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SUMMARY

This supplementary material contains the proof of the main results in Section 1, additional
simulation studies in Sections 2 and 3, the complete results of the real data analysis in Section 4,
and example R code for simulations in Section 5.

1. PROOF OF MAIN RESULTS

The proofs in the supplementary material assume that the covariance matrices for the two
groups of sample are X and Yo respectively; it is easy to simplify the results under the common
covariance matrix ¥ = (o) assumption as presented in the main section. We write X, =
(Ok,ij)pxp for b =1and 2.

We need the following assumptions, which extend conditions C1-C3 in Section 3.2 of the
main file to the case when X1 and X5 are different.

C1 Covariance assumption. There exists some constant B such that

pXp

B_l < )\min(zl)v A111111(22)7)\max(21>7 and )\max(z2) < Bv

where Apin (A) and Apax (A) denote the minimum and maximum eigenvalues of a matrix A. In
addition, the correlations are bounded away from —1 and 1, i.e.,

g N2 g
k:l,%}ll%)i(;ﬁjgp ’Jkﬂ]’ /(O-k,mo_k,]]) < n

for some 1 > 0.
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2 G. Xu, L. LIN, P. WEI AND W. PAN

C2 Mixing assumption. For a set of multivariate random vectors Z = {Z @) j > 1} and inte-
gers a < b, let Z¥ be the o-algebra generated by {ZU) : j € [a, b]}. For each s > 1, define the a-
mixing coefficient cvz(s) = supy>{|pr(A N B) —pr(A)pr(B)| : A€ Z{,B € Z7,}. We as-
sume {(X,i]i),i =1,...,n%):j > 1} is a-mixing for k = 1,2, and ax(s) < M§®, where 6 €
(0,1) and M is some constant.

C3 Moment assumption. We assume log p/n'/* = o(1). In addition, there exists a positive
constant M and h € [-M, M],

max E {eh(Xfiil)*”g))Q} < 00.
k=1,2;1<i<p

Remark 1. The covariance assumption C1 and the moment assumption C3 follow from Cai
et al. (2014) and they are needed to establish the weak convergence of the supremum type test
statistic, L(00). When < oo, the asymptotic normality can be established under weaker as-
sumptions on the eigenvalues and correlations. However, in order to establish weak convergence
of L() for v > 2, stronger moment assumptions may still be needed than those in Chen & Qin
(2010), whose test statistic is similar to L(2). Condition C2 follows from Chen et al. (2014) and
the mixing assumption imposes the weak dependence structure of the data. Such condition is
commonly used in time series and spatial statistics. A similar mixing assumption has also been
adopted in Zhong et al. (2013). Alternatively, we may consider the weak dependence structure
introduced in Bai & Saranadasa (1996) and Chen & Qin (2010), where a factor type model for X
is assumed. Similar asymptotic behavior is expected for the proposed adaptive test with certain
regularity conditions and we will pursue this in our future research. Since the variables (i.e. sin-
gle nucleotide polymorphisms) in the motivating genome-wide association studies have a local
dependency structure with their correlations often decaying to zero as their physical distances
(on chromosomes) increase, we focus on the mixing type weak dependence in this paper.

We need the following lemmas to calculate the mean and variance functions in the proposi-
tions.

LEMMA 1. Fork € {1,2} and 1 < i < p, we have:

(i) ifais even and a = 2d,

E { <X,£i) — M,@)a} = d?;d n;dag,ii +o (”I;d)

(ii) ifa > 3isoddand a = 2d + 1

E { (X’gi) B M’(j)>a} - (dlgL!!?)!leni(d+1)mkiUZ;z‘l +o (n,;(d“)) ;

where my,; is the third central moment of ith marginal random variable from group k, i.e.,

mi; = E {(X,gi) - u]gi))3}. Note that in this case, E {()_(lgi) - M;(j))a} = o(n;a/Q).

LEMMA 2. For k € {1,2} and 1 < i,j < p, consider integers h,l > 1. If h + [ is an even
number with h + 1 = 2c¢,

. Nh o N1
E { <X’gz) o M](;)) (Xlgj) o M}(@J)) }
1 h!l! _
= Z c1lcyleglzen e 014050 T 0 (n:°) ;

n
k 2¢cq +63=h
2co+c3=l
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if h + 1 is an odd number with h +1 = 2c + 1 60

E{<X’S~> —u,(f))h (X;ij) _ Méﬁ)l}

1 Bl o
- opett Z c1leslalblegl2ertes M o 5O "Uk JJUk ij T O (nk ) ’
k a+b=3
2c1+c3=h—a
2co+c3=l—b

where my, jap = E {(X,gi) - /L,(;))“(X,Ej) - ul(cj))b}fora +b=3.

Proof of Lemma 1. For even a witha = 2d and k =1, 2,

o)) i o

J=1
L L0
T e > I vHE ( )
k 4>1:04,...,1,>0 1
lhi+...+li=a
oL 3 10! ﬁE X _ )"
a t'll' lt' k1 k
k$>1:04,..,1:>0 s=1
lhi+...+li=a
al @ )
B na J'HE{(XM ~ Mk )
131,10 'k 1 ts=1
l1+...+li=a
al d d
= —|—o(n )
; nd=tL L) k

For odd a with a = 2d + 1 and k£ = 1, 2, we can obtain the conclusion from a similar argument:

E{(X;Ei)—u,ii))a}w T - tt'l' - ﬁ {(X;?l— (i))ls}
>0 s=1

t>1500,..,0>
li+..+li=a
|
Z a: d—1 —d—1
= a—tg)7.1 |mkio-k it to (nk
—d ny t.ll....lt. ’
one ls is 3
others are 2
al —(d+1) d—1 —d—1
_dxd‘S'Qd T mklakll—f—o( )
|
_ @ (d+1) d—1 —d—1
- d— 1 ME0 ki +o k .
(d—1)1312

This completes the proof of Lemma 1. O
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Proof of Lemma 2. The proof is similar to that of Lemma 1. In particular, if h + [ is an even
number with h + 1 = 2¢

— (i O\ /= N\
E{(X,i)—ué)) (X,i”—u,(j))}
T PP L (U !
=5 W{Z(Xzi?—u;(f))} {Z(Xéi)—u;(f))}

Ny, s=1 t=1
_ 1 <h l TL21+CQ+CS (261)!(262)!63!
- h+1 Z IS I c 'C |201+02
nk 21 +ez=h 3 3 1-€2:
2co+c3=l

i i ‘@ j j €2 i i j NG
< { B - w2 {Be) - i {Bead - w ) - )
(%)

to| —
h

B 1 h l (261)!(202)!03! c1 __co c3 1

nc
k 2c1+c3=h k
202+03=l

1 B! . 1
_ ke St < R S I i B
- Z 61!62!63!201+C2 O-klvno—ky.].]o—kvl.] + 0 nc

nc
k 2c1+c3=h k
202+03:l

If b + [ is an odd number with A 4+ [ = 2¢ + 1, similarly, we have
@ " (g0 _ )
{0 ) (x40 )
Nk h Nk !
1 @ _ 6 G) _ )
=B DX —m) e (X =)

k s=1 t=1
w2 @O0
nit! el a)\b c3 3
2c1+c3=h—a
2co+c3=l—b

(201)!(202)!63! 1

c1 c2 _c3
X My a0 0. .0,.°. .+ 0
c1legl2c1tez kie3° Y ki k557 k,ij (nZJrl)

1 B! o per e oo L
= My ;a;60, .0, .01 . o .
ct+1 Z leolalbleal2citea ki3 T ki k,jj ki c+1
C1:C2.4.0:C3.
ny oty e 3 ny
2c1+c3=h—a
2co+c3=Il—b

This completes the proof. 0



An adaptive two-sample test for high-dimensional means 5

1-1. Approximations of the mean, variance, and covariance for
the sum-of-powers tests under Hy : 11 = 2

75

In this section, we prove Propositions 1, 2 and 3 in the main file.

Proof of Proposition 1. 1t is trivial to find p(1) = 0. We focus on v > 2. Under the null hy-
pothesis,

For even v > 2, by Lemma 1, w
i=1 a=0 a ! ! 2 2
p |7/2
- v ¢ _ )% S0 ()7
-y <2d>E{(X1 ut”) }E{(X2 i)
i=1 | d=0
p |v/2-1
_ 7 - (Z) . (z) 2d+1 — (Z) B (1) y—2d—1
Z <2d+1>E{(X1 Ml) E (XQ MQ)
=1 d=0
¥ & (7) earoty G-yt < | )
|z \2d) d2dnd (/2 — ayn/2-dp (D) n/2

p (v/2-1 y (2d + 1)!myof 3} (v—2d - 1)!m2i‘7;,/i?_d 1
_ Z EZ: 20+ 1) (d— )32 (372 4 — 2)13127/2-d—2,0 72 tol e

v/2 P d _v/2—d

9! Zi:lgl,n’az,u’
- 2 Z

2/ =g

(/2 — d)ngnd/*~

+ 0(pn77/2).
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For odd y > 3, let ¢ = |y/2], and we have from Lemma 1,

= 333 (om0 ) () )
S (o) B0 Y ()
-3 (o) B (- e -]

— zp: C ( g ) 2d + 1)'(’7 -1- 2d)' th'il “10.5 ud 01 “dTTLQzO'g nl
Lol 2d + 1 d— )|( _ d)!3!2071 d+1 g d ”i d d+1
+ 0 n "¢ 1
d—1_c—d d d—1
_ i ¢ ~! M1i07 45 Ug i O-i i 2109 4 + 0( 7071)
= = (d=Dl(e - d)13!2e-1 n{ting nf~tng !

i . . o
The approximation for () (y) = E (X fz) — Xél)) can be directly obtained from the above

s derivations. When X»; = X5, the results become those in Proposition 1. This completes the
proof. O

Proof of Proposition 2. It s trivial to find 0(1) as
1 1
o?(1) = —1 T211p+ 1 Y51,

For v > 2, we write

=1
. = ) = P + B 3 (20 - x) (2 - x4)']
i=1 itj
= > 1P (). M
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The first two terms in equation (1), 11(2y) and 3°7_ {1 (7) }2, can be obtained from Proposition
1. We next focus on the last two terms. Under the null hypothesis, we have

ZE{<XY) _ ‘2(1'))7 ( _f]) B Xéj)y}
i#£]
j’y: j’Y: o (7 7 7 7
- i#£j E{ =0 1=0 < <7>( 1)h+l (Xp g)) (Xé) B 9)7 h

i#j h+l is even

5.2 00

2>

i#j h+lis odd

95
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Under the proposed conditions C1-C3, by Lemma 2, the above display can be further ex-
10 pressed as

S E{(xP - XY (X0 - X9)} - S w0 () ()

i#] i#]

- Z Z (2011 03) (2021 03)

i#j 2c1+c3+2d1+dz=
2c2+c34-2d2+d3=y
c1,c2,¢3,d1,d2,d3>0

y 1 (201 + 03)!(202 + 03)!0_01 52, G +o (n7(61+62+63))
n(131+02+03 c1leglesl2cites Lii= 1,557 1,ig 1

1 (2d1 +ds)!(2d2 +ds)! 4, 4, ay —(d1+da+ds)
" {n§ll+d2+d3 dildoldgloditds 027225 T © (”2 )

v v 1 (261)!(262)! c c —(e14c2)
-2 2 (261) (2@) {n§1+02 elegioertes L7155 O (”1 )

i#j 2c1+2d1=7
2c2+-2do=7y
c1,c2,d1,d2>0

X{ L)) g, +O<n2_(d1+d2>)}

ngl+d2 d1!d2!2d1+d2 2,472,397

+ o(pn™")
12 e ca ez _dy _dy _d3
B Z (") Zz‘;&j 01,391,5591,i592,ii192.5592,i5
n‘f1+62+c3 n%lﬁdﬁdg c1lealegldy \dy!dgl2e1teatditda

2c14c342d1+-d3=y
2co+c3+2do+dz=v
c1,¢2,¢3,d1,d2,d3>0,c3+d3>0
+o(pn™7),
where the terms with h + [ odd is ignorable under the assumed strong mixing conditions.
Consequently, from equation (1), we have

() = p(2y) = > {u ()}
=1

2 Z c1 _c2 _c3 _di _dy _d3
+ Z (") i 91,ii91,j591,i92,ii9 2,559 2,ij
citeates pditdatds ool ool ds 1do ldal9c1+c2+di+do
91 +5+2d1 +ds = ng Ng c1lealesldydy!ds!2

2co+c3+2da+d3=y
c1,¢2,¢3,d1,d2,d3>0,c3+d3>0

+o(pn™7).

15 For the first two terms, from the proof of Proposition 1, we have if 7y is even,

d _~v—d /2 d _v/2—d

2! 01,1102, (v!)? 01,102 .
iy s ,

2-d
i1 | a=o d'(v/2 — d)!”%”g/
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on the other hand, if ~y is odd, we have

o0 - SOyt~ By Aarhid
p(2y) — ()T~ — p]
i=1 27 =1 a0 (v — d)!nfny
When X1 = 39, we have the results in Proposition 2. O 1o

Proof of Proposition 3. We study the covariance between L(s) and L(t) for finite integers
s,t € I'. Similar to the proof of Proposition 2, under the null hypothesis, we have

cov{L(t),L(s)}
=E{L(t)L(s)} — E{L(t)} E{L(s)}

= E{ ZZ; (j({i) _ X2(i))t+s} X E{ Z (sz‘) _ X—éi)>t (X{j) _ Xéj)>s} — u(®)pls)

]
p
= put+s) = > D) (s)+ > E{ (Xl(’) - X’éi))t (Xl(j) - X’z(j))s}
i=1 i#]
= > uD () (s)
i#]

We focus on the last two terms and have

o _ Mg¢>>h (Xf” ~ Mg))l} E{( gl Mg))t—h (Xéj) _ ng)>s_l}
A\ h N L

D SN DRI S S

i#j h+lis even i#j h+l is odd
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If s + t is even, from a similar argument as in the proof of Proposition 2, we have

B3 (20 - 20) (39 - X0) Y - S 0w
i#j i#]

i Z Z t S 2c1 + c3 2co + c3
- L 2c1 +c3) \2¢co + c3 c3 c3

i#] 2c14c3+2d1+dz=t
2co+c3+2d2+d3=s
c1,¢2,¢3,d1,d2,d3>0,c3+d3>0

t— 21 — 3\ (s — 2c3 — 3\ (2c1)!(2¢2)les! (2d1)!(2do)d3!
(%)

ds ds cqlegl2citen cl !62!2d1+d2

1
c1 o di _dy _d3
neiteates  ditda+ds Ul,iiolwal 092,192,559 2,i
1 2

+ O(pn—(s+t)/2)

IR} dy _dy _d3
Z t's'Zzyé] 01 zzgl ]]01 2]02 92 3]02 ij
citeatesyditdatds 10 1051d, 1yl dg 261 Heatditda
2¢1+c3+2dy +ds=t nq Cl.CQ.Cg.dl.dQ.dg.Q
2co+c3+2do+dz=s
c1,¢2,c3,d1,d2,d3>0,c3+d3>0

+ O(pn—(s+t)/2)

Therefore, we obtain the expression for cov { L(¢), L(t)} in Proposition 3 in the case of even
s+ t. If s + tis odd, by Lemma 2, similarly we have

E{S (Xf") _X2<i>)t< ) _ Xg(j))s =3 D (1) (s)

] i#]

X
_Z Z (t)(s)(t—a)<261+63)( S—b)(262+03)
N vy it a) \b) \2c1 +c3 c3 2¢co9 + c3 c3

2¢1+c3+2d1+ds=t—a
2co+c3+2do+d3z=s—b
a,b>0 or c3+d3>0

t—a—2c1 —c3) [s—b— 2 — 3\ (2c1)!(2¢2)les! (2d1)!(2do)\d3!
< It )

ds ds cylegl2ertez  dqld, 12d1+d2
d1 dg d3 dl d2 d3
% mll ]bal zzal ]jal 1]02 1102]302 ©J My %] bal zzal ]]01 1]02 2202]302 i
120 -
nflll +C2+C3+2n§l1 +da+ds n<131 +catcs n62i1+d2+d3+2
+ 0(pn—(s+t+1)/2)
ts!
- 2 albley leolesld) \dyds 26 Featdi+dz
a+b=3
2c1+c3+2d1+ds=t—a
2¢co+c3+2do+dz=s—b
a,b>0 or c3+d3>0
di _dp _d3 dy _dy _ds
% Z My ja bo-l zzal jjal z]UQ 1192,5592.i5 . my lajbo-l 2201 ]jal 2]02 1192,5592.i5
01+02+03+2 d1+d2+d3 c1+ce+c3, di+do+d3+2
i#j ™ 2

+ 0<pn7(s+t+1)/2).
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Under the mixing condition, note that the first term is O {p(m + ng)_(t+s+1)/2 } Since t + s is
odd, by Proposition 1,

wt+s) =0 {p(nl + n2)*(s+t+1)/2} '
Also, 3 p@ (#)p¥(s) = O {p(ny + ng)~++1/2} These results imply

cov{L(t),L(s)} = O {p(nl + ng)_(s+t+1)/2} =0 {pn_(s+t)/2} .

Take 31 = Y9 and we have the same asymptotic approximations in Proposition 3. This completes
the proof. O

1-2.  Approximations of the mean, variance, and covariance for 125
sum-of-powers tests under Hy : 11 # o
Proof of Proposition 4. We denote §; = ugi) - ,ug) for ¢ =1,...,p. Under the alternative, it
is trivial to find pa(1) = Y%, ;. We focus on v > 2. The mean function of L(y) under H
equals

{88 - () v

1=

55 Q)0 Yol -y

i=1 0<a<y
0<b<Ly—a

pa(y) =E

130

By Lemma 1 and the proof of Proposition 1,
P
Y\ [(v—c . (i )\ (i )\
pa(M = > <C>< . )(—1)b5iE{<Xf)—/~L§)) }E{<X2() i) }
i=1 atbtc=vy

0<a<y-—c
p_ 7 _ . AN @ . A\ b
2R (e 3 ()R- e {(e )}
i=1 ¢=0 @Z;ch
P v ~y ]
=pN -+ <c> 5u@ (v — o),
i=1 c=1

where approximations for (%) (vy— c)‘ are given in Proposition 1.
In particular, when v = 2, since 12(?(0) = 1 and p(Y)(1) = 0, we obtain

p
pa(2) = p(2) + > 6%
i=1
when y = 3, note that ,u(i)(2) = 01,4i/m1 + 02,ii/n2 and then

p p
pa(3) = u(3) + Z 5? +3 Z (5zu(l)(2) 135
i=1 =1
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P P
9+ at s (T4 )
=1 =1

2

when v = 4, similarly
p p ) P ‘ p A

) = 0+ 304300 03O 443l

— +Z64+6252 <0'1u 0'2u>+426 <m11m21>‘

U
In particular, for X's’ following normal distribution, mi; = mg; = 0 and

O1,ii U2,ii
+264+6262 < ot >

=1

140 Take >; = > and we have the conclusion in Proposition 4. O

Proof of Proposition 5. We write ,ufz) (v)=E <X y) — Xéi))'y under H;. We have

i=1
p
- )= S0 {3 (8- 30) (39 -39
= i
UG UG} 2
i
145 When v =1,
A0 = a2) = 30 1)) +ZE{ -E) (R0 ) )
1:1 i#]

where the last equation follows from iy’ (1) = d;,
p LA -
pa(2) =p2)+) 6= ( nl“ + n;) +Z§2
i=1 i=1 i=1

and

p{ (X0~ x0) (x0 - 2) - Q0 (0} - 28+ 728

ni no
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For v > 2, we focus on the last two terms in (2), and under the alternative hypothesis, we have

Se{(5 ) (-5 )
EEE()()s

i#j h=0 1=0
{( X0 _ 0 4 0 ng)”*h (%0 — ) 4" - Xgﬂ)“}
Then from the proof of Proposition 2, we have 150
o { (5010 (x50} - X
i#]
- S (1) )ttt -,
i#j h=0 1=0

where 7 (-, -) is defined as: if s + ¢ is even

di _dy _d3
Z tls! Jl 12013]01 1]02 22023]02 i

nst +eztes dl Fatds o1 eolegdy \dodg12e1Heatda Ty

rij(s,t) =
2c1+c3+2d1+d3=t

2c2+c3+2da+d3=s
c1,¢2,¢3,d1,d2,d3>0,c3+d3>0

if s + ¢ is odd

tls!
rigls,t) = 2 alblerlealeldy ldglds 261 Featditd:
a+b=3
2¢1+c3+2d1+ds=t—a
2co+c3+2do+dz=s—b
a,b>0 or c3+d3>0

di _da d3 di _do d3
% my lajbal zzal j]al ZJUQ i192,5592.i5 . my Zajbgl zzal jjal ZjUQ 1192,5592.i5
Cl+62+63+2 d1+d2+ds nc1+62+65 di+da+d3+2
LS o 1 L)

Note that when X1 = 3, (s, t) becomes that defined in Proposition 5.
In particular, when v = 2, we have

p . . . . . . .
4@ = a) - S+ T pf (3 - 2) (20 - 29 - e o)
=1

i#]j
P
-S> @) +Z{5252% (0,0) +74(2,2) + 0719 (2)r4(2,0)
i=1 1#]

+ 532/1(1) (2)7‘1']‘ (O, 2) + 251‘7‘1']'(1, 2) + 25j7'ij(27 1) + 4(51‘53‘7“1‘]'(1, 1)}

p .
~ ) = LU @P + X 2.2+ a0
i—1 i2j

Note that

OLij | 02

rij(1,1) = " -
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and

o%(2) ~ pu(4) — Z 21+ ri(2,2).

i=1 1]

Thus, from the approximations for p4(4), ,uﬁ) (2), and 745(1,1), we have

p p p
i owi I
o%(2>~u<4)+§ B 6D BT A G~ TT)
i i=1 i=1

ny
165 —Z{M +52}2+Z{7’” 2 2)4—4(5(5 T’Z](l 1)}
7]
2(9) 4 4 5 0145 | 02j _
) + gééj(m +T2>

When ¥; = Y5, we have

0'124(2) ~ 0-2(2) + 4(7111 —+ 7112) Z 51'(5]'0'1‘]'.
12

Similarly to the derivation for the asymptotic variance, under the alternative hypothesis, we
have

cova {L(t),L(s)}

w70 and from the proof of Proposition 2, we have

ZE{(XQ ‘(i)>t (ij) _XQ(j)>s} S D0 (9
i#]
NZZZ< )( >6h517“1]( —h,s—1).

i#7 h=0 [=0

1-3.  Proof of Theorems

We focus on the proof of Theorem 1. The proof of Theorem 2 follows from the same argument
as part (i) and therefore is omitted.

175 Proof of Theorem 1.(i) For finite v € T', we first show the limiting distribution for each L(~).
The Cramér-Wold Theorem can be used to show the joint distribution. For notational conve-
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nience, we write
; o (i ()7 i i
LO(y) = (Xf)—Xz()) and 1) (v) :E{L()(’y)},

for 1 <14 < p.Note that pu(y) = Y%, 11 (). We use Bernstein’s block method on page 316
in Ibragimov & Linnik (1971); see also Chen et al. (2014). Partition the sequence

o ) {10 —uO )1 <i <,

into r blocks, where each block contains b variables such that b < p < (r + 1)b. Further, for
each 1 < j < r, we partition the jth block into two sub-blocks with a larger one A;; and a
smaller one Ajs. Suppose each Aj; has b; variables and each A has by = b — by variables.
We require r — 00, b1 — 00, by — 00,7rb1/p — 1 and rby/p — 0 as p — oo. We write

=

1
Ap(y) =Y [0 () — 0000 ()
1

i

=al
N

Ajp(r) = 3 [ELO7D00id () (G ()]

Further define

Li=0""(7)) An();

Lo=0"'(1)) Ap();

j=1
p . .
Ly=0"'n) Y {L90) - u(m)}.
i=rb+1
We have decomposition

o ) AL(Y) = p()} = L1+ Lo+ Ls.

The Bernstein’s block method makes A;;’s “almost” independent, thus the study of £; may
be related to the well-studied cases of sums of independent random variables. Also, since by
is small compared with by, the sum Lo and L3 will be small compared with the total sum of

variables in the sequence, i.e., o1 (7) {L(vy) — p(y)}. We next show

o ) AL(Y) = ()} = L1+ 0p(1).

As E (L2) = E(L3) = 0, it is sufficient to prove that var (L2) = var (£3) = o(1). Consider
var [L2] and we have

var (Lg) = o %(y) var ZAJQ(W)
j=1

r bo b

CHY Y Y

j1=1jo=1i1=11ip=1

cov {L(j1b+b1+i1)(,7)’ L(j2b+b1+i2)(,y)}’ )
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We have the following a-mixing inequality (see, e.g., Guyon, 1995) that for any € > 0
cov{n2LD (), 2L (1)} < 8ax(|i — j|) T+ max[E{n"/ 2L ()} +e] 75 7,

Then take ¢ = 1 and from Proposition 1 we have
’COV {L(j1b+b1+i1)(,y)’L(jzb—&-bl—&-ig)(,y)}

—n7 ‘cov {n7/2L(j1b+b1+i1)(,y)’ nv/QL(j2b+b1+iz)(7)H

. . . N
< Bn Yax{|(jib+ b1 +i1) — (job+ b1 + i2)|}3
< Bn~7 M §libtii—jab—ia|/3

where B is some big constant. The above result implies that

var (Lo) <o~ Ziii

J1=1jo=141=114i2=1

r bo bo
§ : § ’ § ’ § :n—’YBM(SUlb"rll —j2b—i2|/3
Ji=1lj2=1i1=112=1

nY _ by
=0(1)—rben™" = O(1)—,
()p 2 ()p

cov {L(Jlb+b1+7,1)( ) (]2b+b1+22)( )}}

which goes to 0 as p — oo. This implies Lo = 0,(1). Similarly, we can show that L3 = 0,(1)
under the strong mixing assumption. Therefore, we only need to focus on £;. Based on the
similar arguments on page 338 in Ibragimov & Linnik (1971), we have for properly chosen r
and bg

|E {exp (itL1)} — E" [exp {ito(v) " A11(7) }]| < 16rax(b2) — 0

This implies that there exist independent random variables {;;j = 1,---,r} such that
& and Aji(v) are identically distributed and £; has the same asymptotic distribution as
o 1(v) 22:1 §j. Then, we only need to show that the central limit theorem holds for
o1 (%) Z§:1 &;. This can be done by checking the Lyapunov condition. In particular, from
the moment bounds in Theorem 1 in Kim (1994), the strong mixing assumption implies

E {0*1(7),41,1('7)}4 =o (y)nE {i n /2 {L(i) (7) - u(")(v)}} 4

=1

b1
_ 0(1)0—4( ) 2’yb2 {Bl +B2ZZl 1 5/(4+e)}

i=1
27y b2
—0(1) 21} = 0 < )

p p?
where B and By are constants. Thus we have > ", o 4(%) Eé;1 = O (rbip~?) = o(1) and
the Lyapunov condition holds.
Thus, for any finite y € I", we have proved the asymptotic normal distribution of L(~y). For
any linear combination of L(+y)’s with respect to different 7, a similar argument as above gives
the asymptotic normal distribution. Then the Cramér-Wold Theorem implies the asymptotic
joint distribution of {L(v);vy € T'}.
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(ii) The conclusion follows directly from the proof of Theorem 6 in Cai et al. (2014). In particular,
let n = -M"2_ and ¢,, = 2h~1/2,/log(p + n), where h is defined in the moment assumption

ni-+ng
() O)
to ensure max —1 2 E{e" (X1 — } < 00. We write
1<j<p
xY) )X@
(s By [ ]

fork=1,2and 1 <i < ng. Let

L& L0 L0
= EE’}E:Ang —’%;'jzjﬁiﬁ ) 1<j<p
=1 =1

From the proof of Theorem 6 in Cai et al. (2014), 220
r in2 max (E(j))Q —ap, <xTp—ex —i ex <—£> 3)
P ny + ng 1<j<p P= P N3 P72

where a,, = 2 log p — log(log p).

We write L) = (XY / /5155 — XY/ /5357). Note that L(c0) = max; <<, (L(j))Q. Next
we show that

2
TG ~ —
pr {nlrg%xp (L ) ap > :U} pr{nL(co) —a, > z}.

We have under the null hypothesis

{maxf’L L(j)’>(logp)_1}

1<;<p

< pr{ max max (X ka) )/\/Uk]] > Cn}

1<j<p k=1,2
1<i<ng 225

. . 2
h(x(”_,ﬁ”) Jonss ,
< np max pr{ ot T 7> ehln

1<5<p
=0 (p_ + n_l) .

This implies that

2
{nmax( ) —ap>x}
1<5<p

= pr [nL(OO) +n { max (E(j))z — max (L(j)>2} —a, > x}

1<5<p 1<j<p
—a\ 2 N 2
=pr|nL(o0) + n{ max (L(j)) — max <L(])) } —ap > x;
1<j<p 1<j<p

7.) _ 1,U) -1
gﬁgp\/ﬁ ’L L ) < (logp)

+o(1).
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The above probability is bounded above/below by

2 : 1
() S
pr{nL(oo) * (logp\/ﬁlrgfsxp ‘L ‘ - (logp)2> = x} '

Note that pr {max;<;<, /nL") > (logp)!/?*¢} = o(1). Then we have

or {n max (Eo‘))Q —ay > x} ~ pr{nL(co) —ap >z + o(1)}

1<j<p
which completes the proof for asymptotic distribution of L(c0).
The proof of the asymptotic independence follows from a similar argument as that in Hsing

(1995). Consider the sequence of random variables (7 (7) defined on the conditional proba-
bility measure pr, given the event nL(c0) < ap + y such that

ning
n1 + no

pr{L0(y) <21 <j<p) = pr{L‘”(w) <z 1<j<p| L(00) < ap+y}.

To show the asymptotic independence, we only need prove the asymptotic normality of

o OLL(Y) = n()} = 071 (1) T {LY) () — p @} as in proof ().
As the proof in (i), partition the sequence

o) {100 ()} o1 < <,

into 7 blocks, where each block contains b variables such that 7b < p < (r + 1)b. For each of
the 7 blocks, we consider dividing it into two sub-blocks; a larger sub-block A;; with the first
by variables and a smaller sub-block Ao with the last by = b — by variables. We write

bZ{ (G- 1b+z) (y) — M((j—l)b+z‘)(7)}7 1<j<n
=1

b

Aptn =" {fj((jfl)b+b1+i) () — plG= Do) (7)}7 1<j<r
=1

Therefore, we can write
o (v) {E('y) - u(v)} = L1+ Ls+ L,

where
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Our goal is to show that o(7y)~? {i('y) — u(’y)} satisfies the central limit theorem. We first

show that <£~§> —E (ﬁ%) = 0(1), where E is the expectation under the conditional prob-
ability measure pr. In particular,

B(£3) = E{ ZAjz )2}
(l )] B S5 (i}

#J Jj=1

=) [pr {7 pioo) <oy 20}

S B )2 [ LA} S B (%) ]
i#j j=

where in the last step we use the fact that

oy B{ALM) | BB L(0) <ap+y) {430}
E{4%0)} = pr{ 2122 L(00) < ay +3) <pr{nff52L( ) <apty}

The above bound goes to 0 under the strong mixing assumption by choosing proper conver-
gence rate of bg; see Equation (18.4.8) of Ibragimov & Linnik (1971). Similarly, we can show

that E ([‘%) — o(1). Therefore, we only need to focus on £; part.
We need the following result:

pr{Ly,(c0) > ap +y} + a(l) 7
[P{%L( )<ap+y}]3

ax(l) <4

where L; = maxi<p<p—i:h<k<h+i {TZTEZ L*) (00 )} The proof follows from a similar argu-

ment as that of Lemma 2.2 in Hsing (1995). Then from a similar argument to that on page 338
in Ibragimov & Linnik (1971), we obtain

B {exp (it£1) } & [exp (it~ () A }]|
< 16rax (be)
< 6P Eea(00) > ap + y} + ax(by)

5
[pr{n’ifoQL( ) < ap —|—yH

For the chosen r, b, we have the above quantity goes to 0. Thus o'() {L(7) — u(7)} has the
same limiting distribution as o~ !(y) >y &, where fl s are independent random variables,
and & and A;; () are identically distributed under measure pr. Following a similar argument
as in Hsing (1995), we can show that E{o () S &Y — Oand E[{oc~1(y) X, &%) —

245

250

255

260



265

270

275

280
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1. Further check the Lyapunov condition that
,

o) S B (8) < o) ! E(¢1) - 0,
; ( ) pr{mL(oo)<ap+y}; (&)

where &;’s are defined as those in proof (i) and the convergence result also fol-
lows from (i). This implies the asymptotic normality of the conditional distribu-

tion given event ;*1°2-I(c0) < ap +y. Then we have the asymptotic independence of

{L() = u(n)} fo(y)]5er and L(co). N

1-4.  An asymptotic power study and selection of T’

To study the power performance of different test statistic L(-y), we consider a special case
when the signal strength is fixed at the same level, denoted by d, and n; = ny = n/2. For
notational convenience, we also assume o; = 1. We study the dense and sparse signal cases
separately.

Case 1 dense signal with 3 < 1/2. From Theorem 2 in Section 3.3, the asymptotic power of
L(~y) with v < oo is mainly determined by the term {ua(y) — p(y)}/oa(7y). In addition, the
asymptotic power of L(v) goes to 1 if n?/2{pa(vy) — pu(y)}/p*/* — oc. This implies that for
any finite v, a sufficient condition for the asymptotic power of L(7) going to 1 is

5
1721/ (27)

— 00, asp,n — oo. 4)
Note that p(2#=1/(2%) — 0 as p — oco. Therefore, to compare the asymptotic powers of L(y)’s,
we focus on the local alternative such that
n'/?25 — 0, asp,n— oc.
Equivalently, we write
0= n*1/2r1/2, where r — 0 as p,n — oo.

Here r indicates the signal strength.
Under this alternative, when + is odd,

_ NN c, (i) (n _
pan) —n() =33 ()=o),

i=1 c=1

p
~y Y iy 1)
=1

l—ﬂn—w/27

7! 1/2
X
2 Ao —n2—da " P
where ay, 5, ~ by p as n,p — oo means that a, ;, = {1 + 0(1)}by, ,. Similarly, when + is even,

pa(y) = p(y) ~ o(1)r'/2pt=Fn =72,

Furthermore, under this local alternative,

oA (7) ~ 0*(7) ~ eypn™?
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where c, is some constant depending on y and is given in Proposition 2.
From the above results, we have that as n, p — oo,

(=D/2____ 9 1/21/2-8
_ - —1y72= p
uA(zlw;i(V) L &d=0  d(y 1>/1i2d}! if + is odd, (5)
Cy

pAO) =10 oqy,1/20/2-8

if 7y is even. (6)
oa(v)

The above results imply that the asymptotic test power is not going to 1 if r1/2p!/2=8 < .
Therefore, we focus on the local alternative when

1/2,,1/2-

r— 0andr A .

From approximations (5) and (6), L(vy) with odd - has asymptotic power going to 1 while that
with even  does not, i.e., under the considered alternative, L(-y) with odd - is more powerful
than even ~. Therefore, we only need to focus on odd +’s and compare their power. To determine
which odd v gives an asymptotically more powerful test, we only need to find which v maximizes

/ y—1)/2 N
—1 2
Z d{(y —1)/2 — d}!

To simplify our discussion, we first consider the simplest case when o;; = 0 for ¢ # j. In this
case,

(y=1)/2 (v=1)/2 7!
,1/2 Z d=0 d{(y-1)/2—d}!
I 1 /2 T — )
d=0 d!I(y—d)!

which has maximum when « = 1. Therefore, L(1) is asymptotically most powerful.

More generally, consider the case when o;; > 0, a similar calculation following Proposition
2 also gives that L(1) is asymptotically more powerful under the considered alternative. On the
other hand, due to the slow convergence of the asymptotic results which depends on p'/2~5 the
finite performance of L(1) may not be as good as other L(y)’s with v > 1, especially when [ is
close to 1/2 and p is not large enough.

We illustrate these results through simulations. For most of the simulation results in Section
2 of the supplementary material, we can see that L(1) is most powerful when 5 = 0.1, i.e., the
signals are very dense. We further study the impact of sample size and sparsity parameters in
Tables 1315, which present results when the sample sizes n; and no vary from 25 to 200 and
and the sparsity parameter is 5 = 0.1, 0.2, and 0.5. These results show that sample size has little
impact on the selection of parameter - in the sum-of-powers tests for fixed signal sparsity (3
and fixed dimension p = 200. On the other hand, when [ becomes closer to 0.5, L(1) becomes
less powerful compared with other L(~y) tests, which is mainly due to the slow convergence of
the asymptotic results which depends on p'/2=# as discussed above. To validate this argument,
we conduct a new study with 8 = 0.2, n; = ne = 50, and the dimension p from 200 to 1000.
Table 16 presents the corresponding simulation results. We can see that when p = 200, L(1) is
not as powerful as L(2) and L(3); however, as p becomes larger, L(1) becomes more powerful.
These observations are consistent with the theoretical result that L(1) is asymptotically most
powerful when signals are dense.

Similarly, when the absolute value of the signal strength is fixed at the same level such that
|0;| = 6 for i € S, and the signs are random with half positive and half negative. Then a similar
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argument as above would give L(2) is asymptotically most powerful. Therefore, motivated by
these results, we would recommend including small y’s such as {1, 2} in I due to the asymptotic
optimality under the considered special case. On the other hand, we also recommend having
medium 7’s such as {3, ...,6} in I to have better finite sample performance, especially when (3
is close to 1/2.

Case 2 sparse signal with 3 > 1/2. Following the work in Cai et al. (2014), when the
signal strength is fixed at the same level (27 logp)'/2n~1/2 for certain constant 7, the power
of L(oo) converges to 1 under certain regularity conditions. And it was also shown that
the rate r(log p)l/ 2p,~1/2 is minimax optimal for testing against sparse alternatives. On the
other hand, under this alternative, L(~y) with finite - loses power since {4 (7y) — u(v)}/oa(7)
is bounded. Therefore, for the sparse signal case, L(oo) is more powerful than L(+y) with v < oo.

Combining the above results, we would recommend including small 4’s such as {1,2} and
medium ~’s such as {3, ...,6} in I" to achieve balance between the asymptotic and finite sample
performances when the signals are dense; in addition, we also recommend including {cc} in T,
which is more powerful when the signals are sparse. Our extensive simulation studies in the next
section show such a choice of I' gives stable and good performance.
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2. SIMULATIONS: MULTIVARIATE NORMAL DATA

We considered simulation set-ups similar to those of Chen et al. (2014) to compare the pro-
posed sum-of-powers and adaptive tests with several existing tests proposed by Bai & Saranadasa
(1996), Chen & Qin (2010), Srivastava & Du (2008), Cai et al. (2014), and Chen et al. (2014). The
candidate set of « for the sum-of-powers tests was set as I' = {1, ..., 6, 00}. We generated two
groups of random samples {Xy;}7%; and {Xo; };lil with sample sizes n; = ny = 50 from two
multivariate normal distributions with dimension p = 200, Xy; ~ N (ux, X) for k = 1, 2. With-
out loss of generality, we always set ¢11 = 0. Under the null hypothesis, we had po = O;under the
alternative hypothesis, we had |p' = | non-zero elements in 15, where 3 controlled the sparsity
with its value ranging from O to 1. In our simulations, we used 8 = 0.1,0.2, ..., 0.9, covering
very dense signals for an alternative hypothesis at 5 = 0.1, to dense and then to only moderately
dense at 5 = 0.2 and # = 0.5, finally to moderately sparse and very sparse signals at 5 = 0.7 and
0.9 respectively. Also, we assumed that the non-zero elements of p2 were uniformly distributed
among positions {1, ..., p}, and their values were constant {2r(1/n; + 1/ny) log p}'/2, where
r controlled the signal strength. Denote the common covariance matrix ¥ = D*/2RD'/2, where
R was the correlation matrix and the diagonal matrix D contained the variances. We considered
four structures for the correlation matrix R = (7;):

(a) 1-band structure; that is r;; = 1 for i = 1,...,p, r;; = 0.4 for |i — j| = 1, and r;; = O for
li —j] > 1.

(b) Autoregressive structure with order 1; that is, r;; = 0.6/"79! for ,5=1,...,p.

(c) Overlapping block diagonal structure; as used in Rothman (2012) and Xue et al. (2012), we
partitioned the p variables into K = 20 blocks of an equal size, say Ji for k =1,...,20.
Denote 7;, as the maximum index in Jj, and

K K-1
rij = 0615y + 0.4 Iicy, jesy + 04 Y (Liziy jeson} + L j=in})-
k=1 k=1

(d) Compound symmetric structure; that is, 7;; = 11—y + 0.41¢;25.
We also considered two cases for D:

(i) Equal variances; that is, D = I,,, an identity matrix;
(ii) Unequal variances; that is, D = diag(dy1, ..., dpp) with d;; ~ U(0.1, 10) independently.

By default we applied the banding estimator (Bickel & Levina, 2008) to obtain the estimates
for 3; we also considered two other estimators, an Li-penalized estimator (Xue et al., 2012)
and the sample covariance estimator. Five-fold cross-validation was used to select the tuning pa-
rameters, i.e. the bandwidth & € {0, 1,2, ..., 50} for the banding estimator (unless specified oth-
erwise) and A € {0,0.05,0.1, ...., 1} for the L;-penalized estimator implemented in R package
hglasso. We considered p = 200 and p = 500. For each setting, we generated 1,000 replicates
to estimate the empirical type I error or power of each test. The p-values were calculated based
on both the asymptotics results in the theorem and the permutation method (with B = 1, 000).
The nominal significance level was set at o = 0.05.
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2-1.  Results for p = 200

Tables 14 present the results for p = 200 using the banding covariance estimator with its
bandwidth selected by 5-fold cross validation. The main conclusions about the relative power
performance of the various tests held as discussed in the text, regardless of what true covari-
ance matrices were used. In particular, we note that the results were not sensitive to whether
the marginal variances of the variables were the same or not; that is, whether D = I}, or
D = diag(d;;) was used. It is remarkable that even if the true covariance matrix was compound
symmetric, under which the mixing condition C2 was violated, the proposed asymptotic adaptive

sum-of-powers tests still performed quite well.

Table 1. Empirical test sizes and powers (%) based on 1,000 replicates of mul-
tivariate normal data with sample sizes n1 = no = 50, dimension p = 200, and

1-band covariance matrix.

Equal variances (D = I,,):

. B=0.1 B=06
Test Size L _002 r=004 r=06 r=09
SPU(1) 54) 81 (79) 99 (98) 18 (18) 24 (24)
SPU((2) 5(6) 28 (28) 60 (63) 67 (65) 90 (89)
SPU(3) 4 (5) 66 (67) 95 (94) 67 (69) 93 (92)
SPU4) 5(6) 21 (23) 51(53) 81 (83) 98 (98)
SPU(5) 5(6) 34 (41) 68 (72) 79 (80) 98 (97)
SPU(6) 4 (5) 14 (18) 30 (38) 80 (82) 98 (98)
SPU(sc) 7(5) 12(10) 18 (16) 69 (61) 92 (88)
aSPU 5(6) 64 (69) 94 (96) 79 (80) 98 (97)
CLZ 9 (6) 32 (21) 62 (48) 87 (78) 99 (97)
CLX 7(5) 12 (10) 18 (16) 69 (61) 92 (88)
BZ 5(6) 2928  61(63) 67(65) 90 (90)
CQ 5(6) 29 (28) 61 (63) 67 (65) 90 (90)
SD 4 (6) 25 (28) 57 (63) 64 (64) 88 (88)
Unequal variances (D = diag(d;;) with d;; ~ U(0.1, 10)):
. B8=0.1 B8 =0.6

Test Size L _010 r=015 r=25 r=40
SPU(I) 5(5) 84(84)  96(95) 16 (16) 22 (22)
SPU(Q2) 54) 24 (23) 40 (38) 48 (46) 79 (77)
SPUB) 4(4) 46(46) 65 (64) 46 (47) 78 (78)
SPU@4) 5(5) 13(13)  20(19) 50 (49) 82 (82)
SPU(5) 4(5) 14 (16) 21 (24) 42 (45) 76 (78)
SPU(6) 5(6) 8 (10) 10 (13) 37 (41) 72 (75)
SPU(co) 7(5) 34(28)  55(48) 79(75) 98 (97)
aSPU 6(5) 69 (70) 89 (90) 75 (69) 98 (97)
CLZ 9@4) 71(57)  92(85) 85(74) 99 (97)
CLX 7(5) 34 (29) 55 (48) 79 (74) 98 (97)
BZ 5(0) 25 (23) 40 (38) 49 (46) 80 (77)
CQ 5(0) 25 (23) 40 (38) 49 (46) 80 (77)
SD 44 64 (66) 88 (90) 55 (56) 86 (87)

8=0.9
r=18 r=27
6 (6) 6 (6)
20 (20) 33 (33)
30(34) 58(61)
62 (63) 87 (86)
64 (67) 91 (90)
72 (74) 94 (93)
77 (72) 96 (92)
73 (67) 94 (90)
49 (35) 71(57)
77 (72) 96 (92)
21 (20) 34 (34)
21 (20) 34 (34)
17 (20)  30(34)
B8=0.9
r=3.5 r=>5
4 (6) 50
8(7) 10 (9)
5(6) 7(7)
8 (8) 11 (10)
4(6) 7(8)
6(7) 8(11)
86(83) 97 (97)
79 (72) 96 (93)
57 (41) 75 (64)
86(84) 97 (97)
8(7) 11 (9)
8(7) 11 (9)
21 (22) 34 (35)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and permutation-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the
adaptive test; CLZ: Chen et al. (2014); CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996);

CQ: Chen & Qin (2010); SD: Srivastava & Du (2008).
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Table 2. Empirical test sizes and powers (%) based on 1,000 replicates of mul-
tivariate normal data with sample sizes n1 = no = 50, dimension p = 200, and
ARI covariance matrix.

Equal variances (D = I,,):

. B=0.1 8 =06 B =09
Test Size 004 r—006 r=06 =09 r=15 r=25
SPU(I)  5(5)  78(76)  92(91) 12(12)  15(14) 6 (5) 6 (5)
SPU(2) 5(5) 47(46) 69 (67) 50 (49) 76 (75) 12(14) 20 (22)
SPUB)  4(4) 71(70)  88(89) 48 (50) 78 (76) 14(18) 38 (40)
SPUM@) 5(5 38(37) 61 (60) 71 (71) 95 (95) 40 (41) 78 (78)
SPUGS)  4(5) 47(49)  70(72) 68 (70) 93 (93) 46 (48) 82 (83)
SPUG6)  4(4)  26(29) 42 (45) 72(76) 95 (96) 54(58) 89 (89)
SPU(c0)  6(5)  18(15)  25(21) 67(59) 90 (87) 63(63) 92 (90)
aSPU 6(5) 66(66)  85(85) 69 (68) 94 (93) 56 (54) 90 (87)
CLZ 12(5) 5634  77(57) 82(67) 98 (93) 40 (23) 65 (42)
CLX 6(5) 18(15)  25(21) 67 (60) 90 (88) 63 (63) 92 (90)
BZ 6(5) 48(46) 70 (67) 52(49) 77 (75) 13(15)  21(23)
CcQ 6(5) 48(46) 70 (67) 52(49) 77 (75) 13(15)  21(23)
SD 4(5) 4345  67(68) 46 (49) 73 (74) 11(14)  18(22)
Unequal variances (D = diag(d;;) with d;; ~ U(0.1,10)):
. =01 8 =06 B=0.9

Test Size 015 r—025 r=25 r=35 r=30 r=45
SPU(I)  5(5) 71(68)  91(90) 11(10) 13 (12) 5(5) 5(5)
SPU(2) 5(5 30(28)  56(53) 38 (35) 56 (55) 7(6) 8 (7)
SPUB)  4(4) 4342 67 (66) 32(33)  53(52) 5(5) 5(5)
SPUM4) 4@ 18(17)  31(29) 42 (41) 64 (63) 5(5) 8 (6)
SPUG5) 44) 17200  30(32) 35(37) 57 (59) 4 (4) 5(6)
SPUG) 34 10(12)  15(18) 34(37) 53 (59) 4(5) 5(6)
SPU(cc) 6(5)  54(48) 89 (86) 78 (74) 95 (93) 76 (74) 94 (93)
aSPU 6(5) 64(63)  91(89) 73(66) 92 (88) 66 (60) 91 (88)
CLZ 12(5)  88(72)  99(97) 81(63) 94 (85) 48 (26) 68 (45)
CLX 6(5) 54(50) 89 (86) 78 (74) 95 (93) 76 (74) 94 (93)
BZ 6(4) 32028  57(54) 39 (35) 58 (55) 7(6) 8 (7)
cQ 64 32028 5754 39 (35)  58(55) 7(6) 8 (7)
SD 45)  71(73)  97(97) 40 (42) 61 (63) 12(13)  2021)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and permutation-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the
adaptive test; CLZ: Chen et al. (2014); CLX: Caiet al. (2014); BS: Bai & Saranadasa (1996); CQ:
Chen & Qin (2010); SD: Srivastava & Du (2008).
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Table 3. Empirical test sizes and powers (%) based on 1,000 replicates of mul-
tivariate normal data with sample sizes n1 = no = 50, dimension p = 200, and
overlapping block diagonal covariance matrix.

Equal variances (D = I,):

. B=0.1 B=0.6 B=0.9
Test Size L _ 004 =006 r=06 r=09 r=18 r=27
SPU(I)  4(5) 64(63) 81 (80) 1009)  12(12) 5(5) 5(5)
SPU2)  6(5) 40(38)  62(59) 42 (41) 68 (66) 13(12)  20(18)
SPU3)  5(5  60(60) 79 (79) 41(42) 71 (71) 17 (18) 36 (38)
SPUM@)  6(6) 34(34)  54(53) 68 (67) 93 (93) 50 (48) 80 (80)
SPUG5)  4(5) 41(42) 63 (64) 64 (66) 91 (92) 56 (58) 84 (85)
SPUG)  5(5) 25(28)  38(42) 71 (74) 94 (95) 67 (69) 91 (92)
SPU(co) 7(6) 19(16)  26(21) 67 (60) 91 (90) 77(73) 95 (94)
aSPU 6(6) 50(52)  72(73) 67 (65) 93 (91) 70 (64) 92 (90)
CLZ 166) 56(34)  75(53) 82 (65) 98 (92) 48 (24) 66 (40)
CLX 76) 19(16) 26 21) 67 (61) 91 (89) 77(74) 95 (93)
BZ 6(5) 42(38)  64(59) 45(41) 71 (66) 15(12)  22(19)
CQ 6(5) 42(38)  64(59) 45 @41) 71 (66) 15(12)  22(19)
SD 5(5) 3637  58(59) 38 (41) 64 (66) 11312  17(18)
Unequal variances (D = diag(d;;) with di; ~ U(0.1,10)):
‘ B=0.1 B=0.6 B=0.9

Test Size 015 r=025 r=25 r=35 r=30 r=45
SPU(I)  4(5) 56(56)  78(77) 1009 1111 5(5) 4(5)
SPU(2)  6(5) 28(25) 48 (46) 32(29) 48 (47) 8 (7) 9 (8)
SPU3)  5(6) 34(34)  56(56) 28 (28) 45 (44) 6 (6) 7(7)
SPU@)  6(5) 16(16)  29(27) 40 (39) 61 (61) 7 (6) 9(8)
SPUG5)  5(6) 17(18)  27(29) 31 (34)  54(57) 5(6) 6 (7)
SPUG)  5(6) 11(12)  15(18) 33(37)  52(58) 5(7) 6 (8)
SPU(c0)  7(6)  56(50)  86(83) 80 (74) 94 (93) 76 (73) 95 (93)
aSPU 76) 55(53) 86 (84) 72(64) 92 (88) 66 (60) 90 (87)
CLZ 166) 86(67) 99 (95) 80 (58) 96 (83) 48 (24) 66 (40)
CLX 76)  56(51) 86 (84) 80 (74) 94 (93) 76 (73) 95 (93)
BZ 7(5)  29(26) 50 (46) 34 (30) 50 (47) 9 (7) 10 (8)
CQ 7(5) 29(26) 50 (46) 34 (30) 50 (47) 9 (7) 10 (8)
SD 5(5)  64(65)  93(93) 33(35)  51(53) 11(12)  17(18)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and permutation-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the
adaptive test; CLZ: Chen et al. (2014); CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996); CQ:
Chen & Qin (2010); SD: Srivastava & Du (2008).
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Table 4. Empirical test sizes and powers (%) based on 1,000 replicates of mul-
tivariate normal data with sample sizes n1 = no = 50, dimension p = 200, and

compound symmetric covariance matrix.

Equal variances (D = I,,):

Test

SPU(1)
SPU(2)
SPU(3)
SPU(4)
SPU(5)
SPU(6)
SPU(00)
aSPU

CLZ
CLX
BZ
cQ
SD

Test

SPU(1)
SPU(2)
SPU(3)
SPU®4)
SPU(5)
SPU(6)
SPU(c0)
aSPU
CLZ
CLX
BZ

cQ

Size

6 (6)
8 (6)
7(6)
6 (6)
5(6)
5(6)
6 (6)
6(7)
23 (6)
6 (7)
8 (6)
8 (6)
3(6)

Size

6 (6)
8(6)
7(6)
6 (6)
6 (6)
5(6)
6 (6)
6(7)
22 (6)
6 (7)
8 (6)
8(6)

B=01 8=06
r=0.02 r=0.04 r=06 r=0.9
1009) 1110 7(7) 7(7)
11 (10) 14 (12) 12 (9) 14 (11)
10 (10) 13 (12) 1371 18 (16)
1009  12(12) 18(18) 34 (35)
9 (10) 11 (12) 23 (26) 42 (47)
8 (10) 10 (13) 29 (36) 55(64)
8 (8) 11(11) 53(55) 77(79)
8 (9) 11 (12) 41(49) 65 (72)
28(10)  34(12) 67(14) 93 (30)
8(9) 1171 53(56) 77(79)
12(10)  14(12) 139 15(11)
123100 14(12) 139  15(11)
50) 7(12) 509 6(11)

Unequal variances (D = diag(d;;) with d;; ~ U(0.1,10)):
B=0.1 8=0.6

r=0.2 r=0.3 r=25 r=4.0
11 (11) 13 (13) 7(7) 8(7)
14301 1734 11©  13(11)
12(11)  14(13) 12(10) 15 (14)
111y 13313) 13(13) 24 (25)
10(10)  11(13) 14(16) 28 (32)
8(10)  10(12) 14(20) 32 (40)
55 (57) 81 (82) 69 (71) 94 (95)
43(50) 70 (76) 57(64) 89 (92)
64(19) 86 (34) 64 (12) 91 (24)
55 (58) 81 (82) 69 (71) 94 (95)
1411 17(13) 1209)  14(11)
14(11)  17(13) 1290  14(11)
10 (17) 15 (25) 509) 6(11)

SD

3(6)

B8 =09
r=18 r=27
7 (6) 7 (6)
9(7) 10 (8)
9(8) 11 (10)
15(14)  30(30)
24 (26) 48 (52)
36 (45) 74 (81)
75 (77) 95 (96)
68 (72) 92 (95)
34(7) 44 (8)
75 (77) 95 (96)
10 (7) 10 (8)
10 (7) 10 (8)
4(7) 4(8)
B =09
r=3 r=2>5
6(6) 6 (6)
8(6) 8(6)
7(6) 7(6)
6 (6) 7(6)
6 (6) 6 (6)
5(0) 5(7)
75 (716) 97 (97)
68 (72) 95 (96)
34(7) 47 (8)
7577y 97(97)
8 (6) 9 (6)
8(6) 9 (6)
4(7) 4(8)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and permutation-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the
adaptive test; CLZ: Chen et al. (2014); CLX: Caiet al. (2014); BS: Bai & Saranadasa (1996); CQ:

Chen & Qin (2010); SD: Srivastava & Du (2008).
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2-2.  Results for p = 500 and 1000

Tables 5-7 present the results for p = 500 using the banding estimator with its bandwidth
selected by 5-fold cross validation. The main conclusions remained the same as those for p =
370 200-

Table 5. Empirical test sizes and powers (%) based on 1,000 replicates of mul-
tivariate normal data with sample sizes n1 = no = 50, dimension p = 500, and
1-band covariance matrix.

Equal variances (D = I,):

. B=01 B =06 B=09

Test Size 001 r=002 r=04 =06 r=15 r=21
SPU(I)  6(6)  88(87) 99 (99) 15314)  19(18) 6 (6) 6 (6)

SPUQ2)  6(6) 24(24) 54 (54) 48 (48) 76 (76) 14(13) 18 (18)
SPUB)  5(5  73(74) 97 (96) 4547) 80 (81) 17(18) 30 (31)
SPUM@)  5(5) 17(20) 41 (44) 64 (68) 94 (94) 44 (46) 68 (70)
SPUG)  4(6) 39(42) 74 (77) 61 (64) 92 (93) 49 (53) 76 (78)
SPUG)  4(6) 11(14)  24(30) 61 (68) 94 (95) 60 (63) 84 (86)
SPU(sc) 9(6)  12(8) 15(11) 49 (41) 80 (73) 69 (64) 88 (86)
aSPU 6(6) 73(76) 97 (98) 64 (63) 94 (94) 64 (58) 85 (83)
CLZ 135) 31(16)  57(35) 78 (60) 97 (92) 46 (28) 61 (41)
CLX 9(6)  12(8) 15 (11) 49 (41) 80 (73) 69 (65) 88 (86)
BZ 6(6) 25(24)  56(53) 49 (48) 77 (76) 14 (14)  19(18)
CQ 6(6) 25(24)  56(53) 49 (48) 77 (76) 14(14)  19(18)
SD 5(6)  20024) 49 (53) 44 (48)  72(75) 12(14) 16 (19)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and permutation-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the
adaptive test; CLZ: Chen et al. (2014); CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996); CQ:
Chen & Qin (2010); SD: Srivastava & Du (2008).



Table 6. Empirical test sizes and powers (%) based on 1,000 replicates of mul-
tivariate normal data with sample sizes n1 = no = 50, dimension p = 500, and
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the first-order autoregressive covariance matrix.

Equal variances (D = I,,):

Test

SPU(1)
SPU(2)
SPU(3)
SPU(4)
SPU(5)
SPU(6)
SPU(00)
aSPU

CLZ
CLX
BZ
cQ
SD

Size

7(6)
6 (6)
5(5)
5(6)
4(5)
4(6)
9(6)
6(5)
18 (6)
9 (6)
7(6)
7(6)
6 (6)

B8=0.1
r=0.01 r=20.02
85 (83) 98 (98)
42 (42) 82 (82)
78 (78) 97 (97)
32 (33) 72 (73)
53 (56) 86 (87)
21 (25) 49 (56)
15 (11) 25(19)
72 (73) 97 (97)
58 (30) 87 (68)
15(11) 25 (20)
44 (43) 83 (81)
44 (43) 83 (81)
39 (42) 78 (80)

B8 =0.6

r=04 r=0.6

12 (9) 13 (12)
36 (35) 59(58)
30 (30) 57(57)
52 (54) 86 (87)
48 (50) 85(86)
53(58) 90(92)
48 (40) 81 (73)
54 (51) 88 (86)
76 (51) 96 (86)
48 (40) 81 (73)
38(36) 60(59)
38 (36) 60(59)
32(36) 55(58)

B=0.9
r=15 r=21
7(5) 7(6)
12(12) 15715
12(13)  20(21)
36 (38) 61 (62)
41(43)  71(73)
55(58)  81(83)
68 (64) 89 (86)
62(55) 85 (82)
46 (22) 62 (34)
68 (64) 89 (86)
13(12) 17 (14)
13(12)  17(14)
10(12) 13 (15)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and permutation-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the
adaptive test; CLZ: Chen et al. (2014); CLX: Caiet al. (2014); BS: Bai & Saranadasa (1996); CQ:

Chen & Qin (2010); SD: Srivastava & Du (2008).

Table 7. Empirical test sizes and powers (%) based on 1,000 replicates of mul-
tivariate normal data with sample sizes n1 = ny = 50, dimension p = 500, and
overlapping block diagonal covariance matrix.

Equal variances (D = I,,):

Test

SPU(1)
SPU(2)
SPU(3)
SPU(4)
SPU(5)
SPU(6)
SPU(c0)
aSPU
CLZ
CLX
BZ

cQ

SD

Size

6 (6)
50
5(5)
6 (6)
50)
5(6)
10 (6)
7(6)
23 (6)
10 (7)
7(5)
7(5)
405

B=0.1
r=0.01 r=0.02
72(71)  88(87)
49 (47) 76 (74)
70 (70) 87 (87)
44 (44) 69 (69)
57(59)  77(80)
33(37) 57(61)
23(17)  33(25)
60 (61)  81(82)
78 (44) 91 (68)
23(18)  33(26)
52(48)  78(75)
52(48)  78(75)
44 (47) 70 (74)

B8 =0.6
r=04 r=20.6
8(7) 8 (8)
30 (28) 45(42)
30 (31) 50(51)
64 (64) 89 (89)
65 (68) 88(89)
77 (80) 95 (96)
78 (71) 92 (90)
73 (68) 93 (91)
93(69) 99 (92)
78 (72) 92 (90)
33 (28) 48 (43)
33(28) 48 (43)
25(28) 38 (43)

£ =09
r=15 r=21
6 (6) 6(5)
8(7 9(8)
7(7) 12 (12)
23 (24) 43 (43)
31(33) 56(57)
48 (51) 73 (76)
69 (65) 89 (87)
60 (54) 85(79)
45 (14) 56 (20)
69 (64) 89 (87)
9(7) 10 (9)
9(7) 10 (9)
6(7) 7(8)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and permutation-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the
adaptive test; CLZ: Chen et al. (2014); CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996); CQ:

Chen & Qin (2010); SD: Srivastava & Du (2008).
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2-3.  Using other covariance estimators

Tables 8—12 present the results for p = 200 using two alternative covariance matrix estima-
tors. First, we used the sample covariance matrix. It is somewhat surprising that the asymptotic
adaptive sum-of-powers test performed well, including having well-controlled type I error rates.
Among individual sum-of-powers tests, an asymptotic sum-of-powers test with an even integer -~y
was conservative with a test size smaller than the nominal level except for the extreme case with
a compound symmetric covariance matrix, in which the asymptotic sum-of-powers tests might
have slightly inflated type I error rates. Second, we applied the L;-penalized covariance matrix
estimator. It was more time-consuming but did not outperform the banding estimator, yielding
the asymptotic adaptive sum-of-powers tests with possibly inflated type I error rates.



Table 8. Empirical test sizes and powers (%) based on 1,000 replicates of mul-
tivariate normal data with sample sizes n1 = no = 50, dimension p = 200, and
1-band covariance matrix. The covariance matrix was estimated by the sample
covariance matrix.

An adaptive two-sample test for high-dimensional means

Equal variances (D = I,):

Test

SPU(1)
SPU(2)
SPU(3)
SPU4)
SPU(5)
SPU(6)
SPU(c0)
aSPU

CLZ
CLX
BZ
cQ
SD

Test

SPU(1)
SPU(2)
SPU(3)
SPU4)
SPU(5)
SPU(6)
SPU(c0)
aSPU

CLZ
CLX
BZ

CQ

Size

5(4)
1(6)
50)
2(6)
5(6)
305
7(5)
4(6)
9 (6)
7(5)
5(6)
5(6)
4(6)

Size

505
14
44
30
405
4(6)
7(5)
50
94
7(5)
5(05)
50)

=01 B =06
r=0.02 r=0.04 r=06 r=0.9
82(79) 98 (98) 18(18) 24 (24)
8 (28) 32 (63) 35(65) 70 (89)
66 (67) 95 (94) 68 (69) 94 (92)
1023)  30(53) 70(83) 96 (98)
34 (41) 68 (72) 80 (80) 98 (97)
9 (18) 21 (38) 73(82) 97 (98)
12(10) 18 (16) 69 (61) 92 (88)
64 (69) 94 (96) 75@80) 97 (97)
32 (21) 62 (48) 87(78) 99 (97)
12 (10) 18 (16) 69 (61) 92 (88)
29 (28) 61 (63) 67 (65) 90 (90)
29 (28) 61 (63) 67 (65) 90 (90)
25 (28) 57 (63) 64 (64) 88 (88)
Unequal variances (D = diag(d;;) with di; ~ U(0.1,10)):
=01 B =06
r=0.10 r=0.15 r=25 r=4.0
84 (84) 96 (95) 17(16) 23 (22)
8(23)  19(38) 26 (46) 57 (77)
46 (46) 65 (64) 46 (47) 78 (78)
8 (13) 12 (19) 40 (49) 75(82)
14 (16) 21 (24) 42 (45) 76 (78)
7 (10) 8 (13) 35@41) 68 (75)
34 (28) 55 (48) 79 (75) 98 (97)
68 (70) 88 (90) 73(69) 97 (97)
71 (57) 92 (85) 85(74) 99 (97)
34 (29) 55 (48) 79 (74) 98 (97)
25 (23) 40 (38) 49 (46) 80 (77)
25(23) 40 (38) 49 (46) 80 (77)
64 (66) 88 (90) 55(56) 86 (87)

SD

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and permutation-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the
adaptive test; CLZ: Chen et al. (2014); CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996);

44

CQ: Chen & Qin (2010); SD: Srivastava & Du (2008).

B8=0.9
r=18 r=27
7 (6) 7(6)
5 (20) 10 (33)
31 (34) 58(61)
47 (63) 80 (86)
64 (67) 91 (90)
68 (74) 92 (93)
77(72) 96 (92)
71 (67) 93 (90)
49 (35) 71 (57)
77(72) 96 (92)
21 (20) 34 (34)
21 (20) 34 (34)
17 (20) 30(34)
B8=0.9
r=3.5 r=>5
6 (6) 6(5)
2(7) 209
6 (6) 7
4 (8) 7 (10)
4(6) 7(@®)
4 (7 7(11)
86 (83) 97 (97)
78 (72)  95(93)
57 (41) 75 (64)
86 (84) 97 (97)
8(7) 11(9)
8(7) 11(9)
21 (22) 34 (35)

31
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Table 9. Empirical test sizes and powers (%) based on 1,000 replicates of mul-

tivariate normal data with sample sizes n1 = no = 50, dimension p = 200, and

the first-order autoregressive covariance matrix. The covariance matrix was es-
timated by the sample covariance matrix.

Equal variances (D = I,):

. B=0.1 B =06 B =09
Test Size L _ 004 =006 r=06 r=09 r=15 r=25
SPU(I)  4(5) 77(76) 91 (91) 12(12) 14 (14) 6 (5) 6 (5)
SPU(2)  2(5) 29(47)  54(69) 31(49)  58(75) 6(14) 922
SPU3)  4(5) 70(70)  88(87) 47 (50) 77 (76) 14(18) 37 (40)
SPUM@)  3(5) 27(39) 47 (61) 61 (71) 91 (95) 29 41)  71(78)
SPUG5)  4(6) 47(51)  70(72) 67 (70) 92 (93) 46 (48)  82(83)
SPUG6)  3(5 22(31)  35(48) 66 (76) 93 (96) 50 (58) 87 (89)
SPU(c0)  6(5)  18(16)  25(23) 67(59) 90 (87) 63(63) 92 (90)
aSPU 5(6)  62(66) 82 (84) 67 (68) 92 (93) 56 (54) 90 (87)
CLZ 126) 5637  77(58) 82 (67) 98 (93) 40 (23) 65 (42)
CLX 6(5) 18(16)  25(22) 67 (60) 90 (88) 63 (63) 92 (90)
BZ 6(6) 48(47)  70(70) 52(49) 77 (75) 13(15)  21(23)
CQ 6(6) 4847 70 (70) 52(49) 77 (75) 13(15)  21(23)
SD 4(6) 43(46) 67 (69) 46 (49) 73 (74) 11314  18(22)
Unequal variances (D = diag(d;;) with d;; ~ U(0.1,10)):
‘ B=0.1 B =06 B =09

Test Size  _ 015 r=025 r=25 r=35 r=30 r=45
SPU(I)  5(5)  69(68) 90 (90) 10(10) 12 (12) 5(5) 5(5)
SPU(2)  2(5) 18(28)  40(53) 23(35) 40 (55) 3 (6) 3(7)
SPUB3)  4(4) 43(42) 66 (66) 32(33)  52(52) 5(5) 5(5)
SPUM@) 3@ 13(17)  23(29) 37(41) 57 (63) 3(5) 4(6)
SPUG5)  4@4) 17(20)  29(32) 35(37) 56 (59) 4 (4) 5(6)
SPU(G) 24)  8(12) 13 (18) 32(37) 50 (59) 2(5) 4(6)
SPU(c0)  6(5)  54(48) 89 (86) 78 (74) 95 (93) 76 (74) 94 (93)
aSPU 4(5)  62(63)  90(89) 71(66) 91 (88) 66 (60) 91 (88)
CLZ 12(5) 88(72) 99 (97) 81(63) 94 (85) 48 (26) 68 (45)
CLX 6(5) 54(50) 89 (86) 78 (74) 95 (93) 76 (74) 94 (93)
BZ 6(4) 32028  57(54) 39 (35) 58 (55) 7 (6) 8 (7)
CQ 6(4) 32028  57(54) 39 (35)  58(55) 7(6) 8 (7)
SD 45)  71(73)  97(97) 40 (42) 61 (63) 12(13) 20 21)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and permutation-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the
adaptive test; CLZ: Chen et al. (2014); CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996); CQ:
Chen & Qin (2010); SD: Srivastava & Du (2008).



An adaptive two-sample test for high-dimensional means

Table 10. Empirical test sizes and powers (%) based on 1,000 replicates of mul-

tivariate normal data with sample sizes n1 = no = 50, dimension p = 200, and

overlapping block diagonal covariance matrix. The covariance matrix was esti-
mated by the sample covariance matrix.

Equal variances (D = I,,):

. =01 B =06 B =09
Test Size 004 r=006 r=06 r=09 r=18 r=27
SPU(I)  5(5) 64(63)  81(80) 1009  12(12) 5(5) 5(5)
SPUQR)  3(5) 28(38)  49(59) 28 (41) 53 (66) 7(12)  10(18)
SPUB)  5(5)  61(60) 79 (79) 4242) 70 (71) 17(18) 37 (38)
SPUM@)  4(6) 27(34)  44(53) 60 (67) 90 (93) 40 (48) 74 (80)
SPU5)  4(5) 40(42) 63 (64) 64 (66) 91 (92) 56 (58) 84 (85)
SPUG6)  4(5) 22(28) 34 (42) 67 (74) 93 (95) 64 (69) 89 (92)
SPU(co) 7(6)  19(16)  26(21) 67 (60) 91 (90) 77(73) 95 (94)
aSPU 6(6) 49(52)  71(73) 65 (65) 92 (91) 69 (64) 91 (90)
CLZ 166) 5634  75(53) 82 (65 98(92) 48 (24) 66 (40)
CLX 7(6)  19(16) 26 (21) 67 (61) 91 (89) 77(74) 95 (93)
BZ 6(5) 42(38)  64(59) 45(41) 71 (66) 15(12)  22(19)
cQ 6(5) 42(38)  64(59) 45@41) 71 (66) 15(12)  22(19)
SD 5(5)  36(37)  58(59) 38 (41) 64 (66) 1112 17318)
Unequal variances (D = diag(d;;) with d;; ~ U(0.1,10)):
. B=0.1 B8 =06 B =09

Test Size 015 r—025 r=25 r=35 r=30 r=45
SPU(I)  5(5) 56(56) 78 (77) 109  11(11) 5(5) 5(5)
SPUQ2) 3(5) 1925  37(46) 21(29) 36 (47) 4(7) 5(8)
SPUGB)  6(6) 34(34)  57(56) 28(28) 45 (44) 6 (6) 7(7)
SPUM4) 5(5) 14(16)  23(27) 34(39) 56 (61) 6 (6) 7(8)
SPUG) 5(6) 17(18) 2729 31(34)  55(57) 5(6) 6 (7)
SPUG6)  4(6)  9(12) 14 (18) 32(37) 50 (58) 5(7) 6 (8)
SPU(sc) 7(6)  56(50) 86 (83) 80 (74) 94 (93) 76 (73) 95 (93)
aSPU 6(6) 56(53) 85 (84) 70 (64) 92 (88) 66 (60) 90 (87)
CLZ 16(6) 86(67) 99 (95) 80 (58) 96 (83) 48 (24) 66 (40)
CLX 7(6)  56(51)  86(84) 80 (74) 94 (93) 76 (73) 95 (93)
BZ 7(5)  29(26) 50 (46) 34(30) 50 (47) 9(7) 10 (8)
cQ 7(5)  29(26) 50 (46) 34 (30) 50 (47) 9 (7) 10 (8)
SD 5(5)  64(65  93(93) 3335  51(53) 11312 17318)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and permutation-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the
adaptive test; CLZ: Chen et al. (2014); CLX: Caiet al. (2014); BS: Bai & Saranadasa (1996); CQ:
Chen & Qin (2010); SD: Srivastava & Du (2008).
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Table 11. Empirical test sizes and powers (%) based on 1,000 replicates of mul-

tivariate normal data with sample sizes n1 = no = 50, dimension p = 200, and

compound symmetric covariance matrix. The covariance matrix was estimated
by the sample covariance matrix.

Equal variances (D = I,):

. B=01 8=06 8=109
Test Size L _002 r=004 =06 r=09 r=18 r=27
SPU(I)  6(6)  10(9)  11(10) 70 1) 706) 76
SPUQR)  8(6) 11(10)  14(12) 1209)  14(11) 97 10(8)
SPUB)  7(6) 10(10)  13(12) 13(11)  18(16) 9@8)  11(10)
SPUM)  6(6)  10(9)  12(12) 18(18) 34 (35) 15(14) 30 (30)
SPUG)  5(6) 9(10)  11(12) 23(26) 42 (47) 24(26) 48 (52)
SPUG6G)  5(6)  8(10)  10(13) 29(36) 55 (64) 36 (45) 74 (81)
SPU(c0) 6(6)  8(8) 11 (11) 53(55)  77(79) 75(77) 95 (96)
aSPU 6(7)  8(9) 11 (12) 41 (49) 65 (72) 68 (72) 92 (95)
CLZ 236) 28(10)  34(12) 67 (14) 93 (30) 34(7)  44(8)
CLX 6(7) 809 11(11) 53(56) 77 (79) 75(77) 95 (96)
BZ 8(6) 12(10) 14 (12) 139)  15(11) 10(7)  10(8)
CQ 8(6) 12(10) 14 (12) 139)  15(11) 107 10(8)
SD 36) 509 7(12) 50 611 A7) 4@®)
Unequal variances (D = diag(d;;) with d;; ~ U(0.1,10)):
‘ B=01 8=0.6 8=109

Test Size _02 ;=03 r=25 r=4.0 r=3 r=5
SPU) 66 11(11)  13(13) 7 8] 66)  6(6)
SPUQR)  8(6) 14(11)  17(14) 119 13711 8 (6) 8 (6)
SPUB)  7(6) 12(11)  14(13) 12(10) 15 (14) 706)  7(6)
SPUM)  6(6) 11(11)  13(13) 13(13) 24 (25) 66)  7(6)
SPUG)  6(6)  10(10)  11(13) 14(16) 28 (32) 66)  6(6)
SPUG6G)  5(6) 8(10)  10(12) 14(20) 32 (40) 56 5(7)
SPU(0) 6(6) 55(57)  81(82) 69 (71) 94 (95) 75(76) 97 (97)
sSPU 6(7) 43(50) 70 (76) 57(64) 89 (92) 68(72) 95 (96)
CLZ 26) 64(19) 86 (34) 64(12) 91 (24) 47 47(8)
CLX 6(7) 55(58  81(82) 69 (71) 94 (95) 75(77) 97 (97)
BZ 8(6) 14(11)  17(13) 1209)  14(11) 86)  9(6)
CQ 8(6) 14(11)  17(13) 12(9)  14(11) 8(6)  9(6)
SD 36) 1017 15(25) 50 601 47 4@®)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and permutation-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the
adaptive test; CLZ: Chen et al. (2014); CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996); CQ:
Chen & Qin (2010); SD: Srivastava & Du (2008).
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Table 12. Empirical test sizes and powers (%) based on 1,000 replicates of

multivariate normal data with sample sizes n1 = no = 50, dimension p = 200,

and 1-band covariance matrix. The covariance matrix was estimated by the L, -
penalized covariance matrix estimator of Xue et al. (2012).

Equal variances (D = I,):

. B=01 B8=0.6 B8=09

Test Size 002 r=004 r=06 r=0.9 r=18 r=27
SPU(I) 9(4) 87(79) 99 (98) 25(18) 33 (24) 106) 10 (6)

SPUQR) 7(6) 36(28) 70 (63) 74(65) 93 (89) 29(20) 41 (33)
SPUB) 7(5) T4(67)  96(94) 74(69) 95 (92) 37(34)  65(61)
SPU(4) 8(6) 26(23) 57(53) 86(83) 99 (98) 66 (63) 90 (86)
SPUS) 6(6) 41(41)  72(72) 83(80) 98 (97) 67(67) 92 (90)
SPUG) 5(5) 16(18)  35(38) 82(82) 98 (98) 74(74) 95 (93)
SPU(s0) 7(5) 12(10) 18 (16) 69 (61) 92 (88) 77(72) 96 (92)
aSPU 7(6) 76(69) 97 (96) 84 (80) 98 (97) 75(67) 94 (90)
CLZ 9(6) 32(21) 62 (48) 87(78) 99 (97) 49(35)  71(57)
CLX 7(5 12(10)  18(16) 69 (61) 92 (88) 77(72) 96 (92)
BZ 5(6) 2928  61(63) 67 (65) 90 (90) 21(20) 34 (34)
cQ 56) 29(28) 61 (63) 67 (65 90 (90) 21(20) 34 (34)
SD 46) 2528  57(63) 64 (64) 88 (88) 17(20) 30 (34)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and permutation-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the
adaptive test; CLZ: Chen et al. (2014); CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996);
CQ: Chen & Qin (2010); SD: Srivastava & Du (2008).



385

390

36 G. Xu, L. LIN, P. WEI AND W. PAN

2-4.  Results for various sample sizes

Tables 13—15 present results when the sample sizes n; and ng vary from 25 to 200 and the
sparsity parameter is 5 = 0.1, 0.2, and 0.5. The signal strength r was fixed at certain values.
These results show that sample size has little impact on the selection of parameter v in the sum-
of-powers tests for fixed signal sparsity (3, signal strength r, and dimension p.

To study the impact of p, Table 16 further presents the results when 5 = 0.2, n; = ng = 50,
and the dimension p varies from 200 to 1000. We can see that when p = 200, the sum-of-powers
test with v = 1 is not as powerful as those with v = 2 and 3; however, as p becomes larger, the
sum-of-powers test with v = 1 becomes more powerful. These observations are consistent with
the theoretical result that the sum-of-powers test with v = 1 is asymptotically most powerful
when signals are dense.

Table 13. Empirical test sizes and powers (%) based on 1,000 replicates of multivariate normal
data with sample sizes n1 = na = 25, 50, 100, and 2'00, dimension p = 200, and the first-order
autoregressive covariance matrix 31 = g = (0.6"_7|). The sparsity parameter is 3 = 0.1.

Test ny =ns =25 n1 =ns =50 n1 =ng = 100 n1 = ne = 200
‘ Size r=0.04 r=0.06 Size r=0.04 r=0.06 Size r=0.04 r=0.06 Size r=0.04 7r=0.06

SPU(1) 6(6) 78 (76) 92 (89) 5(5) 78 (76) 92 91) 5(5) 77 (76) 91 (90) 4(5) 77 (75) 91 (91)
SPU(2) 5(5) 45 (44) 71 (69) 5() 47 (47) 69 (69) 6(5) 46 (44) 72 (68) 7(6) 46 (44) 71 (69)
SPU(3) 5(5) 69 (68) 87 (86) 4(5) 71 (70) 88 (87) 54) 72 (70) 87 (87) 5(5) 73 (71) 89 (89)
SPU(4) 4(5) 34 (39) 58 (60) 5(5) 38(39) 61 (61) 6 (6) 40 (37) 63 (61) 7(5) 43 (39) 65 (61)
SPU(5) 3(5) 44 (49) 63 (68) 4(6) 47 (51) 70 (72) 5(6) 50 (50) 72 (72) 5(5) 53(52) 73 (73)
SPU(6) 3(6) 20 (29) 37 (48) 4(5) 26 (31) 42 (48) 6 (6) 29 (29) 49 (48) 6(4) 31 (30) 51 (49)
SPU(c0)  10(6) 27 (14) 35(22) 6(5) 18 (16) 25 (23) 6 (6) 18 (17) 22 (23) 4(5) 15 (16) 21(23)
aSPU 8(5) 65 (65) 84 (84) 6 (6) 66 (66) 85 (84) 5(5) 65 (66) 83 (85) 6(5) 63 (66) 83 (85)
CLZ 18(6)  65(35) 83 (56) 12(6) 56(37) 77 (58) 11(5) 55(36) 76 (59) 12(6) 53(37) 74 (59)
CLX 10(5) 27(15) 35(22) 6(5) 18 (16) 25(22) 6 (6) 18 (18) 22 (22) 4(5) 15 (16) 21 (24)
BZ 7(6) 47 (45) 73 (70) 6 (6) 48 (47) 70 (70) 6(5) 46 (44) 72 (69) 7(6) 47 (44) 72 (69)
CQ 7(6) 47 (45) 73 (70) 6 (6) 48 (47) 70 (70) 6(5) 46 (44) 72 (69) 7(6) 47 (44) 72 (69)
SD 4(5) 42 (44) 66 (69) 4(6) 43 (46) 67 (69) 5(5) 43 (44) 68 (69) 6 (6) 44 (44) 68 (69)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics- and permutation-
based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the adaptive test; CLZ: Chen et al. (2014);
CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996); CQ: Chen & Qin (2010); SD: Srivastava & Du (2008).

Table 14. Empirical test sizes and powers (%) based on 1,000 replicates of multivariate normal
data with sample sizes n1 = no = 25, 50, 100, and 2'007 dimension p = 200, and the first-order
autoregressive covariance matrix Y1 = Y9 = (0.6"_J|). The sparsity parameter is 3 = 0.2.

Test ny =mng =25 n1 =nz = 50 n1 = nz = 100 n1 =nz = 200

Size r=0.10 r=0.15 Size r=0.10 r=0.15 Size r=0.10 r=0.15 Size r=010 r=0.15
SPU(1) 6(6) 72 (70) 88 (85) 5(5) 74 (71) 88 (87) 5(5) 71 (70) 86 (85) 4(5) 69 (68) 87 (86)
SPU(2) 5(5) 71 (70) 94 (94) 5(5) 70 (70) 92 (92) 6(5) 70 (68) 93 91) 7(6) 73 (70) 94 (93)
SPU(3) 5(5) 75 (75) 93 (93) 4(5) 78 (77) 94 (94) 5(4) 77 (76) 93 (93) 5(5) 77 (76) 95 (94)
SPU(4) 4(5) 59 (62) 88 (90) 5(5) 63 (63) 89 (88) 6 (6) 67 (64) 90 (88) 7(5) 69 (66) 92 (89)
SPU(5) 3(5) 58 (63) 84 (87) 4(6) 65 (67) 87 (88) 5(6) 68 (69) 88 (88) 5(5) 68 (66) 89 (89)
SPU(6) 3(6) 40 (51) 67 (78) 4(5) 48 (53) 76 (79) 6 (6) 54 (54) 80 (80) 6(4) 58 (55) 82 (81)
SPU(c0)  10(6)  38(25) 54 (37) 6(5) 31(27) 47 (41) 6 (6) 28 (27) 41 (42) 4(5) 25 (27) 39 (42)
aSPU 8(5) 70 (70) 93 (93) 6 (6) 72 (73) 92 (92) 5(5) 74 (74) 92 91) 6(5) 73 (72) 93(92)
CLZ 18(6) 85(57) 97 (87) 12(6) 79 (60) 95 (86) 11(5) 77(61) 94 (87) 12(6) 77 (63) 96 (88)
CLX 10(5)  38(25) 54 (37) 6(5) 31(27) 47 (41) 6 (6) 28 (27) 41 (42) 4(5) 25 (26) 39 (42)
BZ 7(6) 73 (71) 94 (94) 6 (6) 71 (70) 93 (92) 6(5) 71 (68) 93 (92) 7(6) 73 (71) 94 (93)
CQ 7(6) 73 (71) 94 (94) 6 (6) 71 (70) 93 (92) 6(5) 71 (68) 93 (92) 7(6) 73 (71) 94 (93)
SD 4(5) 67 (69) 92 (93) 4(6) 67 (70) 91 91) 5(5) 67 (69) 91 (92) 6 (6) 69 (71) 92 (93)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics- and permutation-
based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the adaptive test; CLZ: Chen et al. (2014);
CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996); CQ: Chen & Qin (2010); SD: Srivastava & Du (2008).
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Table 15. Empirical test sizes and powers (%) based on 1,000 replicates of multivariate normal
data with sample sizes n1 = ng = 25, 50, 1 00, qnd 200, dimension p = 200, and autoregressive
covariance matrix 1 = Yo = (0.6"*J|). The sparsity parameter is 3 = 0.5.

Test

SPU(1)
SPU(2)
SPU(3)
SPU4)
SPU(5)
SPU(6)
SPU(c0)
aSPU
CLZ
CLX
BZ

cQ

SD

TL1:TL2:25

Size

6 (6)
5(5)
50
4(5)
305
3(6)
10 (6)
8(5)
18 (6)
10 (5)
7(6)
7(6)
4(5)

r=0.4

19 (17)
56 (55)
52(52)
65 (69)
59 (65)
60 (69)
59 (46)
66 (62)
86 (65)
59 (46)
58 (55)
58 (55)
51 (54)

r=20.6

26 (23)
84 (84)
80 (81)
94 (95)
90 (93)
91 (95)
84 (72)
92 (93)
99 (94)
84 (72)
86 (84)
86 (84)
80 (82)

Size

50)
50
4(5)
5(0)
4(6)
4(5)
6(5)
6(6)
12 (6)
6 (5)
6 (6)
6 (6)
4(6)

n1:n2:50

r=04

19 (17)
58 (57)
56 (54)
72 (71)
68 (68)
69 (71)
57 (52)
69 (66)
84 (68)
57 (52)
59 (57)
59 (57)
55 (58)

r=0.6

24 (23)
85 (84)
83 (82)
95 (95)
92 (93)
93 (94)
86 (81)
94 (93)
98 (94)
86 (81)
86 (84)
86 (84)
84 (85)

Size

50
6(5)
5@
6 (6)
5(6)
6 (6)
6 (6)
5(5)
11 (5)
6 (6)
6(5)
6(5)
509

ny =n2 = 100

r=0.4

17 (16)
59 (56)
55 (55)
73 (71)
68 (68)
72(72)
54 (54)
70 (66)
82 (69)
54 (54)
60 (56)
60 (56)
55(57)

r=20.6

23(22)
86 (84)
82 (81)
96 (95)
92 (92)
95 (95)
82 (82)
95 (92)
97 (93)
82 (82)
87 (84)
87 (84)
84 (84)

Size

4(5)
7(6)
50)
7(5)
5(5)
6(4)
4(5)
6(5)
12 (6)
4(5)
7(6)
7(6)
6 (6)

ny = ng = 200
r=04 r=06
17 (16)  22(22)
62 (60) 87 (86)
53(52) 82(82)
78 (75) 96 (96)
70 (70) 94 (94)
75(74) 96 (96)
55(56) 82(83)
74 (68)  95(93)
82(71) 98 (95)
55(57) 82(83)
63 (60) 87 (86)
63 (60) 87 (86)
59(59) 85(86)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics- and permutation-
based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the adaptive test; CLZ: Chen et al. (2014);
CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996); CQ: Chen & Qin (2010); SD: Srivastava & Du (2008).

Table 16. Empirical test sizes and powers (%) based on 1,000 replicates of multivariate normal
data with sample sizes n1 = ny = 50, sparsity parameter 3 = 0.2, dimension p= 200, 500, and
1000, and autoregressive covariance matrix ¥ = ¥ = (0.6/-71),

Test

SPU(1)
SPU(2)
SPU(3)
SPU(4)
SPU(5)
SPU(6)
SPU(c0)
aSPU
CLZ
CLX
BZ

cQ

SD

Size

5(5)
5(5)
4(5)
5(5)
4(6)
4(5)
6(5)
6 (6)
12 (6)
6 (5)
6 (6)
6 (6)
4(6)

p =200
r=0.1 r=0.15
74 (71) 88 (87)
70 (70) 92 (92)
78 (717) 94 (94)
63 (63) 89 (88)
65 (67) 87 (88)
48 (53) 76 (79)
31 (27) 47 (41)
72 (73) 92 (92)
79 (60) 95 (86)
31 (27) 47 (41)
71 (70) 93 (92)
71 (70) 93 (92)
67 (70) 91 91)

Size

7(6)
6 (6)
5(5)
5(6)
4(5)
4(6)
9(6)
6 (5)
18 (6)
9(6)
7(6)
7(6)
6 (6)

p = 500
r=0.04 r=0.06
63(60) 80 (78)
46 (45) 70 (69)
60 (60) 82 (81)
36(38) 61 (63)
44 (46) 65 (68)
24 (28) 42 (48)
17(13)  24(18)
56(56)  77(78)
62(32)  81(57)
17(14)  24(18)
47 45)  72(69)
47 45)  72(69)
42.(45)  65(68)

Size

6 (5)
6 (6)
5(5)
405
34
305
84
6(5)
19 (6)
8 (4
6 (6)
6(6)
4(6)

p = 1000
r=0.04

85 (81)
62 (61)
84 (84)
52(57)
65 (69)
35 (42)

2

1(13)

78 (79)
78 (45)

2

1(14)

64 (62)
64 (62)
56 (62)

r = 0.06

95 (94)
88 (88)
96 (95)
81 (84)
88 (89)
63 (70)
29 (20)
95 (96)
93 (76)
29 (21)
89 (88)
89 (88)
85 (88)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics- and permutation-
based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the adaptive test; CLZ: Chen et al. (2014);
CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996); CQ: Chen & Qin (2010); SD: Srivastava & Du (2008).
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2-5.  Results for X1 # Yo

This section assumes that Y1 # ¥s. Since Bai & Saranadasa (1996) and Srivastava & Du
(2008) did not discuss the case of unequal covariance matrices for their test statistics, this section
will not consider their methods.

The procedure introduced in the main text similarly applies to calculate the asymptotics-based
p-values of the class of sum-of-powers tests and the tests proposed by Chen & Qin (2010), Cai
et al. (2014), and Chen et al. (2014); however, the permutation method is invalid to calculate p-
values when 31 # Yo, because the two groups no longer share a common distribution under the
null hypothesis. Alternatively, we used the parametric bootstrap resampling method to calculate
p-values, and compared these with the asymptotics-based p-values. The parametric resampling
has also been used by Chen et al. (2014) to deal with inflated type I error of their thresholding test
statistic. Spec1ﬁcally, the bootstrap samples under the null hypothesis were drawn from N (0, 21)
and N (0, 22) where 21 and 22 are consistent estimates of 3; and Yo, respectively. As before,
we used the banding approach (Bickel & Levina, 2008) to obtain the consistent estimates. Since
the banding estimate is not necessarily positive-definite, we followed the suggesting in Remark 3
of Cai et al. (2010) to diagonalize the banding estimate and then replace negative eigenvalues by
a small positive constant, say 0.001.

Table 17 presents the results. The adaptive sum-of-powers test still controls type I errors well
and has high powers under most simulation settings for 3; # .
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Table 17. Empirical test sizes and powers (%) based on 1,000 replicates of mul-

tivariate normal data with sample sizes n1 = no = 50, dimension p = 200, and

autoregressive covariance matrix with order 1. The covariance matrices of the
two groups are ¥1 = (0.21"=71) and ¥y = (0.81"=71),

Equal variances (D = I,,):

. B =01 B =06 B =09
Test Size 004 r=006 r=06 =09 r=15 r=25
SPU(I) 5(5) 70(71) 86 (86) 1man  1233) 6 (6) 6 (6)
SPUQ)  6(3) 45(40) 69 (63) 49 (42) 76 (69) 14(10)  22(16)
SPUB) 4(3) 67(64)  82(82) 46 (44) 73 (71) 14(13) 34 (33)
SPUM4) 5(3) 3832  60(52) 72(66) 96 (93) 41(33)  78(72)
SPUG)  4(3) 47(42)  68(62) 68 (65) 92 (91) 44 (42) 81 (80)
SPUG6) 4(3) 28(23) 43(38) 74(69) 96 (95) 56(53) 89 (88)
SPU() 7(5) 20(15) 26 (21) 66 (60) 90 (87) 65(60) 92 (90)
aSPU 6(4) 55(58)  77(79) 70 (61) 94 (89) 57(50) 90 (86)
CLZ 124 5633 7754 84 (65) 98 (93) 4321) 66 (43)
CLX 7(5)  20(15  26(21) 66 (60) 90 (87) 65(60) 92 (90)
cQ 6(4)  46(41) 71 (64) 51(43)  78(71) 15(10) 23 (18)
Unequal variances (D = diag(d;;) with d;; ~ U(0.1,10)):
. =01 B8=06 B8=09

Test Size 015 r=025 r=25 r=35 r=3 r=45
SPU(I)  4(5) 62(63)  83(83) 1010)  11(11) 5(5) 5(5)
SPUQ) 5@4) 32(28)  55(48) 37(32) 56 (50) 8 (6) 9 (7)
SPUB) 4(3) 3937  63(61) 31(29) 49 (46) 4(3) 4(4)
SPUM4) 5@3) 19015 3127 42(36) 66 (58) 6 (4) 8 (6)
SPUG)  44) 18(16)  29(28) 35(33) 56 (55) 4(4) 5(5)
SPUG6) 44)  10(9) 17 (16) 33(31)  55(53) 4 (4) 6 (5)
SPU(cc) 7(5) 54(47)  88(83) 78 (74) 95 (93) 76 (72) 95 (93)
aSPU 6(4) 58(58)  88(87) 73(62) 92 (87) 67(59) 91 (88)
CLZ 124)  87(70) 99 (96) 81(64) 95 (85) 5125 70 (47)
CLX 7(5) 54(47)  88(83) 78 (74) 95 (93) 76 (72) 95 (93)
cQ 6(4) 33(29 56 (49) 38(33)  57(50) 8 (6) 10 (7)

The size (type I error) or power outside and inside parentheses were calculated from asymptotics-
and resampling-based p-values, respectively. SPU and aSPU: the sum-of-powers tests and the adap-
tive test; CLZ: Chenet al. (2014); CLX: Caiet al. (2014); BS: Bai & Saranadasa (1996); CQ: Chen
& Qin (2010); SD: Srivastava & Du (2008).
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3. SIMULATIONS: SINGLE NUCLEOTIDE POLYMORPHISMS DATA

To illustrate the performance of the proposed method and the asymptotic approximations for
non-Gaussian data, we next applied the various methods to test association between a binary
trait, such as disease status, and a set of single nucleotide polymorphisms in genome-wide as-
sociation study. Suppose there are n subjects in total. For the ith subject (z = 1,...,n), we as-
signed it to two groups according to its binary trait Y; = 0 or 1. Also, a p-dimensional predictor
X; = (Xi1, ..., Xip)" is available, where the genotype score X;; = 0, 1, or 2 is the count of the
minor allele at the jth single nucleotide polymorphism. We simulated genotypes for each subject
following Wang & Elston (2007). First, a latent p-dimensional vector Z = (Z1,..., Z,)" was
generated from a multivariate normal distribution N (0, R), where R = (r;;) is an autoregressive
correlation matrix with order 1 and r;; = 0.2/i=31. Second, we dichotomized the latent vector
Z to indicate a haplotype with some specified minor allele frequencies, which were uniformly
sampled between 0.05 to 0.5. Third, we used the above two steps to independently generate two
haplotypes, which were combined to form the genotype X; for subject :.

For each set-up, we simulated 1,000 independent replicates. Each replicate consisted of 200
cases and 200 controls; for each subject, there were p = 1, 000 single nucleotide polymorphisms,
5% of which were causal with odds ratios generated from U (1, a). Note that a = 1 indicates that
none of the single nucleotide polymorphisms was causal, which was used to estimate type I errors
for a null case. For non-null cases, we considered the values of ¢ at 1.1, 1.2, 1.3, 1.4, and 1.5
respectively. Note that it is realistic to assume 5% associated single nucleotide polymorphisms in
light of the current knowledge on the genetic architecture for complex diseases (The International
Schizophrenia Consortium, 2009).

Table 18 presents empirical type I errors and power calculated by both asymptotics-based and
permutation-based methods.The type I errors of the sum-of-squares tests based on asymptotics
were very close to those based on permutations.The asymptotic approximations gave a little
inflated type I errors for the sum-of-powers test with v = 1. This shows the good performance
of the developed theoretical results.

Since permutation-based p-values could control the type I error satisfactorily for all tests, we
used them to compare the power of the tests. Again the sum-of-squares type tests, including the
sum-of-powers test with v = 2, performed similarly well, but not the best, while the supremum
type test was low powered, given the non-sparse alternatives. However, since the non-zero signals
were not dense enough, if not counting the adaptive sum-of-powers test, it is notable that the
sum-of-powers tests with v = 3, 4, and 5 were often more powerful than the sum-of-squares
type tests. For example, at a = 1.4, the power of the sum-of-powers test with v = 4 was 0.619,
much higher than about 0.57 of the sum-of-squares type tests, 0.555 of the thresholding test
and 0.275 of the supremum type test. Note that, presumably due to weak signals, thresholding
adopted in Chen et al. (2014) was not as effective as weighting used in the sum-of-powers test
with v = 4. Most importantly, the adaptive sum-of-powers test could retain the highest power
across all the settings. We have also used simple covariance matrix to estimate > and similar
performance as in Section 2-3 can be observed; Table 19 presents the results.
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Table 18. Empirical test sizes and powers (%) based on
1,000 replicates of simulated single nucleotide polymor-
phisms data. There were n; = ng = 200 cases and controls
with p = 1,000 single nucleotide polymorphisms, 5% of the
single nucleotide polymorphisms were causal. The associa-
tion odds ratios were randomly drawn from U (1, a), where a

Test

SPU(1)
SPU(2)
SPU(3)
SPU(4)
SPU(5)
SPU(6)
SPU(o0)
aSPU
CLZ
CLX
BZ

CQ

SD

The size (type I error) or power outside and inside parentheses were cal-
culated from asymptotics- and permutation-based p-values, respectively.
SPU and aSPU: the sum-of-powers tests and the adaptive test; CLZ: Chen
et al. (2014); CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996); CQ:
Chen & Qin (2010); SD: Srivastava & Du (2008).

varied from 1 to 1.5.

a =1 (Size)

9(5)
6(5)
5(4)
5(5)
4(4)
5(4)
5(5)
7(6)
7(5)
5(5)
6(5)
6(5)
5(5)

a=12

23 (13)
16 (15)
20 (14)
15 (16)
14 (12)
13 (12)
8(8)
21 (15)
15 (13)
8 (8)
15 (16)
15 (16)
12 (14)

a=1.3

31 (26)
34 (32)
37 (37)
33 (35)
31 (32)
28 (28)
14 (14)
41 (39)
30 (26)
14 (14)
33(32)
33(32)
29 (32)

a=14

45 (36)
59 (57)
64 (60)
65 (62)
61 (60)
57 (54)
29 (28)
71 (66)
62 (56)
29 (28)
58 (57)
58 (57)
54 (56)

a=15

58 (51)
82 (83)
88 (86)
91 (88)
88 (88)
87 (84)
55 (57)
94 (90)
90 (84)
55 (57)
82 (82)
82 (82)
80 (82)
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Table 19. Empirical test sizes and powers (%) based on
1,000 replicates of simulated single nucleotide polymor-
phisms data. There were n1 = ny = 200 cases and controls
with p = 1,000 single nucleotide polymorphisms; 5% of the
single nucleotide polymorphisms were causal. The associa-
tion odds ratios were randomly drawn from U(1, a), where
a varied from 1 to 1.5. The covariance matrix was estimated
by the sample covariance matrix.

Test a=1Size) a=12 a=13 a=14 a=15
SPU(1) 4(5) 16 (13) 24 (26) 38@36) 50(51)
SPU(2) 0(5) 1(15) 7(32) 18 (57) 41 (83)
SPU(3) 4(4) 17(14) 32(@37) 61(60) 86 (86)
SPU4) 1(5) 5(16) 16 (35) 39(62) 75(88)
SPU(5) 4(4) 13(12) 30(32) 60(60) 88(88)
SPU(6) 3(4) 8 (12) 19(28) 45(54) 81(84)
SPU(c0) 5(5) 8 (8) 14(14) 29@28) 55(57)
aSPU 4 (6) 12(15) 27@39) 55(66) 87 (90)
CLZ 7(5) 15(13) 30(26) 62(56) 90 (84)
CLX 5(5) 8(8) 14 (14) 29(28) 55(57)
BS 6(5) 15(16) 33(32) 58(57) 82(82)
CQ 6(5) 15(16) 33(32) 58(57) 82(82)
SD 5(5) 12(14) 29(32) 54(56) 80(82)

The size (type I error) or power outside and inside parentheses were cal-
culated from asymptotics- and permutation-based p-values, respectively.
SPU and aSPU: the sum-of-powers tests and the adaptive test; CLZ: Chen
et al. (2014); CLX: Cai et al. (2014); BS: Bai & Saranadasa (1996); CQ:
Chen & Qin (2010); SD: Srivastava & Du (2008).
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4. REAL DATA ANALYSIS

43

Table 20 presents the complete results of all 22 autosomes in the data collected by The Well-

come Trust Case Control Consortium (2007) for bipolar disorder.

Table 20. The 100 x p-values of various tests for the Wellcome Trust Case Control Consortium
bipolar disease data.

Test

SPU(1)
SPU(2)
SPUEG)
SPU)
SPU(5)
SPU(6)
SPU(c0)
aSPU

Test

SPU(1)
SPU(2)
SPU(3)
SPU(4)
SPU(5)
SPU(6)
SPU(c0)
aSPU
CLZ
CLX
BZ

cQ

SD

1(3340)

63.6 (64.3)
<0.1(<0.1)
73.8 (74.5)
<0.1(<0.1)
74.2(732)
<0.1(<0.1)
13.1(11.8)
<0.1(<0.1)
<0.1(<0.1)
13.1 (11.8)
<0.1(<0.1)
<0.1(<0.1)
<0.1(<0.1)

12 (2135)

33(3.3)
<0.1(<0.1)
3.6 (3.6)

1.0 (1.5)
15.6 (14.7)
10.0 (10.3)
61.4(63.2)
0.2 (0.4)
25(34)
61.4(63.2)
<0.1(<0.1)
<0.1(<0.1)
<0.1(0.2)

2(3194)

17.0 (17.8)
<0.1(<0.1)
0.6 (0.7)
<0.1(<0.1)
0.2(0.3)
<0.1(0.1)
45(4.3)
<0.1(<0.1)
<0.1(0.3)
45(43)
<0.1(<0.1)
<0.1(<0.1)
<0.1(<0.1)

13 (1592)

3737
27(2.9)
12.9 (12.6)
<0.1(0.2)
39.4 (37.1)
<0.1(0.4)
8.8 (8.0)
<0.1(1.3)
0.2 (0.5)
8.8 (8.0)
26(2.9)
2729
<0.1(11.4)

3(2710)

0.7 (0.7)
<0.1(<0.1)
<0.1(<0.1)
<0.1(<0.1)
0.4 (0.5)
<0.1(0.3)
70.4 (72.9)
<0.1(<0.1)
03 (0.7)
70.4 (72.9)
<0.1(<0.1)
<0.1(<0.1)
<0.1(<0.1)

14 (1434)

61.1(62.2)
<0.1(<0.1)
2.12.1)
<0.1(<0.1)
02(0.7)
<0.1(0.2)
112(10.3)
<0.1(<0.1)
<0.1(<0.1)
112(10.3)
<0.1(<0.1)
<0.1(<0.1)
<0.1(<0.1)

Chromosome (number of single nucleotide polymorphisms)

4(2617) 5(2590) 6(2424) 7(2270) 8 (2050)
0.2(0.2) 38.6 (38.4) 3.1(3.5) 6.9 (7.3) 67.5 (68.1)
1.5(1.7) 0.2(0.2) <0.1(<0.1) <0.1(<0.1) 12.9 (13.3)
3131 96.3 (96.3) 4247 0.2(0.3) 55.2(55.9)
2.0(2.7) 0.1(04) <0.1(<0.1) <0.1(<0.1) 15.3 (15.0)
37.5(36.1) 57.3(55.9) 32.1(30.8) <0.1(0.2) 52.1(49.7)
2.7(4.1) 1.0(2.5) 0.5(1.5) <0.1(0.4) 19.4 (16.7)
12.1 (11.9) 4.8 (4.5) 31.7(31.9) 19.3(18.8) 45.6 (47.1)
1.0(1.2) 0.6 (1.0) <0.1(<0.1) <0.1(<0.1) 50.2 (43.3)
9.6 (10.2) 0.8(1.5) <0.1(<0.1) <0.1(0.2) 23.3(19.2)
12.1(11.9) 4.8 (4.5) 31.7(31.9) 19.3(18.8) 45.6 (47.1)
1.5(1.7) 02(0.2) <0.1(<0.1) <0.1(<0.1) 12.8 (13.3)
1L.5(1.7) 02(02) <0.1(<0.1) <0.1(<0.1) 12.8 (13.3)
<0.1(1.0) <0.1(04) <0.1(<0.1) <0.1(<0.1) <0.1(10.0)
Chromosome (number of single nucleotide polymorphisms)
15 (1428) 16 (1476) 17 (1405) 18 (1421) 19 (1026)
82.5(82.5) 60.1 (60.2) 80.6 (81.0) 33.0(32.3) 17.9 (18.1)
<0.1(<0.1) <0.1(<0.1) 15.0 (14.5) 28.9 (28.7) <0.1(0.1)
100.0 (100.0) 349 (34.4) 98.2(98.2) 18.7 (17.4) 3.4(3.6)
<0.1(<0.1) <0.1(<0.1) 23.2(21.7) 35.3(33.1) 0.1 (0.4)
32.9 (30.5) 2.5(3.3) 97.6 (97.6) 25.9(23.4) 0.4 (1.0)
<0.1(0.2) <0.1(<0.1) 21.9(17.9) 44.8 (38.6) 0.3 (1.5)
143 (13.8) 6.4 (5.8) 18.7 (18.0) 0.5(0.4) 9.9 (9.4)
<0.1(<0.1) <0.1(<0.1) 46.3 (45.9) 1.4(1.9) 0.4(0.7)
<0.1(0.2) <0.1(<0.1) 47.0 (30.1) 5.6 (6.6) 0.3(0.7)
143 (13.8) 6.4 (5.8) 18.7 (18.0) 0.5(0.4) 9.9 (9.4)
<0.1(<0.1) <0.1(<0.1) 14.9 (14.5) 28.8 (28.7) <0.1(0.1)
<0.1(<0.1) <0.1(<0.1) 14.9 (14.5) 29.0 (28.7) <0.1(0.1)
<0.1(<0.1) <0.1(<0.1) <0.1(8.2) <0.1(9.7) <0.1(<0.1)

9 (1986)

57(6.1)
<0.1(<0.1)
28.1(28.4)
<0.1(<0.1)
66.2 (64.5)
<0.1(0.2)
48(4.1)
<0.1(<0.1)
<0.1(0.3)
48 (4.1)
<0.1(<0.1)
<0.1(<0.1)
<0.1(<0.1)

20 (1257)

89.2(89.2)
<0.1(<0.1)
94.6 (94.7)
12 (2.0)
80.6 (79.6)
18.1(15.8)
78.3 (81.0)
0.2 (0.5)
2129
78.3 (81.0)
<0.1(<0.1)
<0.1(<0.1)
<0.1(0.1)

10 (2224)

87.5 (87.6)
16.2 (16.6)
33.1 (32.6)
109 (11.3)

8.0(7.5)
104 (10.0)
10.0 9.1)
27.1(28.3)
12,9 (12.7)
10.0 (9.1)
16.2 (16.6)
16.0 (16.6)
<0.1(11.6)

21 (698)

19.5(19.9)
34.1 (33.0)
415 (41.0)
16.5 (15.6)
724 (69.1)
9.7(92)
9.8 (9.0)
26.6 31.1)
0.9 (1.4)
9.8 (9.0)
34.1 (33.0)
34.1 (33.0)
<0.1(33.1)

11 (2039)

77.3(71.5)
0.7 (0.8)
78.8(79.0)
8.5(9.3)
81.1(80.6)
38.9 (34.4)
24.4(23.9)
3.9 (4.0)
12,6 (12.9)
24.4(23.9)
0.7 (0.8)
0.7 (0.8)
<0.1(2.5)

22 (776)

32.2(32.0)
0.6 (0.8)
67.9 (67.5)
2.8 (3.6)
75.5(73.0)
13.0(11.4)
66.2 (68.1)
343.7)
32(4.2)
66.2 (68.1)
0.6 (0.8)
0.6 (0.8)
<0.1(0.5)

The p-values outside parentheses were calculated from asymptotic distributions; those inside parentheses were based
on permutations. SPU and aSPU: the sum-of-powers tests and the adaptive test; CLZ: Chen et al. (2014); CLX: Cai
et al. (2014); BS: Bai & Saranadasa (1996); CQ: Chen & Qin (2010); SD: Srivastava & Du (2008).
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5. R PACKAGE AND CODE

An R package highmean implementing the tests studied in this paper is available on CRAN.
Below is R code for Table 1 of the main file.

library (snowfall)
# the snowfall package is used for parallel computing on a multi-CPU computer
sfInit (parallel = TRUE, cpus = 10, type = "SOCK")

begin <- proc.time ()

#install.packages ("highmean")

sflibrary (highmean) # package highmean version 2.0
sflibrary (mnormt)

sflLibrary (mvtnorm)

sfLibrary (CVTuningCov)

pow <- c(l:6, Inf) # the candidate parameters (gamma) for sum-of-powers tests

iter <= 1000 # number of Monte Carlo iterations

nl <- 50 # sample size of group 1

n2 <- 50 # sample size of group 2

p <- 200 # dimension

sigma <- 0.67abs(outer(l:p, l:p, "-")) # first-order autoregressive covariance

beta <= 0.1 # the signal sparsity parameter ranging between 0 and 1
r <- 0.06 # the signal strength parameter (0, 0.02, ..., 0.08 in Table 1);
# we take r = 0.06 as an example

m <- floor(p~ (1 - beta)) # number of non-zero signals in mu2
mul <- rep(0, p) # mean vector of group 1

muz <- rep(0, p)

if(m !'= 0){

diff.mean <- rep(sqgrt (2«rxlog(p)*(1l/nl + 1/n2)), m)
set.seed(1234)

m.entries <- sample(p) [l:m]

mu2 [m.entries] <- diff.mean # mean vector of group 2

}

set.seed (12345)
iter.seeds <- sample (1000000, iter)

# asymptotics-based

sim.asym <- function(nl, n2, p, mul, mu2, sigma, pow, seed) {

set.seed (seed)

saml <- rmnorm(n = nl, mean = mul, sigma)

sam2 <- rmnorm(n = n2, mean = mu2, sigma)

set.seed (seed)

n <- nl + n2 - 2

sam.cov <— ((nl - 1)#*cov(saml) + (n2 - 1)*cov(sam2))/n

saml.ctr <- saml - matrix(rep(colMeans(saml), nl), nl, p, byrow = TRUE)
sam2.ctr <- sam2 - matrix(rep(colMeans (sam2), n2), n2, p, byrow TRUE)
out <- regular.CV(rbind(saml.ctr, sam2.ctr),

k.grid = seq(from = 0, to = 50, by = 1), method = "banding",

fold = 5, norm = "F")

cov.est <- sam.covxbanding(p, out$CV.k[1])
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pval.spu <- apval_aSPU(saml, sam2, pow = pow, cov.est = cov.est)S$pval
pval.bail996 <- apval_Bail996 (saml, sam2) $pval 510
pval.cai2014 <- apval_Cai2014 (saml, sam2) $pval

pval.chen2010 <- apval_Chen2010 (saml, sam2) S$pval

pval.chen2014 <- apval_Chen2014 (saml, sam2) $pval

pval.sri2008 <- apval_Sri2008 (saml, sam2) $pval

pval <- c(pval.spu, pval.chen2014, pval.caiz2014, pval.bail996, 515
pval.chen2010, pval.sri2008)

return (pval)

}

sfExport ("nl", "n2", "p", "mul", "mu2", "sigma", "pow", "iter.seeds") 520
sfExport ("sim.asym")

pval.asym <- sflLapply(l:iter, function(i) {

sim.asym(nl, n2, p, mul, mu2, sigma, pow, seed = iter.seeds[i])

1) 525
pval.asym <- unlist (pval.asym)

test.names <- unique (names (pval.asym))

powers.asym <- numeric(length (test.names))

for(i in l:length(test.names)) {

pval.temp <- pval.asym[names (pval.asym) == test.names[i]] 530
powers.asym[i] <- sum(pval.temp <= 0.05)/iter

}

powers.asym <- as.matrix (powers.asym)

rownames (powers.asym) <- test.names

round (100xpowers.asym) # powers outside the parentheses when r = 0.06 in Table 1lsss

# permutation-based
perm.iter <- 1000

540
sim.perm <- function(nl, n2, p, mul, mu2, sigma, pow, perm.iter, seed) {
set.seed(seed)

saml <- rmnorm(n = nl, mean = mul, sigma)

sam?2 <- rmnorm(n = n2, mean = mu2, sigma)

set.seed (seed) 545
seeds <- sample (1000000, perm.iter)

pval.spu <- epval_aSPU(saml, sam2, pow = pow, n.iter = perm.iter, seeds = seeds)$pval
pval.bail996 <- epval_Bail996 (saml, sam2, n.iter = perm.iter, seeds = seeds) $pval
pval.cai2014 <- epval_Cai2014 (saml, sam2, n.iter = perm.iter, seeds = seeds) $pval
pval.chen2010 <- epval_Chen2010 (saml, sam2, n.iter perm.iter, seeds = seeds) $pssal
pval.chen2014 <- epval_Chen2014 (saml, sam2, n.iter = perm.iter, seeds = seeds)S$pval
pval.sri2008 <- epval_Sri2008 (saml, sam2, n.iter = perm.iter, seeds = seeds) $pval

pval <- c(pval.spu, pval.chen2014, pval.caiz2014, pval.bail996,
pval.chen2010, pval.sri2008)
return (pval) 555

}

sfExport ("nl", "n2", "p", "mul", "mu2", "sigma", "pow", "perm.iter", "iter.seeds")
sfExport ("sim.perm")

560
pval.perm <- sflapply(l:iter, function(i) {
sim.perm(nl, n2, p, mul, mu2, sigma, pow, perm.iter, seed = iter.seeds[i])
})

pval.perm <- unlist (pval.perm)
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test.names <- unique (names (pval.perm))

powers.perm <- numeric (length (test.names))

for(i in l:length(test.names)) {

pval.temp <- pval.perm[names (pval.perm) == test.names[i]]

powers.perm[i] <- sum(pval.temp <= 0.05)/iter

}

powers.perm <- as.matrix (powers.perm)

rownames (powers.perm) <- test.names

round (100+powers.perm) # powers inside the parentheses when r = 0.06 in Table 1

end <- proc.time ()
end - begin

sfStop ()
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