequality:

1+ n,ﬁRp

ﬁnK,O

B> -1 (N14-1)

As the value of nf,Rp is about 0.1, the lower bound of S(=k /) is estimated to be 54.8.

See also Supplementary Figure 10 where we display the stochastic time traces of the
transcription rate of a gene with a fast state dynamics and the time traces of the transcription

rate of a gene with a slow state dynamics.

14.2 Estimation of the environment-induced correlation between transcription levels of

different gene copies

The mean scaled correlation, C, (: (onon, >/<ni xn, >) , Isa measure of the environment-
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induced correlation between the transcription levels of different gene copies. In the present

work, we assume that C_ is the same for any pair of gene copies. As detailed below, the
maximum value of C_ is estimated to be about 0.2 and C_ is proportional to the square of

the probability that the promoter is not occupied by RNAP so that it has a smaller value for

strong promoters.

From equation (N15-5), one can obtain the simpler expression of C,

C, =@+ xy. Ce, )n,iRp -0 + x5 . Ci. (N14-2)

where the meanings of the symbols are the same as those in Supplementary Note 15. Equation

(N14-2) can be obtained from equation (N15-5) by noting that ,".C, + 7. -C. C, onthe

R.H.S. of equation (N15-5) is given by equation (N15-14) and by noting that C, =0 for the

transcription model shown in Fig. 4 (see Supplementary Note 10), i.e.
c c _ c 2
ZneC + Xtk )Ck Cc = A+ 20, G, )77NRp (N14-3)

According to our analysis of the experimental data shown in Fig. 4 in Supplementary

Note 15, the value of 77, (= 7w, 7, + 2, Ci, (9(g-1))/(g)) is estimated to be

kTX

approximately 0.07. This result shows that the value of ZanTXC (9(g-1))/<g) is smaller

kTX

than 0.07. If x5 C, (9(g-1))/(g) is far smaller than y, 7; ,equation (N14-2) further

kTX

simplifies to

C, =y, L-6(0) (N14-4)
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Equation (N14-4) tells us that, in this case, the major source of the environment-induced
correlation between the numbers of mMRNA produced from different gene copies is the

fluctuation in RNAP number.

On the other hand, if z; C, (9(g-1))/(g) takes the whole value of 7, , the value of

krx
;(anTX C,.. s found to be 8.34x107 because (g(g—1))/(g)=0.8. In this case, we have the
upper bound for C,, while equation (N14-4) corresponds to the lower bound. In this manner,

we can extract the information about the mean-scaled mRNA correlation from the analysis of

the experimental data for the non-Poisson mMRNA noise (Supplementary Figure 11).

14.3 More general model with K, fluctuation

It should be mentioned that the model shown in Fig. 4b does not account for the fluctuation
in the RNAP binding affinity K, of the promoter in the active state. However, even if we take
into account the fluctuation in K, the quality of the agreement between the theoretical model
and experiment does not significantly improve (see Supplementary Note 20).

14.4 Fluctuation in RNAP binding affinity is essential for quantitative explanation of

experimentally measured mRNA noise for constitutive promotors as well.

Without taking into account the on-and-off fluctuation in RNAP binding affinity of the

constitutive promoters, we cannot provide a quantitative explanation of the experimental data

shown in Fig. 4. In the absence of the binding affinity fluctuation, we have n5 =0 so that

equation (N15-7) becomes
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9
()

= B 1 1= O +Fy+172, . (N14-5)
In terms of X[ =Ky, /(Kyy + Ky ) = (M), <N}y ey |- €Quation (N14-5) is given by equation (N15-
19) with B, ,=0. This equation is compared with the experimental data in Fig. 4c. The

values of optimized parametersare S,y =102, Fj+1n,, =1.77x10",and (n),, =9.6.

As shown in the figure, the prediction of (N14-5) is found to be qualitatively different from the
experimental data. This observation shows that the fluctuation in the binding affinity is an
important source of the non-Poisson MRNA noise for the constitutive promoters as well in E.

coli.
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Supplementary Note 15 |Analysis of the copy number variation of lacZ gene mRNA

expressed through various constitutive promoters among a clonal population of E. colit®

Here, we present the details of the quantitative analysis of lacZ gene mRNA copy number

variation measured for various constitutive promoters in E. coli, shown in Fig. 4%>. Here, we

assume that the lacZ mRNA in this system also shows the same exponential decay as the lacZ
MRNA in the system investigated in ref. 15. As shown in Supplementary Figure 12, these
experimental data can be explained moderately well by Model 111. This suggests that, under the
constitutive promoters as well, the gene expression turns on and off in E. coli, which may be
ascribed to the conformation dynamics of DNA and conformation dependent RNAP binding
affinity of the promoter®® 31, However, the quality of agreement between theory and experiment
can be significantly improved by using a more accurate model for the experimental system

considered in Fig. 4, which is described below.

In the experiment shown in Fig. 4, the lacZ gene is expressed under various constitutive
promoters in E. coli. Therefore, the control variable in the experiment can be identified as the
RNAP binding affinity, K, of promoter. According to the present approach, we use an explicit
model for the control variable dependent part of the transcription rate only. To explain the
experimental data shown in Fig. 4, for example, we model the single-gene transcription rate as

R, =k (NO(S), where k., (I') and &({) denote, respectively, the transcriptional rate

coefficient coupled to hidden cell environment, I', and the RNAP-bound fraction of the

promoter coupled to the RNAP-promoter binding affinity, ¢ . Because 6(¢) is coupled to
the control variable ¢, it is explicitly modelled as 6(¢)=¢/(1+¢) with ¢ being given by

= KNRpB. N, denotes the number of RNAP in a single cell. The explicit modeling of &is
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motivated by the Michaelis-Menten enzymatic kinetics.
The fluctuation in N, is a major source of the environment-induced correlation

between the transcription levels of different gene copies. As shown below, the effects of the

RNAP level fluctuation or the RNAP noise on the correlation between the transcription levels
of different gene copies and the mRNA noise depend on the promoter strength K and, hence,

the promoter-strength dependent mean mRNA level. In contrast, in Model I1I, N is justone

of hidden variables, I', coupled to the control variable independent part «(I') of the

transcription rate, so that the effects of the RNAP noise on the mRNA noise and the
environment-induced correlation between the transcription levels of different gene copies are

independent of the control variable.
15.1 Relationship between non-Poisson mRNA noise and the control variable, £

By applying equation (1) to the transcription model in Fig. 4, we obtain the expression for

the mMRNA noise produced by a single gene, which has exactly the same mathematical structure

as equation (2) obtained for Model 111 with R, = x(I")¢ ; for the transcription model in Fig. 4,

the mMRNA noise produced by a single gene is given by equation (2) with x« and & replaced

by k;, and 6. Likewise, for the transcription model with gene copy number variation, we can

obtain a similar analytic result as equation (3) for the non-Poisson mRNA noise. By substituting

equation (2) into equation (3) and by replacing ~ and with k;, and 6, we obtain

Q _Qu, SRCICREFS (N15-1a)
), (), (@)
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where

Q,
<n>'l = ool + Zntiey 0es Mo + ok, T (N15-1b)
1

for the non-Poisson mRNA noise among cells with gene-copy number variation.

In the same manner, the mean-scaled correlation C, (:<5ni5nj>/<ni><nj>) between the

transcription levels of different gene copies, appearing in the last term on the R.H.S. of equation

(N15-1a), can be obtained as

C” - Z”CHCH + Z’i‘Tx Cka + ;(”c(ka 'H)Cka C9 (N15_2)

with

28=72 85 0")  ae{lky, (ky O} (N15-3)

X=Y

simply by replacing x and &in equations (N10-1) and (N10-2) obtained for Model 111 with

ky, and 6. The symbols used in equations (N15-2) and (N15-3) also have the corresponding

meanings to the symbols used in equations (N10-1) and (N10-2).
However, in the model considered in Fig. 4, Q,/(n), and C, are dependent on the

control variable, K, in a different way from how they are dependent on the control variable,

k,, or k. ,in Model Ill. For example, with use of equation (N13-5), y.,n». in equation

on

(N15-1a), defined by ;/J.: dte '@, (t)n; , can be related to the dimensionless promoter strength

¢ =KNg, as [1- G(E)]Zyjow dte ¢, ()7 (=[1— ()T 2,1’ ) - The latter relation is different
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from the relation between anﬂgz and the control variable, either k , or k., for Model I

(see Supplementary Method “Analysis of the experimental data for the copy number variation

of mMRNA expressed from lacZ gene under IPTG-controllable Piac promoter among a clonal

population of E. coli.”). Again, using equation (N13-5), ;(n(kvﬂ)nj , defined by

yj:dte-%kTX ()¢, ()72 , can be related to ¢ as [1—9(5_)]2yjowdte‘7t¢ka ()¢, (02

(E [1- 0T X, ,;)775) . Substituting these results into equation (N15-1b), we obtain

<n> (ﬂtn;’?; + X ;)77ka774)[1 O + 2w, e, (N15-4)
1

Similarly, with use of equation (N13-10), zSC ( DI (;/m)C) and
Ko ) 9( DI 9)(7(Y))C5) can be related to the control variable, ¢, as follows:
-0 7L 870 (-0  25C. ) and =0T, 4 )
( [1-0(O) ;(n(ka 0 ).Substituting these results into equation (N15-2), we obtain

C, = (2m:C: + Xy £Ci, C: JL= O + 25, Co, (N15-5)

By substituting equations (N15-4) and (N15-5) into equation (N15-1), we can obtain the

relation between the non-Poisson mMRNA noise and the control variable, £, as follows:

<§> |:Z”§77§ Z”(ka §)T7kT>< 77( <g (<g ; )> (zncfcg + Z”C(ka v?)Cka C§ )j| [1_ 0(5)]2
' (N15-6)
+ ( Fg + lnka nszx + M;{fiﬁx Cka j
(9)
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As we shall see shortly, for the model shown in Fig. 4b, equation (N15-6) can be written in a

far more compact form:

ﬁ; = (B + oy, 1 =0T +F, + 17, (N15-7)

where g, and g, = aredefined by
B =Xk T Xniy ,|<)77k2TX )(1+77§|Rp) (N15-8a)
B, =1+(9(g ~D)/(@) +775. (N15-8b)

With 7754 = Zu, e, + Zoi Cicre (9(9-1)/(9) . In equation (N15-7), S,,(ae{K,Ng,}) can

kTX

be interpreted as the propagation efficiency of the source noise 775 into the non-Poisson

mRNA noise in the small 6() limit. 6() can be interpreted as the probability that a

promoter site is occupied by RNAP®. According to equation (N15-7), the propagation
efficiency of the RNAP noise into the non-Poisson mRNA noise is proportional to the square

of the probability that the promoter is not occupied by RNAP. Among the parameters

,» and n, are independent of the control

constituting equation (N15-7), ﬁnNanf,Rp , F

variable K so that they are constant in the control variable dependent mean mMRNA number. To

quantitatively understand the mean mRNA dependence of the non-Poisson mRNA noise, we

need to know the relation of 8,72 and 6(£), to the mean mRNA, which is presented in the
subsection 15.2.
For the model in Fig. 4b, equation (N15-7) is as accurate as equation (N15-6) as long as
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the fluctuation time scale of N , which is comparable to the mean lifetime of RNAP, is much

longer than the mRNA lifetime or the time scales of other chemical processes constituting the

transcription. A detailed derivation of equation (N15-7) from equation (N15-6) is given below.
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Derivation of equation (N15-7) from equation (N15-6)

n:g-(t) and C.42"(t) can be decomposed into the TCFs of RNAP binding affinity K

and the number of RNAP (equations (A12) in Appendix A and (H4) in Appendix H in ref. 2):

0, (©) = nede O+ by, O +men, b Oy, ) (N15-9a)
C.4" (1) =Cyd" O+, by, O +Camn o Oy, (©) (N15-9b)

Using equation (N15-9a), those terms involving 77§ in equation (N15-6) can be rewritten as

2 2 2 2 2 2 2 2
Zné’né’ +/’t/n(ka ,{)77ka 774 :(/’t/nK +Zn(kTX!K)77kTX +zn(K!NRp)77NRp +Zn(kTX!K'NRp)T7kTX 77NRp )77

K
(N15-10)
2 2
+(ZnNRp + /’L/n(ka vNRp)nka )UNRp
where the trilinear susceptibility, z,, « ., is defined by
Znkax K Ngy) = }/J.o dteity¢(ka ,K,NRP)(t) (N15-11)

with ¢<ka,K,NRp)(t) =¢, ()¢ (t)¢NRp (t) . Because the relaxation time scale of I, (t) is order

of RNAP lifetime, it is much longer than the mRNA lifetime or the other relaxation time scales

involved in equation (N15-10). In this case, ¢NRP (t) can be approximated by its initial value,

unity, SO that Zn(K,NRp) 1 Zn(kTX'K*N

Rp)’

and  x,u., Nep) in equation (N15-10) can be approximated
bY Xk Xog,yr @Az, respectively. With the latter approximations at hand, equation

(N15-10) can be rewritten as

X2+ X )T 12 = ok & o s, YA+ )7 + Qo Zoe, 706, VN, (N15-12)
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With use of equation (N15-9b), those terms involving C, in equation (N15-6) can be

rewritten as

Zn:C + ot 0Ci G = (ZEK + Znte 0 C +ZnC<K.NRp>77§Rp +Z§<kTX,K,NRp>CkTX 775@ )CK
(N15-13)

C 2
+ (anRp + Zn(ka vNRp)CkTX )UNRp

where the trilinear susceptibility, ch(kTX,K,NR,,) is defined by equation (N10-2) with

g () =g (1) (D)4y,, (t) - As in the derivation of equation (N15-12) from equation (N15-

kTX

10), ¢NRp (t) isassumed to be unity, because the number of RNAP is a slowly varying variable.

With use of the approximation, equation (N15-13) reduces to

Z0:C + Tt 0Ci C = (o + X 10Ci )(1+’7§Rp)cl<

c , (N15-14)
+ (1+ anTX Cka )UNRp
Substituting equations (N15-12) and (N15-14) into equation (N15-6), we obtain
= (Bt + nNRp77NRp + B C -0 + F +77r3,k (N15-

<n>1

15)
where S, and ﬁnNRp are given by equations (N15-8a) and (N15-8b). In equation (N15-15),

B is defined by

n

,Br::K = <g(<gg> 2 (;(r(]:K +7(r$(ka ,K)Cer YA+ 77;31%) (N15-16)

For the model for RNAP-promoter binding affinity fluctuation described in the subsection 15.2,
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we have C, =0. In this case, equation (N15-15) reduces to equation (N15-7).

15.2 Relationship between the mean mRNA level and the control variable, £
Model for RNAP-promoter binding affinity fluctuation

A change in the promoter architecture can give rise to changes not only in the mean
binding affinity, K, butalso in the magnitude and dynamics of the fluctuation in K. The former

affects the mean transcription level, while the latter affects the transcription level variability.
The way in which the fluctuation in binding affinity K is dependent on the mean binding affinity
determines the dependence of the mMRNA level variability on the mean mRNA level, which

depends on the mechanism and dynamics of the bacterial transcription.

Constitutive promoters also undergo an on-and-off state switching in the RNAP binding

affinity, K, of promoter. If the fluctuation in the RNAP binding affinity is negligible for the

constitutive  genes, i.e., n:=C,=0 , equation (N15-15) simplifies to
Q, /{n)y = By, [L-O(S)F +F, +1,, . However, as shown in Fig. 4c, the latter results cannot

explain the experimental results for the constitutive genes (see Supplementary Note 14 for more

details).

An enhanced quantitative explanation of the experimental data can be achieved by taking
into account the fluctuation in the RNAP-promoter binding affinity. As a minimal model, we

first choose the simple on-off fluctuation model in which K is given by K =K with K,
and v being a constant and a dichotomous stochastic variable (v e{1,0}), respectively. The

transition rates between the two promoter states are given by k,, and k. . For this model,
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we obtain 7 =7 =x" -1 [x=()=Kk,/(K,+kg)], C,=C,=0 (see Supplementary

Note 10), and ¢, (t) =4, (t) = o tCkon ko)

For the model described above, the mean mRNA copy number per single gene is related

to x as

_ <R1> _ <ka> _ <ka> KONRp kon _
(n), = S, )= , <1+KN >k0n+koﬁ (N15-17)

0" “Rp

where (k. )/y(=(n),..) is the mean mRNA level in the large K N, limit and in the limit

. K,N K,N
where ki, /(K,, +Ky)(=X) goes to unity. (—>—*—) denotes the average of —_—=°
oNe, 1+ K, N

0" “Rp

KONRp
1+ K N,

over distribution of N . <kTX>< >(z (M), max) IS the maximum value of (n),, the
4

value of which can be read off from the experimental data shown in Fig. 4. In terms of (n), ..,
we have x =Kk, /(Ky, + Ky ) =(), (), 1 and O(0) =(0) = X(N), e (M), -
Adoption of the k, modulation scheme

Because the global trend in the gene-to-gene variation in the mean and Poisson noise of
the mMRNA copy number shown in Supplementary Figure 3 is better explained by assuming the

k,, modulation scheme than by assuming the k, modulation scheme, we use the Kk,

on

modulation scheme to explain the trend in the mRNA counting statistics measured over various
constitutive promoters. It is expected that the time scale of the RNAP binding affinity

fluctuation for the constitutive promoters associated with the conformational dynamics of DNA
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is far shorter than the time-scale of the gene-state switching process of repressor regulated
promoters. This expectation is found to be consistent with the result of our analysis, as

discussed in the subsection 15.3.
For the k,, modulation scheme, A,.nZ(x) in equation (N15-7) can be approximated

by Byt (X), where g, , isgiven by

B = [(1+ Kot /) 412 78 (7 +Keg )} @+ ) = B (N15-18)
which is the expression of g, inthe low promoter activity limit (k,, <<k ). One can derive
equation (N15-18) from equation (N15-8a) by noting that
ok = 7] Ky o) = Lk )7 A Zog iy = 7, (74 Koy k) 2 7, (7 +Ky) 0
the low promoter activity limit. This approximation is valid because 7 (= X" -1=k /kon)

makes a significant contribution to the mRNA noise only when the value of x is small or only

when k, is much greater than k. The approximation given in equation (N15-18) becomes

inaccurate in the opposite limit where x is close to unity; however, in this limit, 72 and its

contribution to the mRNA noise become negligible.
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15.3 Final equation used for the analysis of non-Poisson mRNA noise, the fitting

procedure, and discussion of the analysis results
With equations (N15-17) and (N15-18) and 72 =x"-1 at hand, the non-Poisson

mRNA noise given in equation (N15-7) can be written in terms of x(=(n),/(n), ) as

follows:
2| o[ 2tJou-ns i, | 1= P e (N15-19)
(), SAX v (M1 ’

where 6(C) is approximated by (0) =x(N), 1o /AN, aNd O(L—x) is a Heaviside step

function introduced to explicitly take into account the constraint that x <1. From ref. 15, we

have nf,Rp =0.1, (9)=5/3, and F,=2/15, leading to (g(g-1))/(g)=0.8. Therefore,
By, canberewrittenas g, =18+, bynotingthat £, =1+(g(g-1))/(g)+7,, in
equation (N15-8b). The plateau level for Q, /(n), in the limit where (n), goesto (n), is
found to be 0.2 (Supplementary Figure 13), so that the value of F, +77n2,k is determined to be
0.2. As aresult, we have 7,, =6.67x10° and f, 7y =0.187.Since the value of (n), .,
can be read off from the experimental data as (n), .. =9.6, we have only two adjustable
parameters in equation (N15-19): g, and (n), . By replacing x by (n),/(n), . in
equation (N15-19), we obtain the dependence of the non-Poisson mRNA noise Q, /(n), on

the mean mRNA level (n),.
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The resulting equation is used to analyze the experimental data for the dependence of

Q,/(n), on (n),. Taking into account the quantification error the authors estimated in ref. 15,
we subtract F,(=0.16) from the raw data of MRNA Fano factor to calculate the quantification
error-free non-Poisson mRNA noise. Data points with the value of Q, /(n), lessthan 0.20 are

discarded because the plateau level, F, +77n2,k , should be the lower bound for Q, /¢{n), . From

this analysis, we can determine the values of the adjustable parameters as follows:

B =1.97x107 and (n),, =12.2.

It is remarkable that, even if equation (N15-19) is fitted to the experimental data with three

adjustable parameters, 3, ,, ﬁnNanﬁRp,and (n), ., , without using the reference value, 0.1, of

n,iRp , the extracted values of the parameters are nearly the same as those from the two-

parameter fit: f

n

o =197x107, B 7% =190x10", and (n),, =12.2. As f, s

related to 77, by S

MNgp

=1+(g(g -1))/{g) +77erk :1.8+77nz’k ~1.87, we find that the extracted

value, 0.190, for ﬂnNan,ﬁRp is consistent with the reference value, 77§Rp =0.1, for RNAP noise

reported in ref. 15. Our model shown in Fig. 4b is in good agreement with the experimental
data as shown in Fig. 4d. A further discussion of the results of our analysis is presented in
Supplementary Note 14. The quantitative information extracted from the analysis of

experimental data shown in Fig. 4d is presented in Supplementary Table 3.
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Supplementary Note 16 | Estimation of the Fano factor F; of gene copy number g.

Here, we present a detailed description of the method used to estimate the first two moments,

(g) and (g?®), of the gene copy number per cell, which depend on the cell doubling time ()

and the map location of target gene (m). From the experimental data in ref. 14, the average

(g) of gene copy number over the independent experiments with different cell doubling times

IS obtained as 2.27+0.21. As we will show shortly, for E. coli cells investigated in ref. 14, the

gene copy number is either 2 or 4. Therefore, we can easily estimate the fraction, p,_, of cells
with two gene copies and the fraction p,_,(=1-p,_,) of cells with four gene copies from
(9)=2p,_, +4(1-p,_,)=2.27 . From the equation, the values of p,_, and p,, are
obtained as 0.865 and 0.135, respectively. With the valuesof p,_, and P _, athand, one can

calculate (g®) and F,[=((g*)-(9)*)/(g)] as5.62 and 0.206, respectively.

Now we will show that the copy number of the lacZ gene is either 2 or 4 for E. coli cells

investigated in ref. 14. The initial genome copy number G, at the beginning of the cell cycle,

which stands for the amount of the genome relative to the whole intact genome, is given by *2

[(C+D)/z'] .
G, =1+ > 2'1%” valid for {C+D}<3 (N16-1)
1=1 T

where [z] means the greatest integer less than or equal to z. C and D denote the time taken to

replicate the genome and the time interval between termination of replication and cell division,

respectively. The dependences on C and D on the cell doubling time 7 can be well described
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by the second-order polynomials as shown in Supplementary Figure 14, which are explicitly

given by C(r)=40.5+0.003407 +0.002617°> and D(r)=19.8+0.1487 + 0.0004647° . With
these expressions for C and D at hand, we can calculate G, from equation (N13-1) (see
Supplementary Figure 15). We find that [(C + D)/r] is less than 3 when 7 >21.7 for which
equation (N13-1) is valid. According to ref. 33, the minimal values of G, required for g to be
2 and 4 at the beginning of the cell cycle are respectively given by 1+m’ and 2(1+m’),
where m'’ designates the normalized distance of the gene from oriC3*. The value of m’ is

given by 0.476 for the lacZ gene in E. coli K12 strain MG1655. The TK310 strain® derived

from MG1655 through the deletion of cyaA, cpdA, and lacY was in fact used in the experiment,
but there is no essential change in the map location of the lacZ gene. We can then find the

values of 7 at which the values of G, in equation (N13-1) are 1+m'(=1.476) and
2(1+m')(= 2.952) , which are given by 54.7 and 22.8 minutes, respectively. Therefore, we can

say that over 22.8 <7 <54.7, g is two at the beginning of the cell cycle. The value of g does
not stay at two during the cell cycle but becomes four as the cell is aged because of a newly
started genome replication following the termination of the previous replication as shown in
Supplementary Figure 15c¢. The range of t over which g is either 2 or 4 mostly covers the

doubling times identified for E. coli cells investigated in ref. 14.
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Supplementary Note 17 | Component analysis of the non-Poisson mRNA noise for the

data'* shown in Fig. 2

In this note, we quantitatively analyze various components of the non-Poisson mRNA
noise originating from different sources. Equation (N6-1) shows that the non-Poisson mRNA
noise can be decomposed into the first two terms, dependent on the control variable or the gene-
state switching rate, and the remaining terms, independent of the control variable for the
experimental system. The first term on the right-hand side of equation (N6-1) originates from
the gene-state switching process. The second term emerges both from the gene-state switching
process and from the transcription rate fluctuation of the gene in the unrepressed state. The
respective contribution of the first two terms to the total non-Poisson mRNA noise varies
depending on the value of the mean mRNA level, as will be shown shortly. In contrast, the
remaining terms on the right-hand side of equation (N6-1) are independent of the control
variable and the mean mRNA level. From the quantitative analysis of experimental data, we
could unambiguously estimate the sum of the three terms from the high expression limit value

of the non-Poisson noise.

Let us first examine the respective contribution of the first two terms on the right-hand
side of equation (N6-1) to the total mMRNA noise. The sum of the first two terms is designated
by A, whose expression is given in equation (N6-8) for Model I11. Its dependence on the mean

mMRNA level x(=(n),/(n),...) is given in equation (N6-10a), which is found to be in

excellent agreement with experimental data (Fig. 2a & Supplementary Figure 2a). As shown

in equation (N6-10a), the mean mRNA level dependence of the first term originating from the

gene-state switching process is simply given by (1-x)/(x+«). In contrast, the mean mRNA
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level dependence of the second term originates both from the transcription rate fluctuation of

the unrepressed gene and the gene-state switching process, which assumes a more complicated

1-x
X

form, fK (y(hﬁnni , dependent on the TCF of transcription rate x of the
X

unrepressed gene. For estimation of the first term, we need to know the value of parameter

a(=k,, /7). for which we have used the reference values of k,, and y:the value of k,, is

6.9x107°(s™), which is the value of the repressor dissociation rate from the major operator
site O1 estimated in ref. 15, and the lifetime of MRNA, ™ is given by 120 seconds*. Using

these values, we determine the value of « as 0.83. For estimation of the second term, we need
further information about the Laplace transform of the TCF of the transcription rate « of the

unrepressed gene. For the entire experimental data, we use equations (N6-13) and (N6-14),
which are extracted from the experimental data (see Supplementary Note 6). For the
experimental data obtained from the slowly growing cells, whose division time is longer than

45 minutes, we use equation (N6-19), or equation (N6-10a) with the exponential TCF of
transcription rate «, which is found to provide an excellent quantitative explanation for the

data (see Supplementary Note 6).

As shown in Supplementary Figure 16a, the first term originating from the gene-state
switching process alone cannot provide a quantitative explanation of the experimental data,
especially for the data in the low mRNA expression regime, in which the second term
originating from both the transcription rate fluctuation of the unrepressed gene and the gene-
state switching make the major contribution to the non-Poisson mMRNA noise. In
Supplementary Figure 16a, the difference between the dot-dash and dotted curves represents
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the contribution of the first term, anﬂgz, originating from the gene-state switching process,

whereas the difference between the blue solid and dot-dash curves represents the contribution

2
K

of the second term or the bilinear coupling term, . 7 7752' originating from both the

transcription rate fluctuation of the unrepressed gene and the gene state switching

(Supplementary Figure 16b), we show how the respective contributions of an?; and

Zn(,(,g)ﬂ,fﬂ; to the mRNA noise change as a function of the mean mRNA level, which show

that the first term makes the major contribution in the low expression regime whereas the

second term makes the major contribution in the high expression regime.

The second term or the bilinear term is sensitive to the transcription dynamics of
unrepressed genes. Note that the second term extracted from the entire data, represented by the
blue curve in Supplementary Figure 16b, diminishes the mMRNA noise as long as the mean copy

number (n), of MRNA generated from the single gene copy is greater than roughly 0.3. As

shown in Fig. 3, this means that the transcription of the unrepressed gene is a highly sub-

Poisson process, for which the TCF of the transcription rate « has an oscillatory function of

time. In contrast, the TCF of the transcription rate « for the slowly growing cells with

division time greater than 45 minutes is the simple exponential function, for which case the
bilinear coupling term increases the mMRNA noise at any value of the mean mRNA level. Our
analysis indicates that the fluctuation in the transcription waiting time or the intermittent time
between successive transcription events among the slowly growing cells is greater than the
fluctuation in the transcription waiting time among the entire cells, even if they have the same

mean mMRNA level.
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Now let us now discuss the non-Poisson mRNA noise originating from sources other than

the gene-state switching process. According to equation (N6-1), the non-Poisson mRNA noise
is composed of the MRNA noise solely arising from the fluctuation in transcription rate x of

the unrepressed gene, the mRNA noise originating from gene-copy number variation, and the
MRNA noise originating from the correlation between the number of mRNA produced from
one gene copy and the number of mMRNA produced from another gene copy. These sources
correspond to the three terms in the bracket on the right-hand side of equation (N6-1). We can
estimate the sum of the non-Poisson mRNA noise originating from the sources independent of
the gene-state switching process by the high expression limiting value of the non-Poisson noise
(see equation (N6-2)), which is found to be about 0.38, which is smaller than the magnitude of

MRNA noise originating from the gene-state switching process when (n), is smaller than

roughly 10 (see Supplementary Figure 16a). However, mMRNA noise originating from sources
other than the gene-state switching process makes the major contribution in the high expression
limit, where the gene is almost always in the unrepressed state, so that the mMRNA noise term

caused by the gene-state switching process is negligible.
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Supplementary Note 18 |Extraction method of the time correlation function of product

creation rate from the time series of reaction events

We present here the method for extracting the TCF of the creation rate from the time series
of reaction events, or the series of times at which reaction events occur. This method is used in
Fig. 3c to extract the TCF of the active gene transcription rate from the time series of

transcription events obtained from the stochastic simulation results.
Let us consider a time series, {t,t,,---}, of reaction events, where t. denotes the time at

which the i-th reaction event is completed. The number n(t) of reaction events occurring in
time interval (0,t) is given by Z@(t—ti) where ©(x) denotes the Heaviside step
i=1

function. As the chemical reaction process is a stochastic process, the reaction times {t,} and

n(t) are random variables. The rate R of the reaction is defined as R =dn(t)/dt . Noting that

dO(t-t)/dt=5(t-t), where &(x) isthe Dirac delta function, we obtain
R(M) =3 5(t-t) (N18-1)
i=1

In terms of the Dirac delta functions, the number n(t) of reaction events occurring in time

interval (0,t) can be written as

n(t) = j; dtR(t)) = j; dt’i&(t’—ti) (N18-2)

To calculate the variance in the number of reaction events, we need the expression for the
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square n*(t) of the number of reaction events as well, which is given by

n?(t) = [, dr, [ d5R(7,)R(z)

:iz_[;drzj;drﬁ(rz ~1)8(z, 1)

L S (N18-3)
=Y dnf drd(r, 7)o@ ~t)+ 2.3 [ d, [ ded(z, —t)5(zm 1)

—n(®) +[[dr, [ 4D Y80, ~1,)0(r, 1)

i=l ji

By performing the average of equations (N18-2) and (N18-3) over a large number of reaction

time sequences, we obtain

(n)=],dz(R(@)) (N18-4a)

(n(n-1)() = [ dz, [ dry(R(z)R(z))

e (N18-4b)
=2| dr, [ " dz,(R(7,)R())
where (R(z,)R(z,)) is the TCF of the reaction rate defined by
REIR@) = S, ~1)5( ) (N18-5)

i=1 j=1
J#i

Note here that t; is the time at which the j-th reaction event is completed, so t; increases

with j. With this notation, one can obtain the following equation from equation (N18-5)

RE+REG) = Y (5 +t, ~1)3t ~t)) (t>0) (N18-6)

i=l j=i+l
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by noting that (5(t+t,—t;)d(t,~t;)y=0 for all j lessthan i when t>0. This equation
simply means that if the i-th reaction events occurs at t, and the j-th reaction event occurs at
alatertime t+t, (t>0), j should be greater than i for any time series of reaction events.
Using the following property of the Dirac delta function, f(t,)o(t, —t)= f(t,)o(t,—t), one

can rewrite equation (N18-6) as

RETRG) =D D (6(t-(t,1)) 5, ~1)
i=l j=i+l (N18-7)

- Z <5(t_(tl+i _ti))é‘(to -t))
Let us confine ourselves into the case where our reaction process is a stationary process, for

which t, —t;, or the magnitude of the time interval between the i-th reaction event and the
(i+1)-th reaction event, is independent of the time t, at which the i-th reaction event occurs.

Therefore, we can rewrite equation (N18-7) as

o 0

(RE+EIRE)= 2 DS (h ~t)X, ~1)

0

SDICCEM AL (N18-8)
= (R (Gt~ 1)

for a stationary reaction process, for which the average (R(t)} of reaction rate over a large

number of the reaction time series is constant in time, i.e., (R(t))=(R) atanyt. In equation

(N18-8), (S(t—(t.;—t))y is nothing but the probability density ,(t) of the time,

t=t,, —t, elapsed from the i-th reaction event to i-+1-th reaction event, or the probability

density of the time required for | reaction events to take place since the i-th reaction event
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takes place at t,. From its definition, it is obvious that ,(t) satisfies the normalization

condition, j: dty, (t)=1 forany l. Interms of y,(t), equation (N18-8) can be rewritten as

RE+LRE) = (RS () (N18-9)

Noting that the correlation between R(t+t,) and R(t,) vanishes in the long time limit, i.e.,

Iti_m<R(t+t0)R(t0)> =(R)?, one can obtain the following relation between the mean reaction

rate and w,(t) in the long time limit:

lim > ) =(R) (N18-10)
—® =
From equation (N18-9), we obtain

<5R(t +to)5R(to)> = <R(t +to)R(to)> _<R>2

=<R>{iw. (t)—<R>}

(N18-11)

By dividing equation (N18-11) by <R> and taking the Laplace transform on both sides of the

resulting equation, we get

~ A R
$(S)Fz =D ¥, (S)—% (N18-12)
where ¢, (s)F, denotes the Laplace transform of (SR(t+1,)SR(t,))/(R) .

When the reaction process is a renewal process®, the reaction time elapsed for a pair of

successive reaction events is statistically independent of the reaction time elapsed for another
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pair of reaction events. For a renewal reaction process, ,(s) can be replaced by ,(s)',

which is well-known, so that equation (N18-12) simplifies to

B (s)F; = %—% (N18-13)

This equation enables us to obtain the TCF ¢, of the reaction rate fluctuation from the
distribution, ,, of reaction waiting time or the intermittent times between consecutive
reaction events, which is applicable to a renewal process.

When our reaction process is not a renewal process, equation (N18-13) is no longer exact.

However, for any stationary reaction process, one can obtain the TCF

*
i

¢ (OF; (= (SR(t+1,)5R(t,))/(R)) from the average number (n(t)), of the reaction events

occurring in time interval (t. t.+t) (i=1, 2, 3,---) where t, denotes the time at which the

177

i-th reaction event has just been completed; when the reaction process is a stationary process,

(n(t)). should be the same for any i, i.e. (n(t)) :<n(t)>*. Let the asterisk signify the

particular initial condition that any one of {ti} is set to time 0, after which the reaction event

counting begins. With this notation, we can rewrite equation (N18-8) as
(RE+E)R(GD/(R) =D (3t -t))" (N18-14)
1=1

Noting that equation (N18-2) can be wused for any initial condition, i.e.,

(n(t)) = j; dri(é(r —t,))", we obtain the following relation
1=1
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RE+REN/R) = L0 (= R)Y) (N18-15)

In the long time limit, equation (N18-16) yields (R):!imd<n(t)>*/dt:!im<R(t)>* which

makes sense because the initial condition is irrelevant in the long time limit. By subtracting the

latter equation from equation (N18-15), we obtain

P (O = %—(% (N18-16)

By dividing both sides of equation (N18-16) by (R), we get

e (D5 = <t>d<nd—(tt)>*—l (N18-17)

where (t) denotes (R)™, which is the same as the average of the reaction time or the

intermittent time elapsed between two successive reaction events.

To obtain the expression for ¢, (t), we need the expression for F, in equation (N18-

16). By imposing the following initial condition 'tif(}%(t):l on equation (N18-16), we
obtain F; = Itiﬂgd(n(t))*/dt—(R) . On the other hand, multiplying s to both sides of equation
(N18-12) and taking the large-s limit, we get an alternative expression for F,

F. =1,(0)—(R) (N18-18)

because Itin(]y/,(t)=0 (1>2) . Therefore, we get x//l(O)=Itin3d<n(t)>/dt. Combining

equations (N18-14)-(N18-16), we obtain
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1-(t)3,(n()’
=— 1 N18-19
R (N1819)

A similar result can be found in refs.22 and 37 but equation (N18-19) is more general in that it

is applicable to the case that ;(t) is a sub-Poisson distribution.

Thanks to equation (N18-19), one can obtain the TCF of the product creation rate from

the mean number (n(t))" of reaction events occurring in time interval (t,t+t ), where t,

denotes the time where the first reaction event takes place.
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Supplementary Note 19 | Stochastic simulation methods used in Figs. 3 and 5
Stochastic simulation method used in Fig. 3

Here we provide a detailed description of the stochastic simulation method used in Fig. 3c.
The transcription model shown in Fig. 3a consists of three steps: the initial binding of RNAP
to the promoter site (closed complex formation), successful initiation (elongation complex
formation), and the ensuing transcription elongation yielding a single mRNA molecule in the

end. The distributions of reaction waiting times for the three steps are given by

y® (t)= z'1716711#1 @ (t,) = tzaileitZ/b/bar(a) (z, =(t,)), and y® (t;) =0o(t; —7,) ** * (Fig.
3a).% % (Fig. 3a). w”(t,) is modelled as a gamma distribution with a >1, by taking into

account that the initiation step consists of many sequential events involved in abortive RNA

synthesis?®®. On the other hand, Zhang et al. measured the successful initiation time of T7

RNAP4. The mean value was found to be 0.7 + 0.3 seconds for which the value of the Fano

factor for successful initiation times is equal to 0.13. Referring to this value, we set the lowest

value of b to be 0.1 in Figs. 3b and 3c. The value of 7, +7, is chosen as 4 seconds, which is

closeto (x)™'(=3.92 seconds). The value of z, ischosen as 61.5 seconds, which is estimated

by using the length of the lacZ gene (3075 bp) and the typical in vivo elongation speed (50 bp/s)

of RNAP in E. coli®.

In the stochastic simulation of the transcriptional initiation step of RNAP-promoter
complex, the next round of RNAP binding to the promoter site is not allowed before the
preceding RNAP completes successful initiation and leaves the promoter DNA. During the

transcription elongation by a RNAP, other RNAP can associate with the promoter and proceed
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to the next step. Taking the average over millions of transcription time sequences generated
from the stochastic simulation, the mean transcription time (t) and (n(t))" can be estimated
(Supplementary Figure 17). This result can be used to calculate ¢, (t) through equation (N18-
19) with y,(0)=0 (Supplementary Figure 6). The simulation results for ¢, (t) can be
compared with the theoretical results obtained from equation (N18-13) (see Fig. 3c and

Supplementary Figure 6). In the transcription model given in Fig. 3a, the distribution . (t) of

transcription waiting time is given by the convolution of w®(t) and w@(t), i.e.,

v (1) = Edn,um (t—7)w@(r) (Fig. 3b), whose Laplace transform is given by

7. (s) = (L+ 57,) " (L+ sb) (N19-1)

As shown in Fig. 3a, - (t) isaunimodal, sub-Poisson distribution, which is consistent with
the experimental results for the distribution of intermittent times between two adjacent
transcription events* 4344, Substituting equation (N19-1) into ,(s) of equation (N18-13),

we obtain the analytic result for the TCF of the transcription rate fluctuation in the Laplace

domain:

T, +7,

(L+sz,)(L+sb)* -1 (N19-2)

(s) =<~
We calculate the time-profile of ¢.(t) by performing the numerical inverse Laplace
transformation of equation (N19-2) with use of the Durbin-Crump algorithm®,

The first two moments, (T) and (T?), of the transcription waiting time . (t) can be
obtained by equation (N19-1) and the following identities: (T")= Liirg(—as)”&T (s). For the
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transcription model considered in Fig. 3a, the relative variance or the squared coefficient of

variation, ((T?)—(T)?)/(T)?, of the transcription waiting time is obtained as

2 1 b o/%
= 7T
A+7,/7)° 7,+7,1+7,/7,

(N19-3)

The values of 7> given in Fig. 3b and Supplementary Figure 6 are calculated with equation

(N19-3). See Supplementary Figure 18 for the dependence of 7/ on z,/z,, which is the

parameter determining which step between the first and second steps in Fig. 3a is the rate-

determining step.
Stochastic simulation method used in Fig. 5

Here we provide a detailed description of the stochastic simulation method used in Figs.
5c-f. The stochastic simulation aims at the transcription system in which mRNAs are produced
under the control of IPTG-inducible lac promoter in slowly growing bacterial cells. The gene

state variable (&) undergoes the two-state fluctuation under the k, modulation scheme. The

associated transition rates are given by k, =6.9x10° s and k, =k, (x*-1) for a given

value of x. x denotes the steady-state fraction of active gene state. When the gene state stays at

the active state (& =1), the transcription rate xitself also undergoes stochastic fluctuation. For
slowly growing cells, the associated kinetic parameters are given by (x)=0.255s7",
n?=304, and 1=256s", respectively (see Supplementary Table 1). To simulate the
corresponding mMRNA synthesis process, we make use of the two-state model for the

transcription rate fluctuation, where x dynamically fluctuates between x,[=x(I";)] and

98



K,[=x(T",)] with the transition rates, x;, and «,,. Here, x; designates the transition rate

from T'; and T;.For this model, the mean, noise, and relaxation time of xare given by

Ko Ky

(k) =K +K (N19-4a)
Kip + Ky Kip + K
RY:
n? = K1k (K K‘z)2 (N19-4b)
(ki +1,065,)
A=K, +Ky (N19-4c)

Using equation (N19-4), the values of the rate paramters are determined to reproduce the values

of (x) , n>, and A given in Supplementary Table 1: x =13s", x,=01s",
Kk, =0.031s™, and «,, =2.53s™. For asingle mMRNA time trace, initial values of xand &are

sampled with their own steady-state weights and ensuing time traces of xand £ are generated

independently of each other. Only when & stays at unity over the whole simulation time,

MRNAs are produced. The (i+1)-th mRNA creation time, t°,, is sampled from /c(tf)e‘“‘“ic),

i+1?
where «(t’) indicates the value of x at the i-th mRNA creation time, t°. When x undergoes

a transition before a creation event is completed, the incomplete creation event is discarded and

the new creation starts at the time of the transition.

Upon every creation event, mRNA lifetimes are sampled by using the survival probability
corresponding to each model shown in Fig. 5a. For the two-state super-Poisson and sub-Poisson
models for mRNA degradation, where every degradation event begins at the state 1, the

analytical expressions for the survival probability of mMRNA are given by
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S(t) — k21 e*t}’z + Y1i=72 e*t(ﬂ’ﬁkm) (71 > 7/2) (N19_5a)
Ky +71=75 Ky +71=75

S(t)=—L—e7t - L g (N19-5b)
Y.~V V.~V

where y, =(aiﬂ)/2 with a and b being equal to a=Kk,, +k,+y, and b=y,k,,
respectively. For three of various mRNA species showing the non-exponential decay profiles
over time*®, the values of the rate parameters in equation (N19-5a) are determined by making
equation (N19-5a) fit in the results in ref. 46 as follows: y, =6.6 min™ and k,, =0.25 min™
for atoS mRNA, 7, =8.4 min™ and k,, =0.53 min™ for fabB mRNA, and y, =6.3 min™
and k,, =252 min™ for ykgE mRNA. The values of y, for the three mRNA species are
estimated to be the same as each other, explicitly, y, =0.13 min™. Considering this point, the
value of y, isfixedto y,=0.13 min™ and then values of », and k,, are determined for
given mean (z,) andrandomness (R,) of mRNA lifetime in Fig. 5e. Here, the randomness

means the subtraction of unity from the relative variance. When the value of y, is fixed, 7,

should be less than [(1+r, /2);/2]7l for y, and k,, to be positive. Inthe case of the two-state
sub-Poisson degradation model, values of y, are determined for given z,, and R,. The
minimal value of R, available for equation (N19-5b) is equal to -1/2. At this value of R;,
equation (N19-5b) reduces to S(t) =e /™ (1+ 2t/z,) foragiven 7.

The underlying assumption of Equation (N19-5a) is that non-exponential mRNA lifetime

distributions for individual cells are identical to each other. On the other hand, equation (N19-

5a) can be regarded as the survival probability resulted from the case where exponential mMRNA
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lifetime distributions for individual cells are different from cell to cell (see Supplementary Note

4 for the relevant theory). In the latter case, the decay rate of MRNA is chosen as either y, or
7, +k,, for each mRNA time trace. The static weights for », and y, +k,, to be chosen are
respectively given by the preexponential coefficients, k, /(y, +k, —7,) and
(7, =72)/ (7, + Ky —7,) . in equation (N19-5a). The resulting non-Poisson mRNA noise is

presented in Fig. 5f.
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Supplementary Note 20 | Robustness of the quantitative analysis given in Supplementary

Note 15 for the experimental data shown in Fig. 4.

In the transcription model shown in Fig. 4b, the RNAP binding affinity K, of the

promoter in the active state has been regarded as a constant. However, even if we take into

account the fluctuation in K, the quality of the agreement between the theoretical model and
experiment does not significantly improve.
To show this, let us consider the case where K, is a stochastic variable. For this case as

well, the non-Poisson MRNA noise is given by equation (N15-6) with TCF given by equations
(N15-9a) and (N15-9b). However, the first term on the R.H.S. of the latter equations has an

additional contribution from the fluctuation in K:
et ©) =11 B, (O +12.0, (6) + 17, 7100, (4, (©) (N20-1a)
Cude' (1) =Cy b, O +C, 87" (1)+C Coie (14 (1) (N20-1b)

On the right-hand side of equation (N20-1b), only the first term survives because C, =0 for
our model, i.e., C,g" (t)=C, g (t). Substituting the latter equation and equation (N20-1a)
into equation (N15-6), we obtain equation (N15-15) in which g, #ns and BSC, are given
by

Btk = oy + Xt oy To YA+ V0, + o + gy ol YA+

, s\ s (N20-2a)
+ (}(n(Ko,v) T Xntkeg Ko ) Ty YA+ TIng, )77K077v
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oo {91

KK (9 (ZnKO ?(n(kTX KO)CkTX)(l"'UN )Cy, (N20-2b)

where the trilinear susceptibility, x,, . ,, isdefined similarly to equation (N15-11) but with

B, ko O =6 (O (1), (1) . Substituting equations (N20-2a) and (N20-2b) into equation

(N15-15), we obtain

o= Bt B, + B o+ BEC -0 +F, e, (N20-3)
1

where B, Bi.,and g < are defined by

P = (va T Xn(key ,v)77|<2TX +Zn(K0,v)77li0 +7(n(ka,|<0,v)77k2TX UEO)(]-*‘UI%]R‘)) (N20-4a)
Bric = Uay Loty o) JA+TIR) (N20-4b)
Brc = <g(<g ) 2l (ZnCKO +)(nC(kTX,K0)CkTX )+ U;Rp) (N20-4c)

In the low promoter activity limit in which k_, <<k , equation (N20-4a) becomes

Bico=| @+ B 10 Wt BY+ 1 b, @+ B)+ 12 1 B, oy B) | (W, ) (N15-5)

where ¢, . (t)=4_ (t)d. (). With equations (N15-17) and (N15-5), equation (N20-3) can

be written as

(M), ma

1,00

Q :|:ﬂr:|<,o(i jG)(l X)+IBK77K * Pong, 77NR ﬁr:KCCKojl[l

——X +F +77nk(N20 6)
(n), ]
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where we have three adjustable parameters, explicitly, g, ,, ,B;’Kn,io +,3nNR,,’7§Rp + ;,SCKO,
and (n),, . The value of Fg+77n2,k is given by 0.2 (see Supplementary Note 15 &
Supplementary Figure 13). The optimized values of the three adjustable parameters are as
follows: S, =1.97x107 , i + B, ., + B Cy, =1.90x107" , and (n),, =12.2..

Because the value of ,BnNanf,Rp is given by 0.187 in Supplementary Note 15, the magnitude of

the new parameter, ,B,;’Kn,io + ,:KCCKO, is estimated to be so small that it can be neglected in

equation (N20-6). The resulting equation has the same form as equation (N15-19). Therefore,

the resulting values of g, and (n),, obtained from equation (N20-6), are found to be
essentially the same as those of g, , and (n), _, the two parameters extracted from the

experimental data by equation (N15-19). This result indicates that the RNAP binding affinity
fluctuation of the promoter in the active state is far smaller than the on-and-off RNAP binding

affinity fluctuation of the promoter.
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Supplementary Note 21 | Analysis of the genome-wide data for mRNA copy number

variation among a clonal population of E. coli'?

In ref. 2, Xie and co-workers investigated the counting statistics of mMRNAs and proteins
expressed from a comprehensive set of E. coli genes, which revealed a global trend in the
relationship between the variance and mean in the expression levels of bacterial genes. This
global trend in the bacterial gene expression statistics suggests that a particular mechanism of
the transcriptional control is employed in the expression of a large number of E. coli genes. For

this set of E. coli genes, the global trend in the dependence of the non-Poisson noise on the
mean transcription level was found to obey 7’ —<n>‘1(s Qn/<n>) ~c/(ny with c being
approximately 0.60. We find this result can be explained using Model 111 with the assumption
that the gene-to-gene variation in the transcription level is primarily controlled by changing

k ., the rate at which the gene state switches from the inactive state to the active state.

on’

Here, we present a detailed description of the method used in the quantitative analysis of
the experimental data shown in Supplementary Figure 33, Each data point shown in the figures

represents the values of the mean and Poisson noise ({n),Q,/(n)) of the copy number of

MRNA generated from each gene in E. coli. Since the data of the copy number variation for

each gene is missing, the data for ((n),,Q,/(n),) are currently unavailable. As the mean gene

copy number differs from gene to gene, it increases the gene to gene variation both in the mean
and in the non-Poisson noise. However, the experimental data still clearly exhibit a trend in the
dependence of the non-Poisson noise on the mean mMRNA copy number. As the variation in the
copy number of mRNA expressed from each bacterial gene is determined by the transcription

dynamics of each gene through equation (1), the global trend in the bacterial gene expression
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statistics suggests that a particular control mechanism over the transcription dynamics is

exploited in the expression of a large number of genes in E. coli.

The global trend in the experimental data is found to be consistent with the hypothesis
posed in refs. 32 and 39 that every bacterial gene is regulated by some sort of on-and-off gene
state switching process, not only those genes regulated by transcription factors, but also the

constitutive genes suffer on-and-off state switching process.

The experimental data in ref. 13 were obtained for the cells with the doubling time being

about 150 minutes. For the slowly growing cells, the value of the gene copy number per cell is

either 1 or 2 32, With use of the theoretical result in ref. 13, we could estimate the value of (g)
for each E. coli gene. For the data shown in Supplementary Figure 3, the average value of (g)

could be estimated to be 1.52 (see Supplementary Figure 14).

The solid curve in Supplementary Figure 3a represents the best fit of the following

equation to the experimental result:

&_ 1 (1—x)? 775 _
@ XA )| A, x| (N21-1)

In equation (N21-1), A1 and const denote Aly and the non-Poisson noise Iirq Qn/<n> in

the high expression limit, respectively. Equation (N21-1) is obtained from equation (N6-10b)

for Model 111 under the k,, modulation mechanism with ¢_(t) being exp(—ﬂt).We choose

the exponential TCF because it is consistent with the experimental data for the slowly growing

E. coli cells with doubling time greater than 45 minutes (Fig. 2a). Instead of treating A4 and
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n’ as free parameters, we set the value of A and 7> to be 306 and 30.4, which were

extracted from the experimental data for lacZ mRNA copy number variation among the slowly

growing E. coli cells with cell doubling time greater than 45 minutes in Fig. 2a. The optimized

value of the only adjustable parameter (=K, /») is found to be 4.46.

On the other hand, the dot-dash curve in Supplementary Figure 3a represents the best fit

of equation (N6-19) or

Q _1 [ e, 1 }(1—x)+const (N21-2)
mn)y (P|@+A)X+a X+a

to the experimental data. Equation (N21-2) can be obtained from equation (N6-10a) for Model

[l under the k, modulation mechanism with ¢,_(t) being exp(—At). The extracted value

of a(=k,,/y) isfound to be 0.40. In the analysis as well, we set the values of 7? and A
the same as 30.4 and 306, which are extracted from the slowly growing E. coli cells in Fig. 2.

From the quantitative analysis, we find that the global trend in the dependence of non-

Poisson mRNA noise on the mean mRNA level is more consistent with the k,, regulation

mechanism, in which the gene-to-gene variation in the transcription dynamics is primarily

achieved by changing, k_., the rate at which the gene state switches from the inactive state to

on !

the active state, rather than the k_, regulation mechanism, as shown in Supplementary Figure
3a.

This is also the case when we assume the TCF for the transcription rate is the oscillatory

function whose Laplace transform is given in equation (N6-14). Putting the numerical values
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into the parameters, equation (N6-14) reads as

1 718(n)l‘max 0.183(N); max 1

;7,3&,((§)=~—1(30.25e 14089 5t +0.25J—T (N21-3)
S

Substituting equation (N21-3) into equations (N6-10a) and (N6-10b), we obtain the expression

for A(x) for Model Ill with the oscillatory TCF. From the definition of A(x) in equation
(N6-2b), Q,/(n) is given by <g>_1[A(x)+ IirrllQn/<n>1] which reads as

18(N) gy (1-X) 0.183(N) gy (1-X)

2
(% =B 1>ﬂ Sl (30.25e @7 4+0.89e  @F +0.25]+const (N21-4a)
g X

for the k,, modulation scheme and

18N max X ~ 0.183(N) ax X

Q 1 30.25e ‘¢ 40.89e ‘¥*  4+0.25 |+ const (N21-4b)
(n) (o

forthe k, modulation scheme. As shown in Supplementary Figure 3, also for the case where
the oscillatory TCF for the transcription rate « is used, Model 11l under the k,, modulation
scheme provides a better quantitative explanation than Model Il under the k, modulation

scheme. The value of a(=k,,/7) extracted from Model Ill with k, modulation scheme is

found to be about 1.0, and the value of ,B(: K. /y) extracted from Model Il with k_
modulation scheme is given by 64.0.

We find that not only equation (N21-1) obtained for the exponential TCF but also equation

(N21-4b) obtained for the oscillatory TCF can provide a quantitative explanation of the same
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experimental data with a similar fitting quality. This is because both equations (N21-1) and

(N21-4b) obtained assuming the k, modulation scheme have the similar behaviour,

Qn/<n> ~ c<n>’1+const in the small expression regime where x is far smaller than unity,
regardless of the detailed shape of ¢_(t), which is in accordance with the asymptotic behavior
given in equation (N6-11b). However, S =4.46 extracted from the analysis by equation

(N21-1) is found to be more consistent with the previous references™ *° than S =64.0

extracted from the analysis by equation (N21-4b). The value of k_: (: (yﬁ)_l) with B =4.46

ranges from 0.45 and 2.24 minutes, because the value of the mRNA lifetime, ™, ranges from

2 to 10 minutes according to ref. 2. The estimated range of the k; value is consistent with
the reference value, k_; =1.0 minute, given in ref. 39. On the other hand, the range of the k_;

value corresponding to /S =64.0, obtained assuming the oscillatory TCF, is given by 1.9

seconds < k¢ <9.4 seconds. This range of the on-state duration time, k., is much too short

compared with the reference value, 1.0 minute.

The fact that the range of k value extracted using the exponential TCF is comparable
to the reference value, while the range of k_ value extract using the oscillatory TCF is not,

is consistent with our analysis shown in Fig. 2, according to which the TCF of transcription
rate x was found to be an exponential rather than the oscillatory function, for the slowly cells

with the doubling time greater than 45 minutes. Remember that the experimental data shown

in Supplementary Figure 3 were obtained for the cells with the doubling time being about 150
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minutes.

The deviation of the experimental data from the global trend curve obtained assuming the

k . modulation mechanism in Supplementary Figure 3 indicates that this mechanism is not

on
the only transcriptional control mechanism in E. coli. There exist other transcriptional control
mechanisms in E. coli®*#’, and our analyses do not exclude them from the control mechanisms

of E. coli’s transcription. Nevertheless, our analysis clearly shows that the k, modulation

mechanism is not the universal transcription-control mechanism of E. coli as suspected in refs.

14 and 48.

The quantitative information extracted from the analysis of experimental data shown in

Supplementary Figure 3 is presented in Supplementary Table 3.
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SUPPLEMENTARY FIGURES

—— Constituitive promoter
10°L — Repressor-regulated promoter

Rate of the RNAP binding affinity fluctuation

00 02 04 06 08 10

The mean mRNA level scaled by the maximum value

Supplementary Figure 1. Difference between rates of the RNAP binding affinity
fluctuation for constitutive and repressor-regulated promoters. (red line) The scaled gene-

state switching rate (k,, +ky)/7 as a function of maximum scaled mean mRNA level
X(=(N), /{N); ) TOr the repressor-regulated promoter. On the basis of the k, modulation
scheme, (k,, +ky)/7 canbewrittenas (k,, +Ky)/7 =a/x interms of x with the value of
a(=k,,/y)=0.83 (see Supplementary Note 6). (blue line) The scaled gene-state switching
rate (k,, +Ky)/7 as a function of x for the constitutive promoter. On the basis of the k,,
modulation scheme, (k,, +ky)/7 can be written as (k,, +K)/7 = 8/(L=x) in terms of x
with the value of S(=k /;/) =54.8 (see Supplementary Note 12). Over a wide range of X,

the promoter strength fluctuation is much faster for the constitutive promoter than it is for the

repressor-regulated promoter. The value of y is 1/120 s™.
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Supplementary Figure 2. Analysis of the cell-to-cell variation in the number of mRNA
expressed from inducer-controlled Piac promoter among a clonal population of E. coli.

(a) (circles) The experimental data'* for the dependence of A(x)(=Q,/<n), — Iirr} Q,/(ny) on

the normalized mean mRNA number, X(=<n>1/<n>1,max)- A(x) decreases with x in a bi-

exponential manner. (solid line) The theoretical fit of equation (N6-13) in Model 11l to the

experimental result. (b) (circles) The experimental data for Q,/(n), . (dot-dash line) The best

fit of equation (N6-3) for Model I to the experimental data. (dotted line) The best fit of equation

(N6-7a) for Model Il to the experimental data. (c) (open circles) The experimental data for

A(X)(1-x)". (filled circles) The experimental data for A(x)(L— x) . The asymptotic behavior

of A(X)(1—x)"* when x approaches unity can be used as a probe of the transcription

regulation scheme, according to equation (N6-11a). For the k, modulation scheme,
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A(X)@—x)™ with g=1 saturates to a plateau as X approaches unity, whereas for the k_,
modulation scheme, A(X)(1—x)"* with g=2 saturates to a plateau in the high induction

limit. As shown in (c), A(X)(L—x)™" rather than A(x)(L—x)? approaches a plateau value,
which suggests validity of the k, modulation scheme for the experimental system. (solid line)
A(X)(L-x)" with A(x) given by equation (N6-13). (d) Dependence on §(=s/y) of the
Laplace transform 7> fK (8) of the TCF of the transcription rate fluctuation (dox = x —(x))
multiplied by the noise in x 7’ fK (8) is related to A(x) by equation (N6-12). (circles)
n? fK (S,) evaluated from the experimental data for A(x.) byequation (N6-12). § isrelated
to x, by §=1+a/x . (solid line) The theoretical result for 7 fK (8) calculated from
equation (N6-14). In comparison, the static limit of 7> 1?,((5) , that is, n,f/§ is also given in
the dashed line. fK(§) or ;/43,((7/5) has a negative value when the value of § is less than 40,

which signifies that ¢, _(t) is not a monotonically decaying function (see Supplementary Note

6).
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Supplementary Figure 3. Quantitative analysis of the global trend in the dependence of
non-Poisson mMRNA noise on the mean mRNA number for a comprehensive set of E. coli

genes. (circles) The experimental data for the mean mMRNA number and non-Poisson mRNA

noise, Qn/<n>(= a§/<n>2 —]/(n)), reported for the comprehensive set of E. coli genes in ref.

13. Each circle represents the experimental result ((n),Q,/¢n)) for mRNA produced from

each gene of the E. coli system investigated in ref. 13. Figure (solid line) The best fits of Model

[11 under the k,, modulation scheme. (dot-dash line) The best fits of Model I11 under the Kk,
modulation scheme. The experimental data are compared to the Model Il with ¢_(t) being

the exponential TCF (a) and the oscillatory TCF (b). In (a), equations (N21-1) and (N21-2)

with the exponential TCF, ¢ (t)=e™" are used for the k,, and k, modulation schemes,

respectively. In (b), equations (N21-4a) and (N21-4b) with the oscillatory TCF, equation (N6-

15) are used forthe k,, and k, modulation schemes, respectively. The result shows that the

k,, modulation scheme is in better agreement with the experimental data than the Kk

on

modulation scheme. Model I11 with the exponential TCF of transcription rate fluctuation gives
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a more reasonable estimation of the on-state duration time, k, than Model 11l with the

oscillatory TCF, which is consistent with the analysis in Fig 2 (see Supplementary Note 21).
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Supplementary Figure 4. Analysis of the non-Poisson mRNAnoise Q,/(n), by Model 11

with the various time correlation functions of transcriptional rate fluctuation. (circles)
The experimental data shown in Figs. 2a and Supplementary Figure 2b. (blue solid line) The

best fit of Model Il to the entire experimental data under the k, modulation scheme when

the TCF of the transcription rate is given by the oscillatory function in equation (N6-15), which
is the same as the blue solid line in Fig. 2a. (red solid line) The best fit of Model 111 to the entire

experimental data under the k, modulation scheme when the TCF of the transcription rate is
given by ¢ (t)=e™ . For this model, the non-Poisson mRNA noise is given by
Qn/<n>1:A(x)+Ixian/<n>l where A(x) is given in equation (N6-19). x denotes the
mean MRNA number, <n>1/<n>maX , scaled by its maximum. (green solid line) The best fit of
Model 111 to the entire experimental data under the k_, modulation scheme for the case where
the transcription rate fluctuation is white noise. In this case, ¢_(t) is given by

¢K(t):¢3,((0)5(t) with &(t) being Dirac’s delta function. In the analysis shown in
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Supplementary Figure 4, the values of 7?, &, (n), ..., and |in’1] Q,/(n), are the same as those

in Fig. 2a. The best fitted values of A(=4/y) and ]/ ;/qSK(O) are given by 1=3682 and
1/ 743,( (0) = 7683, respectively. The dependence of Q,/(n), on (n), cannot be quantitatively
explained by Model 111 with the exponentially decaying TCF, ¢_(t) =exp(-At) or by Model
Il with the white noise TCF. As shown in Supplementary Figure 2d, the §-dependence of

¢3K () directly obtained from the experimental data is clearly different from that of the Laplace

transform of the monotonically decaying TCF or the white noise TCF (see Supplemenatry

Figure 1d).
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Supplementary Figure 5. Oscillatory time correlation function of transcription rate
calculated from equation (N6-12) with use of the non-parametric interpolation of the raw

experimental data. We interpolate the raw data points for A(x),or Q,/(n), (x)—lirr}Qn/m)l
shown in Supplementary Figure 2a, using the piecewise cubic Hermite interpolating
polynomial interpolation routine in Matlab 9.2. Substituting the interpolation of A(x) into

equation (N6-12), we obtain the interpolating function joining the data points shown in

Supplementary Figure 2d. The TCF 724, (t) , of the transcription rate with the non-parameteric
interpolation of A(x) is calculated by using the Durbin-Crump method for the numerical
inverse Laplace transform of equation (N6-12) with the non-parameteric interpolation of A(x).
With the Durbin-Crump method in use, the period in the Fourier series is set to be T =4f_
with £ equal to 0.15. The resulting TCF shows an oscillatory feature in qualitative

agreement with the result of our analysis that relies on equation (N6-12), the smooth function

version of A(x) representing a global trend in the data. The period of the oscillation in the
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TCF is found to be about 0.03 in dimensionless time unit »t (7/:1/120 s‘l)or about 4

seconds, supporting the validity of the oscillatory TCF, equation (N6-15) in Supplementary
Note 6. The error tolerance and number of terms included in the Fourier series are 108 and 10°,
respectively. The resulting values are scaled by the maximum value. The negative value of the

extracted TCF at time O can be attributed to the direct use of the noisy interpolation of

experimental data for A(x). Given that the variance in the copy number of mMRNA is a slowly

varying function of the mean mRNA number, A(x) should be a smooth function.
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Supplementary Figure 6. Time correlation function ¢ (t) of transcription rate

fluctuation for the transcription model shown in Fig. 3a. (circles) The numerical result for

¢ (t) calculated from the simulation result of (n(t))" is displayed in Supplementary Figure

17 with use of equation (N18-19). (solid lines) The theoretical results calculated by performing

the inverse Laplace transform of equation (N19-2), which is exact for the model shown in Fig.

3a. The values of the parameters, z,, 7,, and b, are the same as those used in the
corresponding panel in Supplementary Figure 17. The oscillatory feature in ¢_(t) becomes
more pronounced as the relative variance, 77, of the transcription waiting time (T) decreases.

See equation (N19-3) and Supplementary Figure 18 for the relationship of »? with z,, 7,,
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and b. In the model study, the oscillation in ¢,_(t) is pronounced when the value of 7’ is
smaller than or equal to 0.2. The oscillating period of ¢_(t) is constant in time and approaches

T, +17,,as 1’ decreases (see Supplementary Note 6).
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Supplementary Figure 7. Progressively increasing period in the oscillation of the

transcriptional rate time correlation function can be interpreted as a signature of the cell-

to-cell heterogeneity in the oscillating period. (green solid line) ¢_(t) =e ™ cos(a,t) with

A" and 27/w, being 5 and 4 seconds, respectively. (pink solid line)
¢K(t)=e_’uj.:da)P(a))COS(a)t). P(w) is the gamma distribution whose mean andrelative

variance are given by @, and 0.03, respectively. Note that the oscillation period of the pink

line progressively increases with time as the oscillation period of the TCF extracted from

experimental data (the blue line in Fig. 2b). P(w) is introduced here to account for the cell-
to-cell heterogeneity in @ or the oscillating period. According to the discussion given in
Supplementary Note 6, the oscillating period T (: 27r/a>) of the TCF is approximately related
to the mean transcription rate (x) of the unrepressed gene by T ~ (k). Therefore, the i-th
angular frequency @, sampled from P(w) can be regarded as 2z(x), in terms of the i-th
cell’s mean transcription rate (x),. As the mean transcription rate (x), differs from cell to

cell, so too does the TCF of transcription rates. Taking the average of the individual TCFs over
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cell population, one observes a TCF with a progressively increasing oscillation period as shown

in Supplementary Figure 7.
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(S(S—I)j) C,/(g)

Supplementary Figure 8. Component analysis of the non-Poisson mRNA noise at full

induction. The three terms contribute to the non-Poissn mRNA noise at full induction, i.e.

Q, /<”>1|x=1 = 2. 00+ F, +(a(g -1))C, /{g) [equation (N6-2a)]. The first, the second, and the

final terms originate from the fluctuation in the active gene transcriptional rate, x (green area),
the gene copy number variation (white area), and the mean scaled correlation between mRNA

levels produced from two identical gene copies (pink area), respectively. For the experimental

data shown in Fig. 2, the values of Qn/<n>1| and F, are given by 0.380 and 0.206,

x=1
respectively (see Supplementary Note 6 & Note 16). By substituting the latter into equation

(N6-2a), we obtain the following relation between y, »> and C,:

Zn1e+(9(9-1))C, /(g) = 0.174. (F8-1)

For the experimental system considered in Fig. 2, the value of (g(g-1))/{g) is about 1.48

(see Supplementary Note 16). There exists another relation between y 7> and C, .
C, (z <5ni5nj >/<ni ><nj >) is related to  the  correlation  coefficient,

4 (= <5ni5nj¢i>/<5ni2>1/2<5nf>1/2), by C,=d¢n’,, given that the numbers of mMRNA produced
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by different gene copies are statistically equivalent. This relation holds at any induction level.

In addition, for Model I1l, C_ is constant regardless of induction level (see Supplementary

n
Note 10). Therefore, in the full induction limit, where the single-gene mRNA noise, 77,12’1,
reaches its minimum, Uf,l,min , ¢, should have its maximum value, ¢, .. ., i€,

Urf,l,min = cn/¢n,max . SUbStItUtmg 77r12,1,min = <n>1_,inax + Zn,ﬁ,f [equations (2), (N6'2C)! and (NG_ll)]

into the latter equation, we obtain the other relation between C. and y, 7> as

Cn/¢n,max = <n>1_]r.nax + Zm(nrf (F8'2)

where the value of (n), .. isabout 30.6 (Supplementary Note 6). From equations (F8-1) and

(F8-2), one can obtain y, 7> and C, as a function of ¢ Due to the Swartz inequality,

#.ma CANNOt be greater than unity. On the other hand, according to ref. 14, ¢, has a positive
value. The calculated values of y,. > and (g(g-1))C,/(g) are displayed for the entire

range of positive ¢, .. . From this analysis, we obtain 0.05< y,7n’<0.17 and

0<C, <0.083 (see Supplementary Table 1).
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Supplementary Figure 9. Apparent quadratic dependence of the mMRNA variance on the

mean mMRNA level. (a) (open circles) The experimental data for the mRNA variance o’ asa
function of the mean mRNA level (n), per gene copy, which correspond to the experimental
data shown in Fig. 2a'. (solid line) The theoretical result for o’ as a function of (n), for

Model II1. The result is calculated from Q, /(n), by

or =(M+(g)*(Q,/(n), )(n)? (F9-1)

2

which follows from definitions of Q. and (n),, i.e., Q, = Z‘n’; -1 and (ny, =(n)/(g). The

non-Poisson mMRNA noise is given by Qn/<n>l:A(x)+lin}Qn/<n>1 with X =(n), /{N), ;o
(equation (N6-2b)). It is A(x) that carries the information about the transcription dynamics
of individual genes, which is given in (N6-10a) for Model IIl under the k, modulation

scheme. For Model I11, Iirq Q,/(ny, is given by equation (N6-2a), a constant over the mRNA

level, which is dominantly contributed from the gene-copy number variation and the correlation

between the transcription levels of different gene copies. Their contribution makes the variance
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in mMRNA number appear to be a quadratic function of the mean mMRNA number. Both A(x)
and Iirrl1Qn/<n>1 can be determined from the experimental data shown in Fig.2a (see

Supplementary Note 6). (dashed line) The best fit of experimental data under the assumption

that &2 is simple a quadratic function of (n),. (b) (open circles) The experimental data for
o’ as a function of (n), , corresponding to those shown in Fig.4. (solid line) The

corresponding theoretical result for o asa function of (n), for the model shown in Fig. 4b,

which is obtained from equations (N15-19) and (F9-1). (dashed line) The best fit of

experimental data under the assumption that & is a quadratic function of (n),. A similar

quadratic dependence of the variance on the mean was also reported for protein levels in ref.

26.
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Supplementary Figure 10. Stochastic trajectories of the number of transcription events

and transcription rate fluctuation generated from the simulations of Model 11 for two

different rates of gene-state switching dynamics. (a, b). Realization of mMRNA number, n(t),

generated from the stochastic simulations of Model 11 for two different sets of parameters. In

(a), the values of «* and k '(=ky) are setto be 4 and 144 seconds, respectively, which

have the same order of magnitude with the parameters extracted from the system of the lacZ

gene expression under the repressor regulated promoter in E. coli (see Fig. 2 & Supplementary

Note 6). In (b), the values of x* and k(=k,') are 10 and 2.2 seconds, respectively, which
have the same order of magnitude with the parameter values extracted from the system of the

lacZ gene expression under constitutive promoters (see Fig. 4 & Supplementary Note 15). (c,

d). Stochastic trajectories of transcription rate, R(t), or the number of transcription events per

unit time in the stochastic trajectories shown in (a) and (b). The bin time amounts to 10 in

each case. The time scale of the gene-state switching dynamics of the repressor regulated lacZ
128



gene is much greater than that of the gene-state switching process of the lacZ gene under

constitutive promoters. The transcription rate R(t) of the lacZ gene under repressor regulated

promoter clearly shows the on-off switching pattern while R(t) of the lacZ gene under

constitutive promoter appears to have a far less fluctuation, which is known as motional

narrowing in spectroscopy.
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Supplementary Figure 11. Upper and lower bounds of the mean-scaled mRNA correlation.

From our analysis of the experimental data shown in Fig. 4 (see Supplementary Note 15), we

can estimate the mean-scaled mRNA correlation, C, . (red and blue solid lines) The upper and
lower bounds, C!"" and C"™,for C, (: (5ni5nj)/<ni ><nj>) as a function of mean mRNA

level per gene copy, which are calculated using equations (N15-17) and (N12-2). For the former
and latter cases, the values of chka C,, are given by 8.34x10° and zero, respectively. The
expression of C!™" is explicitly given by equation (N12-4), which carries the contribution

originated only from the RNAP noise. (dotted line) The horizontal line indicating the plateau

level of C ™™ in the large mMRNA expression limit, which is given by chka C (= 8.34x107?).

This figure shows that the RNAP noise is the primary source causing the mean-scaled mRNA

correlation. For a finite value of chkTXCka , the contribution arising from the correlation

between the transcriptional rate coefficients of different gene copies becomes dominant over

the RNAP noise contribution at large mRNA expression levels.
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[ (Jones et al. 2014, ref. 15)
o] o Model Il
Model in Fig. 4b
Model in Fig. 4b with nﬁ,‘f 0
-~
T
=
S~
N~ 1 -
A
o

01 MR | N O L A |

Supplementary Figure 12. Comparison between experimental data and various
theoretical models for the dependence of mMRNA copy number statistics on promoter
strength in constitutive gene expression. (circles) The experimental data for the mean mRNA
number per gene copy and the non-Poisson mRNA noise obtained from transcription of the
lacZ gene under various constitutive promoters. (red line) The best fit of Model 111 with the

k . modulation scheme to the experimental data, in which the transcription rate is modelled

on

as R =¢&x(I"). (blue line) The best fit of the transcription model shown in Fig. 4b to the

experimental data (see Supplementary Note 15). The transcription rate is modelled as

KN . _— . .
R, =——2 k. () with RNAP-promoter binding affinity K and intracellular RNAP copy

' 1+KN

Rp

number N, being stochastic variables. (green line) The best fit of the transcription model
shown in Fig. 4b to the experimental data without accouting for fluctuation in RNAP copy
number. For the constitutive expression system investigated in ref. 15, the RNAP copy number
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Ny, is coupled to the control variable K in a nonlinear manner so that the effect of N/
fluctuation on the mRNA copy number statistics is more important than and different from the
effects of the fluctuation in other environmental variables, I", that amount to fluctuation in

krx (') . In comparison, in Model Ill, N isnotdirectly coupled to the controllable rate factor

& but it is just one of numerous environmental variables, T", on which rate coefficient x(I")

is dependent. Note that the constitutive transcription model shown in Fig. 4b provides a better
guantitative explanation of the experimental data than Model 11, because the former takes into
account the effects of RNAP level fluctuation on the transcription rate fluctuation in a more

rigorous manner than the latter.
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Supplementary Figure 13. Value of non-Poisson mRNA noise Q,/(n), for the

constitutive expression data reported in ref. 15 approaches a plateau in the high

expression regime. (circles) The experimental data for the dependence of the non-Poisson

mRNAnoise, Q,/(n),,on the mean mRNAnumber (n), per gene copy for lacZ gene mMRNA

expressed under various constitutive promoters of E. coli'®. In the high expression limit, the

value of Q,/(n), approaches the plateau value, 0.20, which corresponds to A +77n21k in

equation (N15-19). The solid horizontal line represents the plateau level, which is estimated by

averaging Q,/(n), over the last three data points. (gray circles) The data points with the value

of Q,/(n) being less than 0.2. These data are not considered because we assume the plateau

level, F +77erk , to be the lower bound for Q, /(n), .
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Supplementary Figure 14. Cell doubling time dependences of the C and D periods of the

bacterial cell cycle. The mean gene copy number (g) can be calculated by using the formula,
(g) = 2lc@m*PIr "\where C and D denote the time taken to replicate the genome and the time

interval between termination of replication and cell division, respectively®®, m’ is the

normalized distance of the gene from oriC **, which is calculated from the map location (m) of
the gene 33, C and D depend on the cell doubling time, 7, as shown in (a) and (b). The solid
line in each panel represents the second-order polynomial fit to the tabulated values for each

period at various values of t*3, which are given by C(z)=40.5+0.003407 +0.002617> and
D(r) =19.8+0.1487 +0.0004647> . These formulae give the extrapolated values of C and D at

7 =150 minutes as 99.7 and 31.6 minutes, respectively. With the values at hand, we can
calculate the values of (g) for each gene investigated in the genome-wide study for E. coli

mRNA copy number variation in ref. 13. The values of the map locations for each of the genes

are available in EcoliWiki (http://ecoliwiki.net/colipedia/index.php). The average of the gene

copy number (g) over the genes is found to be 1.52 (see Supplementary Note 21).
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Supplementary Figure 15. Doubling time (z)-dependence of initial genome copy number
and the variations of genome copy number and lacZ gene copy number as a function of

cell age at =40 minutes. (a) (solid line) The initial genome copy number G, as a

function of cell doubling time (7). We calculate this by using equation (N13-1) with the second-
order polynomial fits of the C and D periods in terms of 7 (see Supplementary Figure 14).

(upper and lower thin horizontal lines) The minimal G, (G™) required for the lacZ gene

copy number g to be 4 and 2 at the beginning of the cell cycle (see Supplementary Note 16 for

more details). Over the range of 7 enclosed by 22.8 and 54.7 minutes at which G, =G]"

(marked by the bidirectional arrow), g is initially two and then becomes four at the late stage

of the cell cycle as shown in the example at =40 minutes in (c). (b) (green solid line) The
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periodic variation of genome copy number G, as a function of cell age for C =45 minutes,

D =25 minutes, and =40 minutes. =40 is near to the median of the range of 7 over

which g is either 2 or 4 in (a). (black thin lines) The contributions of individual chromosomes

to G, . For each contribution, the linearly increasing regime corresponds to the C period during

which the amount of the genome increases from one to two at a slope of 1/C per minute

because of the genome replication. The ensuing plateau regime corresponds to the D period,
during which the amount of the genome stays constant over time. Before the previous genome
replication is completed, a new replication can start for rapidly growing cells, as shown in the
figure. The time point at which the new replication starts is determined by the condition that

G, at the end of the cell cycle should be twice as large as G,. (c) The schematic figure for

the genome configurations at the cell ages indicated by (1), (2), (3), and (4) in (b) within the
cell cycle. The open and filled circles indicate the replication fork and the lacZ gene on the E.
coli chromosome, respectively. The lacZ gene copy number g changes from 2 at the early stage

to 4 at the late stage.
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Supplementary Figure 16. Component analysis of the non-Poisson mRNA noise. (a)

(circles) The experimental data shown in Fig. 2a. (dotted line) The non-Poisson mRNA noise,

Iing Q,/(n), , independent of the control variable in the experiment or the gene-state switching
X—>

dynamics. Analytic expression of Iing Q.,/(n), isgiven inequation (N6-2a). It comprises three

terms, the mRNA noise arising from the fluctuation in transcription rate « of the unrepressed

gene, the mRNA noise originating from the gene-copy number variation, and the mRNA noise
originating from the correlation between the number of mMRNA produced from one gene copy
and the number of MRNA produced from another gene copy (see Supplementary Figure 8).

(dot-dash line) , where stands for the mRNA noise arising purely from the gene-state

switching process. The dependences of y,. and 7755 on the mean mRNA level are given in
equations (N6-5a) and (N6-6). (solid lines) The entire non-Poisson mMRNA noise,

Qu /ANy = 20112 + XN +1imQ, /(n), . The blue solid line represents the best fit of

Model 111 to the entire experimental data, whereas the red solid line represents the best fit of

Model 111 to the red circle data obtained for the slowly growing cells with doubling time longer
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than 45 minutes (see Supplementary Note 6). (b) Components of the non-Poisson mRNA noise
produced by the single gene copy transcription, which is given in equation (2) in the main text.

The y axis represents the value of each mMRNA noise component raised by unity. (pale blue

shaded area) The mMRNA noise, y, 7> , arising solely from the fluctuation in the active gene

transcription rate whose TCF has the oscillatory behavior represented by the blue line in Fig.

2b. The range of y, 7> is given by the interval, [0.05,0.17] (Supplementary Figure 8). (red

dotted line) when the TCF of active gene transcription rate is given by the exponential function

shown in the red line in Fig. 2b. (dot-dash line) The MRNA noise, any? , arising from the

gene-state switching process. (solid lines) The mRNA noise, zn@,@n;n,f , contributed both

from the gene-state switching process and from the fluctuation in the active gene transcription

rate. The blue solid line represents the case where ¢,_(t) is the oscillatory function represented
by the blue line in Fig. 2b, whereas the red solid line represents the case where ¢_(t) is the

simple exponential function represented by the red line in Fig. 2b. The mRNA noise, y, 7> ,

arising solely from the active gene transcription process is negligible compared with the mRNA

noise x,.7: OF oM. contributed from the gene-state switching process (see

Supplementary Figure 19 for a more detailed explanation).
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Supplementary Figure 17. Average number, (n(t))", of transcription events occurring in
time interval (t, t) for the transcription model shown in Fig. 3a. t, denotes the time at
which the first transcription event has occurred. With (n(t))" at hand, one can calculate the
TCF ¢ (t) of the transcription rate for the gene in the unrepressed state by using equation

(N18-19), which is displayed in Fig. 3c (see Supplementary Note 18). The details of the

simulation method are presented in Supplementary Note 19. According to Cox’s renewal

theory®s, (n(t))" can be calculated by performing the numerical Laplace inversion of
(A(S))” =sy, (s)/[L—w, (s)] with y,(s) being the Laplace transform of the transcription

waiting time distribution, which is given by equation (N19-1) for the model shown in Fig. 3a.
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The theoretical results (solid line) are in excellent agreement with the stochastic simulation

results (circles). The comparison between the two is made for various values of z,/z, and b
in the model. The value of z,+7, is chosen as 4 seconds, as it is similar to the value of
<K>‘l(; 3.92 seconds) extracted from the experimental analysis in Supplementary Note 6.

The valuesof 7,/7, aregivenby 2,4, and 6 in the left, middle, and right columns, respectively.

For the top, middle, and bottom rows, the values of b are given by 1.0, 0.5, and 0.1, respectively.

As the value of b decreases and the value of z,/z, increases, the oscillatory patternin (n(t))’

gets more pronounced. (n(t))* linearly increases with time with the slope being (z, +7,)™

at long times.
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Supplementary Figure 18. Dependence of the relative variance 7’ of transcription
waiting times on 7, /7, for the transcription model shown in Fig. 3a. The dependence of
n? on t,/r, given in equation (N19-3) is non-monotonic. 7’ has the minimum value,
e(l—¢/4), when 7,/r,=2/¢-1 with ¢ denoting b/(z,+7,). The blue thin solid line
indicates the position of the minimum point for various values of b and z,/z,. In the small
7,/7, limit, 7’ approaches unity, whereas, in the large 7,/z, limit, 7} approaches &.
Therefore, as long as ¢<1, 77 is less than unity for any value of z,/z,. In the model
calculation, the value of 7, +7, is fixed to 4 seconds as in Supplementary Figures 6 and 17.
The difference between the minimum value of 7? and the asymptotic value of 7’ inthe large
7,/7, limit is given by 52/4[= b2/4(r1+r2)2], which is barely noticeable when ¢ or b is

small.
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Supplementary Figure 19. Comparison between time correlation functionss of two

different transcriptional rate fluctuations and their bilinear coupling term. (a) The mean

scaled TCFs, 7’4 (f), of the fluctuation in active gene transcriptional rate, x, and (b) the mean

scaled TCF, 77§¢§(f), of the fluctuation in gene state, & as a function of f(=yt). (c) The
product of 7.4, () and 724.(1), i.e. n’nlg ()¢ (). y(=Y120 s™) denotes the inverse
mean lifetime of a MRNA molecule. 77,f¢K (f) and 77524155 (t) are calculated by using equation
(N6-15) and 7¢.(f)=(x"-De™ with x=(n) /(n), ., and a=k,/y=083 (see
Supplementary Note 6). The transcription rate fluctuation due to the gene-state switching
between the active and inactive gene states has a different stochastic property from the rate
fluctuation of the active-gene transcription that is a multi-step, consecutive reaction process. In
general, the product noise of a multi-channel reaction, such as transcription with the gene-state
switching process, is greater than the product noise of a single-channel reaction, even if one of
the channels is inactive, as is the case here. On the other hand, the product noise of a multi-step
reaction is smaller than the product noise of a single step reaction, because the randomness in

the time taken to complete a reaction process decreases as the number of the intermediate

reaction steps composing the reaction increases.
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In terms of mathematics, the transcription rate fluctuation originating from the gene-state

switching shows a monotonically decaying TCF, ¢, (t), but the active gene transcription rate
fluctuation shows an oscillating TCF, ¢, (t). According to CFT or equation (2), the mRNA

noise, annj, originating from the gene-state switching process is related to its TCF by
Zn¢77§ :7J: dte‘”qﬁé(t)ng?. Similarly, the mRNA noise, y,.7?, originating from active gene

transcription rate fluctuation is givenby y, 7> = yjow e ' (t)n? . As shown in Supplementary
Figure 2b, y. 7> including the integration of the oscillating TCF, ¢, (t), is far smaller than
anﬂgi including the integration of the monotonically decaying TCF, ¢, (t). This can be the

case even when 7> is far greater than 775. The non-Poisson mRNA noise contributed from

K

the bilinear coupling term is given by , . ..721% =;/J':dte‘”;zi,((t)@(t)n,fn;, which can be

either super-Poisson or sub-Poisson noise depending on the shape of ¢, (t)¢, (t) 77577? :
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Supplementary Figure 20. Dynamic fluctuation in active gene transcription rate x and

the dependence of A/me?kz on the mean mMRNA level. (a) (circles) The experimental data
for A(: Qn/<n>1—lirr11 Qn/<n>l) divided by anﬂg- The experimental data are equivalent to

those displayed in Fig. 2. For the system where the value of k isunder our control, the value

—X
X+a

of x.m can be related to the mean mMRNA level by with

X =(N); /{N); e =(N),/30.6 and a =k, /¥ =0.83 (see Supplementary Note 6). (solid line)
The theoretical result for A/anﬂgz for Model 11l which is given by
1+(y+kon+k0ﬁ)¢3K(y+kon+k0ﬁ)77§ [equation (N6-8)]. In case of the k, modulation
scheme, the value of A/;(ngﬁ can be calculated for each value of the mean mRNA level by
equations (N6-10a) and (N6-14). As the value of k. gets larger with the value of k  held
fixed or as the mean mRNA level, (n),[=(n), ., /(+ky /k,)], decreases, A/y,.n:

increases up to 1+7> for the system, because of equation (N6-8) and the Tauberian theorem,
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e, Iims&((s):ltin;;zﬁ,((O):l and Iingsék(s):!im@(t):o. The increase in the value of
A/anﬂgz in the small (n), regime results from the dynamic fluctuation in the active gene

transcription rate «, whose TCF is shown in Fig. 2b. (b) (circles) The experimental data for

AJ{9) (: Q,/(ny— Ixim Qn/<n>) divided by zn§n§/<g> . The experimental data are the same as

those shown in Supplementary Figure 3, which could be better explained by the Kk,
modulation scheme. The approximate value of (g) is 1.52 (see Supplementary Note 21 &

Supplementary Figure 14). Under the k,, modulation scheme, ;(n§77§ can be calculated at
each mMRNA level by (1-x)°/[x@-x+p)] with x=(n)/(n)., =(n)/3.26 and
B(=ky /7)=4.46 (see Supplementary Note 21). (solid line) The theoretical result for

A x.:n? for Model 111 is given by 1+ (y +K,, + Ky ). (7 +k,, +k )’ [equation (N6-8)]. For

-At

the system, the experimental data can be explained by assuming ¢_(t) =e™* so that A/ anﬂé

n

- [see
1+ A(1- x)/(l— X+ f3)

can be calculated for each value of the mRNA level by using 1+

equation (N21-1)] with the value of A(=1/y) and 7’ being 306 and 30.4, respectively.
A xwen? increases with x| =k, /(k,, +ky)] or k,,. However, the value of 2 is so large

that the value of A/anﬂg does not deviate much from unity unless the value of X is very

close to unity.
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Supplementary Figure 21. Renewal transcription model based interpretation of the time-
correlation function of transcription rate fluctuation yields unphysical transcription
dynamics. Given that the transcription process is a renewal process, the transcription waiting

time distribution is related to the TCF of the transcription rate fluctuation by

A (s):1—[1+(1<>/s+(/3,((5)FK]1 in the Laplace transform domain, which can be easily

obtained from equation (N6-16). In terms of the dimensionless Laplace variable, §=s/y, the
~ -1 A~

equation reads as (7§)=1—{1+(<K>/7)[§_1+7]5 f,((§)}} , where n>f _(5) is given by

equation (N6-14) for the repressor regulated lacZ gene transcription system investigated in Fig.

2. Substituting equation (N6-14) into the last equation and performing the numerical Laplace

inversion of the resulting equation®, one can obtain - (f/y) or w, (t) . However, as shown

here, the transcription waiting time distribution obtained under the assumption that the

transcription process is a renewal process is unphysical because it is not always positive.
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SUPPLEMENTARY TABLES

Supplementary Table 1

Quantity Expression Description

, The normalized TCF of ok
¢osc (t) [eytziﬂcia‘] (2 ia<n>1 max 7t :|/77K (Cl, Co, C3) = (363i49,
* [equatlon (N6 15)] 107i027, 030i013), (/11, 22)
= (21.6+2.7, 0.22+0.15) 2.

1/ =0.39+0.08 s . The TCF
reflects the transcription

$.° (t) e ¥ dynamics that is dependent on
the growth condition (see Fig.
2b).

2The values of ci and A are obtained by fitting equation (N6-13) to the entire experimental data for A
as a function of (n), (see Supplementary Note 6 for more details). The uncertainties indicate the

standard errors.
® The value of A is obtained by fitting equation (N6-1) with equations (N6-2) and (N6-19) to the

experimental data for Qn/<n>1 as a function of <n>1. Here, the experimental data do not indicate the
entire set, but instead the subset obtained from the cells with doubling times longer than 45 min. The

uncertainty is due to the standard error in A (= Aly) .

Quantity Value Description

77,3 30.444.9° The relative variance of x.

¢ The value of 77,3 can be obtained from the value of A(X=0)(= C, +C,+ C3) , thanks to the following

relation, A(X = 0) = (77,3 +1)/0£ [equation (N6-11b)]. The uncertainty is due to the standard errors in
Ci’s.

Quantity Value Description
The non-Poisson mRNA noise
1ol 0.05~0.17 originating solely from the

fluctuation in .

The mean-scaled mMRNA
correlation. The estimated
values of Cn are comparable to
C 0~0.083 those extracted from the
constitutive expression data
(see Supplementary Figure
11).

147



These results can be obtained from the experimental values of Q, / <n>1|X:1 and <n> (see

1,max

Supplementary Figure 8).

Supplementary Table 1. Quantitative information extracted from our analysis of the
experimental data in ref. 14 for the copy number variation of mMRNA expressed from the
lacZ gene under IPTG-controllable Piac promoter among a clonal population of E. coli
(Fig. 2 & Supplementary Note 6). The transcription rate, R1, of a single gene copy is modelled
as R1 = ¢, where £is a dichotomous stochastic variable assuming either O for repressed state
or 1 for unrepressed state of the promoter. The transition rate from the unrepressed state to the
repressed state of the promoter is controlled by the inducer concentration. x denotes the

transcription rate of the gene in the unrepressed state (¢ = 1). We estimate the values of

(Mo (2306) , 1iMQ, /(n); 20380, (21120 s), and (9)(2227), from the data
reported in ref. 14 and the value of Kk, (; 6.9x10°° s’l) from the data in ref. 15. From the
latter parameter values we can also calculate the value of (k) and @ as

() = (M) e =0.235 stand a= kon/j/ =~ 0.828. The value of Fg is obtained as 0.206 in

Supplementary Note 16.
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Supplementary Table 2

Quantity

Value

Description

/BnK,O

(2.040.2)x10°22

The propagation efficiency coefficient of
the binding affinity noise into the non-
Poisson mMRNA noise. Its explicit
expression is given by equation (N15-18).

(M1

12.2+0.8 &P

The mean mRNA level per gene copy in
the limit where the RNAP occupation
probability ((6)) of promoter goes to unity
in equation (N15-17).

8 The values of the two adjustable parameters are obtained by fitting equation (N15-19) to the

experimental data for Qn/<n>1 as a function of <n>1. The uncertainties indicate the standard errors.

® The minimum value of <n>1 that can be read off from the data is roughly equal to 0.03. The tuning

factor for the lacZ gene mRNA expression is then estimated to be about 400 by calculating the ratio of

<n>1’5O to 0.03. This value is comparable to 500 given as an approximate value of the tuning factor in

ref. 15.

Quantity

Value

Description

koﬁ/}/

Ky /7 >54.8455¢

The lower bound of the on-to-off transition
rate, Ko, Of promoter. The value of Koi/y
extracted from the constitutive expression
data is far greater than kort/ y = 4.5 given in
Supplementary Table 3.

¢ The value of the lower bound is calculated by using equation (N12-1) with the value of ﬂnK’O given

above. The standard error in the value of lower bound results from the standard error in the value of

ﬂnK,O-
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Quantity Expression or value Description
<g 9-1))

Mok (= Lo ey, +2005 X Ci, ) s the
non-Poisson mMRNA noise originating
) 5 from the fluctuation in the transcriptional
T (6.7£1.0)x10™¢ rate coefficient, krx, of a single gene copy
(the first term) and the correlation between
krx’s of different gene copies (the second

term).

The propagation efficiency coefficient of
P, 1.87+0.01 © the RNAP noise into the non-Poisson

mMRNA noise.

B The mean-scaled mRNA correlation as a
@+ 7w, C., )n,iRp [1-6(Z)F | function of the mean mRNA number [see
C equation (N15-17) for the relation between

C -
n + X C,_ [equation (N12-2)] —

o o (), and 6(¢)]. The value of ;(anTXC
ranges from zero to (8.3+1.2) x 102",

kTX

d The plateau level of Qn/<n>1 in the high expression limit can be read off from the experimental
data as 0.20+0.01 (mean # standard deviation) (see Supplementary Figure 13). Because
F, +77§1k in our model corresponds to the plateau level, we can find the value of nka . The
uncertainty is due to the standard deviation in the plateau level.

¢ This value was obtained by substituting the value of 77§,k into equation (N15-8b). The uncertainty is
due to the standard deviation in the plateau level.

L 2 c ) (9) 2
" From the definition of 7,, , we have x; C. =i (75— Vo 77ka) o0y Tk - The

uncertainty is due to the standard deviation in the plateau level.

Supplementary Table 2. Quantitative information extracted from our analysis of the
experimental data in ref. 15 for the copy number variation of lacZ gene mRNA expressed
under various constitutive promoters among a clonal population of E. coli (Fig. 4 &

Supplementary Note 15). The transcription rate, Ry, of a single gene copy is modelled as

R = ka (0o ka () is the transcriptional rate coefficient. 8 is a RNAP-bound fraction of
the promoter, defined as ¢ =¢/@+¢) with {(=KNg)) being the dimensionless promoter

strength. The RNAP-promoter binding affinity K differs from promoter to promoter. NRp

denotes the RNAP copy number in each single cell, which is a stochastic variable. The values
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of the following parameters are read off from ref. 15: (N); .., =9.6, (gy =5/3, Fg =2/15,

and 7y =0.1.

Supplementary Table 3

Quantity Value Description

The on-to-off transition rate, ko, scaled
by the mMRNA decay rate, i.e. = Kot /.

B =k [7) For E. coli mRNAs, it is known that 2
(with the oscillatory TCF,

64.0+9.3 min<y ™ <10 min (ref. 13). The range

¢ (t) under the kon of the on-state duration extracted from

modulation scheme) the value of 3 is given by 1.9 s<k;; <
94s.

The range of the on-state duration

B =k 1) extracted from the value of Sis given by

(with the exponential TCF, 454061 0.4 min<k: <2.2 min, consistent with

#7® (t) under the kon

K

) the reference value, k; =1 min, given
modulation scheme)

in ref. 39

" The value of Bfor either g2 (t) or @7 (t) is obtained by fitting equation (N21-1) or (N21-4b) to

K

the experimental data for Qn / <n> as a function of (n) . The associated uncertainties indicate the
standard errors.

Supplementary Table 3. Quantitative information extracted from our analysis of the
genome-wide data in ref. 13 for mMRNA copy number variation among a clonal population

of E. coli (Supplementary Figures 3 and 18 & Supplementary Note 21). The transcription

rate, Ry, of a single gene copy is modelled as R1 = x(I")& , where £is a dichotomous stochastic
variable whose statistical tendency to stay at either 1 or O differs from gene to gene. «(I") is
the transcription rate in active gene state (£ = 1). The values of the following parameters are

read off from experimental data in ref. 13: (n),.. =3.26 and Iirr11 Q,/{N) . =0.33. The same

max

value of 77,3 and expressions of ¢, (t) asthose given in Supplementary Table 1 are used. The

value of (g) is obtained as 1.52 in Supplementary Figure 14.
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