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APPENDIX 1. LEMMAS AND THEIR PROOFS

In order to prove the main results, we need to invoke the following lemmas. Some of them are
from the literature, and some of them are new and of independent interest.
Lemma S1 is from Esary et al. (1967, Theorem 2.1).

LEMMA S1. Let f(-) and g(-) be functions with K real-valued arguments, which are both
non-decreasing in each of their arguments. If U = (Uy, ..., Uk) is a multivariate random vari-
able with K mutually independent components, then cov{ f(U), g(U)} > 0.

Lemma S2 is from VanderWeele (2008), and Lemmas S3 and S4 are from Chiba (2009).

LEMMA S2. For a univariate U or a multivariate U with mutually independent components,
iffora=1and0, Y(a)lLA|U, E(Y | A= a,U = u) is non-decreasing in each component
of u, and pr(A =1 | U = u) is non-decreasing in each component of u, then E(Y | A=1) >
E{Y(1)}and E(Y | A=0) < E{Y(0)}.

LEMMA S3. For a univariate U and a multivariate U with mutually independent components,
ifY(0)ILA | U, E(Y | A= 0,U = u) is non-decreasing in each component of u, and pr(A =
1 | U = u) is non-decreasing in each component of u,then E(Y | A =0) < E{Y (0) | A= 1}.

LEMMA S4. For a univariate U and a multivariate U with mutually independent components,
fY(1)LLA | U, E(Y | A= 1,U = u) is non-decreasing in each component of u, and pr(A =
1 | U = u) is non-decreasing in each component of u,then E(Y | A=1) > E{Y (1) | A =0}.

Lemma S5, extending Rothman et al. (2008), states that under monotonicity, no additive in-

teraction implies non-positive multiplicative interactions for both presence and absence of the
outcome.

LEMMA S5. Ifp11 > max(p1o, po1), min(pio, po1) > poo > 0, and p11 — pio — po1 + Poo =
0, then

pupoo _ 4 (I —p11)(1 — poo)

popor — (1 —pio)(1 —por1)

Proof of Lemma S5. Define  RRj11 = p11/poo > 1, RRjg=pio/poo > 1 and RRy; =
po1/poo > 1. Then pi11 — pio — po1 + poo = 0 implies RRj; = RRjg + RRg; — 1, which

<1. (S1)
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s further implies

p11Po0 _ RR11 14 1
piopor RR190RRg RR19RRp

(RR11 — RRj9RRy;)

1
=14+ —(RR RRp1 — 1 — RRgRR
+ RR10RR01( 10 + RRo1 10RRo1)

1
=1—-— ————(RRj0—1)(RRp; — 1) <1.
RRRR, (R0~ D(RRyy — 1) <

The second inequality of (S1) follows from

(1 —p11)(1 — poo) (1 —p11)(1 = poo) — (1 = p1o)(1 — po1)

o) —po) T~ 20— po)
=1+ 1 —plo)l(l m— {(1 = p11 — poo + p11P00) — (1 — P10 — por + Propor) }
=1+ 1 —plo)l(l ~ por) (P11P00 — P10PO1)
=1+ ot (e 1) <1 :

Lemma S5 is about interaction between two binary causes, and for our discussion we need to
extend it to interaction between two general causes. Lemma S6 extends Piegorsch et al. (1994)
and Yang et al. (1999) by relating the conditional association between two independent causes

« given the outcome to the interaction between the two causes on the outcome.

LEMMA S6. If ZIU, and pr(A=1|Z = 2,U = u) = (2) + v(u) with 5(z) and v(u)

non-decreasing in z and u, then for both a = 1 and 0 and for all values of v and z,

OF(u|A=a,Z =z) >0,
0z -

i.e., U has non-positive distributional dependence on Z, given A.

Proof of Lemma S6. For a fixed u and 21 > zo, we define
pu=p(A=11U> 0,2 =) = [ (80) 2P~ Fla)),
po=pi(A=1]U>u.Z =)= [ {80) 42D/ - Fu)l
po=pr(A=11U < u.Z =) = [ {3a) 49/ Fu),
po=pr(A=11U < u.Z=z20) = [ {3la) + ()} () Fl),

following from the additive model of A and Z1LU.

Because 3(z1) > B(z0), it is straightforward to show that p1; > p1p and pg1 > poo. Because
~(w) is increasing in u, we have

p11 > B(z1) +v(u), p1o > B(z0) +7(uw), por < B(z1) +v(w), poo < B(z20) +v(u),
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which imply p11 > po1 and p1g > poo. We further have

P11 — P1o — Po1 + Poo

= /OO{B(»%) = Blz0)}F(du) /{1 — F(u)} - /u {B(21) = B(20) } F(du') / F(u)
=0

The four probabilities (p11, P10, Po1,Poo) satisfy the conditions in Lemma S5, Therefore, (2)
holds. Replacing the probabilities in (2) by their definitions above, we have

pr(A=11U>u,Z=21)pr(A=1|U <wu,Z = z)

<1
pr(A=11U>u,Z=20)pr(A=1|U<wu,Z==z) "~
pr(A=1|U >u,z) <pr(A:1\U>u,zo)
pr(A=1|U<w,2z1) ~ pr(A=1|U < u,z)’
and
pr(A=0|U>u,Z=2z1)pr(A=0|U <wu,Z = z) <1
pr(A=0|U>u,Z=20)pr(A=0|U<wu,Z=2z) —
:)prEA:MU>u,zl) <pr(A:O\U>u,zo)'

pr(A=0|U<wu,z1) ~ pr(A=0]|U < w,z2)
Therefore, for both a = 1 and 0 and for all values of u,

pr(A=a|U>u,Z =2)

pr(A=a|U<u,Z=2) (S2)

is non-increasing in z. Because of the independence of Z and U, we have
Fu|A=a,Z =

)
prlU<Lu,A=al|Z ==z
- pr(A=a| Z=2)

(

Therefore, F'(u | A = a, Z = z) is a non-increasing function of (S2), and the conclusion holds.[]

Lemmas S5 and S6 above hold under the assumption of no additive interaction, and the fol-
lowing two lemmas state similar results under the assumption of no multiplicative interaction.

LEMMA S7. If p11 > max(p1o, po1), min(pio, po1) > poo, and p11poo = piopo1, then
(1 = p11)(1 — poo)
(1 —pio)(1 — por)

Proof of Lemma S7. Using the same notation in the proof of Lemma S5, p11poo = p1opo1 im-
plies RR11 = RRloRR()l, with RR10 > 1, RR01 > 1, and RR11 > 1. Therefore,

P11 — P1o — Po1 + Poo = 0, <1

45

50

P11 — P10 — Po1 + oo = Poo(RR190RRp1 — RR19 — RRo1 + 1) = poo(RR19 — 1)(RRg; — 1) > 0,
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which further implies that

T T g = 1 (Tl (0L =)= 1)L =)
:1_p11—p10—p01+p00§1‘ .

(1 = p10)(1 — po1)

LEMMA S8. If ZUU, and pr(A=1|7Z=2,U =u) = (2)y(u) with B(z) >0 and
~v(u) > 0 non-decreasing in z and u, then Z1LU | A = 1, and for all values of u and z,
OF(u|A=0,Z=z%)
0z

i.e., U has non-positive distributional dependence on Z, given A = (.

>0,

Proof of Lemma S8. For a fixed u and z; > zp, we define
p=p(A=1|U>uZ=2)=px) / (W F () {1 — F (),
po=pr(A=1|U>u,Z = z0) = f(x) / V() F(dud) /{1 — F(u)},

u

por=pr(A=1|U<u,Z==z)= 5(21)/ y(u' ) F(du')/F(u),

poo=pr(A =1 U < .2 =) = flan) [ ()P Fw),
—0Q
following from the multiplicative model of A and Z [LU. Because (3(z1) > /3(20), we have py; >
p1o and pp1 > poo- Because ~y(u) is increasing in u, we have

p11 > B(z1)7v(w), pro > B(z0)v(w), por < B(z1)y(u), poo < B(z0)y(u),

which imply p11 > po1 and p1g > poo. We can further verify (p11poo)/(piopo1) = 1. Because
the four probabilities (p11, P10, Po1,Poo) satisfy the conditions in Lemma S7, we have {(1 —
p11)(1 —poo) }/{(1 — p10)(1 — po1)} < 1. Replacing the probabilities by their definitions, we
have

pr(A=1|U>u,Z=2z)pr(A=1|U <u,Z = z) ]
pr(A=1|U>u,Z=2)pr(A=1|U<wu,Z =z) ’
pr(A=0|U >u,Z = z)pr(A 0|U§u,Z:zo)<1
pr(A=0|U>u,Z=2)pr(A=0|U<u,Z=2z)

Following the same logic of the proof of Lemma S6, we can prove that Z1LU | A =1, and Z
has non-positive distributional association on U, given A = 0. O

Define f = pr(A = 1) to be the proportion of the population under treatment. The average
causal effect for the whole population can be written as a convex combination of the average
causal effects for the treated and control populations:

ACE™¢ = E{Y (1)} — E{Y(0)} = fACEY" + (1 — f)ACEU".

Analogously, with a scalar instrumental variable, the adjusted estimator for the whole population
can be written as

ACE™i — / p(2)F(dz) — / po(2)F(dz) = fACEYY + (1 — f)ACEgY,
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and with a general instrumental variable,

ACE“ = / vi(m)F(dr) — / vo(m)F(dr) = FACEY + (1 - f)ACES".

LEMMA S9. With a scalar instrumental variable Z, the differences between the adjusted and
unadjusted estimators are

ACE}Y — ACE™ = —

fa=fn 7

adj unadj __ COV{H(Z)) :U’l(Z)}

ACE;” — ACE™ = — -
ACEadj _ ACEunadj — _COV{H(Z 7/”’0(2)} _ COV{H(Z)7 /*’Ll(Z)}
1—f f '

With a general instrumental variable Z, the above formulas hold if we replace 11(Z) by 11 and
pa(Z) = E(Y | A=a,Z) by v,(Il) = E(Y | A= a,1I).

Proof of Lemma S9. The difference ACEXY — ACE" is equal to
ACEYY — ACE""
=B [A=0)~ [ m()F@s|A=1)
— [ m@Paz|4=0)~ [ )@z 4=1

_ S (= {1— H(z)}F(dz) [ po(2)11(z) F(d2)
—f f

[E{uo (2)}EAII(Z)} - E{uo(Z)TUZ)}E{1 - T1(2)}]

Fi =g (Bl B} — Blu(2)T(2))]

_cov{H( ) 0(2)}
fa-p

Similarly, the difference ACE§Y — ACE"™% is equal to

ACEYY — ACE"d — /,ul(z)F(dz | A=0)— /ul(z)F(dZ |A=1)

cov{II(Z), i (2)}
a-n

Therefore, the difference ACE*Y — ACE"4 js equal to

ACE™ — ACE"™ — f(ACE: — ACE"™) + (1 — f)(ACEXY — ACE"™%)
_cov{II(Z), uo(2)}  cov{II(Z), 11 (2)}
1—f f '

Analogously, we can prove the results for general instrumental variables. O
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APPENDIX 2. PROOFS OF THEOREMS AND COROLLARIES IN THE MAIN TEXT

Proof of Theorem 1. Because II(z) =pr(A=1|Z =z2) and pr(A=1|U = u) are non-
decreasing in z and u, and E(Y | A = a,U = u) is non-decreasing in u for both ¢ = 0 and
1, the unadjusted estimator, ACE"™4 _is larger than or equal to ACE™®, ACEY™ and ACE{",
according to Lemmas S2-S4.

Because I1(Z) is non-decreasing and f,(Z) is non-increasing in Z for both a = 0 and 1, their
covariance is non-positive according to Lemma S1, i.e., cov{II(Z), u.(Z)} < 0.

Because the differences between all the adjusted estimators, ACE;‘dj, ACESOIJ and ACE*
and the unadjusted estimator, ACE"Y, are negative constants multiplied by cov{II(Z), u.(Z)},
according to Lemma S9 all of ACEY, ACE2Y, and ACE*¥ are larger or equal to ACE"™4, [

Proof of Theorem 2. The independence of Z and U implies that
MA=HZ=@=/WM=HZ=AU=WF@O=M@+MWWL
mmzluhﬂoz/MAzuZzaU:uwmazEwwn+%w

are non-decreasing in z and u. Therefore, according to Theorem 1 we need only to verify that
E(Y | A= a,Z = z) in non-increasing in z for both ¢ = 0 and 1.

Because ZILU and pr(A=1|Z = z,U = u) = B(z) + vy(u) with non-decreasing 3(z) and
v(u), we can apply Lemma S6, and conclude that 0F(u | A =a,Z = z)/0z > 0.

Write the essential infimum and supremum of U given (A = a,Z = z) as u(a, z) and u(a),
with the later depending only on a according to Condition (c) of Theorem 2. Because Y Il 7 |
(A, U), integration or summation by parts gives

EY|A=a,Z=2)
:/E(Y|A:a,Z:z,U:u)F(du|A:a,Z:z)

_ /ma(u)F(du |A=a,Z =2)

= mo(u)F(u| A=a,Z=2)['"T00) / {877;5“) } Fu|A=a,Z =2)du

0
= mq{u(a)} — /{ ma(u) } Flu|A=a,Z=2)du.
ou
Therefore, its derivative with respect to z,

OE(Y |A=a,2) _ a/{%mw}ﬂwA:mZ:@M

0z 0z ou

__/{ang;(u)}{ap(u\A;a,zzz)}d%

is smaller than or equal to zero, because Om,(u)/Ou > 0 for both @ = 0 and 1 and for all w. O

Proof of Corollary 1. According to Theorem 1 we need only to verify that p,(z) = E(Y |
A = a,Z = z) is non-increasing in z for both ¢ = 0 and 1. Following Lemma S5, for binary and
independent Z and U, monotonicity and no additive interaction imply (S1), which, according to
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Bayes’ Theorem, is equivalent to

pr(A=1|Z=1U=1)pr(A=1|Z=0,U=0)
= OR <1
pr(A=1|Z2=1,U=0)pr(A=1|2Z2=0,U=1) 0 ZU|A=1 = 1, (S3)
pr(A=0|Z=1U=1pr(A=0|Z=0,U=0)
= OR _o < 1. S4
pr(A=0|Z=1,U=0pr(A=0|Z=0,U=1) ZU|A=0 = (S4)

The above inequalities (S3) and (S4) state that Z and U have negative association given each
level of A, and therefore pr(U = 1| A = a, Z = z) is non-increasing in z for both @ = 1 and 0.
Because mg (1) > m,(0) and

e(2) =E(Y |A=a,Z = 2)
= Z EY|A=a,Z=2U=upr(U=u|A=a,Z =2)
u=0,1
=ma()pr(U=1|A=0a,Z=2)+ma0){l —pr(U=1|A=a,Z=2)}
= {ma(1) = ma(0)}pr(U =1 [ A= a,Z = z) + mqa(0),

we know that yi,(2) is non-decreasing in pr(U = 1| A = a, Z = z). Therefore, p4(z) is non-
increasing in z for both @ = 1 and 0. O

Proof of Theorem 3. Because of the independence of Z and U, wehavepr(A=1|Z = z) =
B(z)E{y(U)} andpr(A =1 |U = u) = E{S(Z)}v(u) are non-decreasing in z and u. Accord-
ing to Lemma S8, the multiplicative model of A also implies that for both a = 1 and 0 and for
all z and u, 0F(u | A =a,Z = z)/0z > 0. Following exactly the same steps of the proof of
Theorem 2, we can prove Theorem 3. O

Proof of Corollary 2. For binary and independent Z and U, monotonicity, no multiplicative
interaction, and Lemma S7 imply

Pupo _ 4 o4 (1 —p11)(1 — poo)
P1oPo1 — 7 (I=pio)(1 —po1)

<1 (S5)

With the above results in (S5), the rest of the proof is the same as the proof of Corollary 1. O

Proof of Theorem 4. First, we consider the treatment effect on the population under treat-
ment. Taking U = Y(0) in Lemma S3, we have ACE" > ACE'Y°, because AlY(0) |
Y (0), pr{A=1|Y(0)} is non-decreasing in Y (0), and E{Y | A=0,Y(0)} = Y (0) is non-
decreasing in Y (0). The condition cov{Il, E(Y | A=0,1I)} <0 implies that ACE‘;dj >
ACE"adj according to Lemma S9. Therefore, ACEZldj > ACE"adj > ACE!™.

Second, we take U = Y (1) in Lemma S4, and by a similar argument as above we have
ACEX > ACE"™di > ACEg™.

The conclusion holds because ACE™® = fACEY™ + (1 — f)ACEf*® and ACEY =
FACEX + (1 — f)ACEAY. O

Proof of Theorem 5. Under the additive model of A given ITand U = {Y (1), Y (0)}, we have
the following results. First, pr(A = 1 | II) = II is increasing in II. Second, ITIL{Y(1),Y(0)}
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8 P. DING, T. J. VANDERWEELE AND J. M. ROBINS
implies
pr{A=1|ILY(1) =y} = /pr(A =1|ILU)F(dyo | y1)
= [ ) + o) oo | )

— 10+ 6() + / n(yo) F(dyo | 1) = IT + 3().

Denote the infimum and supremum of Y(0) given Y (1) = y1 by y,(y1) and g, with the later not
depending on y; according to Condition (c) of Theorem 5. Applying integration or summation
by parts, we have

Slm) = ) + 000 o | )50y = [ {0} P )

yo=y,(y1)

=5(y1)+n(yo)—/{(m£00)}F(yoyl)dyo-

The function §(y; ) is non-decreasing in y;, because

ddy) _ ds(w) / {dn(yo)} {8F<yo | yl)}dyo > 0.

diy dyr dyo oy

Third, following the same reasoning as the second argument, we have pr{A =1 |I,Y (1) =
yo} = T+ 71(yo), with 77(yo) being a non-decreasing function of yg. Fourth, IT1LY (1) implies
pr{A=1|Y(1) =y} = f+6(y1), which is non-decreasing in y;. Fifth, ILLY (0) implies
pr{A=1|Y(0) =y} = f + 7(yo), which is non-decreasing in yo.

According the fourth and fifth arguments above, Condition (a) in Theorem 4 holds. Therefore,
we need only to verify Condition (b) in Theorem 4 to complete the proof.

We have shown that pr{A =1|IL Y (1)} = I+ 6{Y (1)}, which is additive and non-
decreasing in IT and Y (1). According to Lemma S6, we know that

opr{Y (1) <y | A=1,II ==}
om

for all y; and 7. We have also shown that pr{A =1 | II, Y (0)} = IT + 7{Y(0)}, which is addi-
tive and non-decreasing in IT and Y (0). Again according to Lemma S6, we know that

>0 (S6)

opr{Y (0) <po [A=0T=7}
or -

(87)

for all yp and 7. According to Xie et al. (2008), the above negative distributional associations in
(S6) and (S7) imply the negative associations in expectation between Y (0) and II given A, as
required by condition (b) of Theorem 4. O

Proof of Corollary 3. As shown in the proof of Theorem 5, the conclusion follows immedi-
ately from the five ingredients. We will show that they hold even if there is non-negative interac-
tion between binary Y (1) and Y (0). The following proof is in parallel with the proof of Theorem
5.
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First, pr(A = 1 | IT) = IT is increasing in II. Second,

pr{A=1[TLY (1) =y}
=Epr{A=1|ILY (1) =y1,Y(0)} | 1LY (1) = y1]
— E{a+ 11+ 6y +nY(0) + 0y Y (0) | ILY (1) = y1 }
=a+II+0y; +npr{Y(0) =1[Y (1) =y1} + Oyspr{Y(0) =1 | Y (1) =31} (SB)
=11+ [y — E{Y (1)}]. (S9)

The last equation in (S9) follows from the fact that Y'(1) is binary and the functional form must
be linear in y1, where the coefficient is

S=pr{A=1|ILY(1)=1}—pr{Ad=1|IL,Y(1) =0}
=0+npr{Y(0)=1]Y(1) =1} —pr{Y(0) =1 | Y(1) = 0}] + 0pr{Y(0) =1 | Y(1) = 1}
(S10)
> nlpr{Y(0) =1|Y (1) =1} —pr{Y(0) = 1 | Y(1) = 0}], (S11)

where (S10) follows from (S8), and (S11) follows from § > 0 and # > 0. Because ORy > 1,the s
potential outcomes have non-negative association, implying that their risk difference RDy =
pr{Y(0) =1|Y (1) =1} —pr{Y(0) = 1 | Y(1) = 0} > 0. Therefore, 6 > 0, and pr{A =1 |

IT,Y (1)} is additive and non-decreasing in IT and Y (1).

Third, similar to the second argument, we have pr{A =1|IL,Y(0) = yo} = II + 7[yo —
E{Y(0)}] with i > 0. Therefore, pr{A =1 |II,Y(0)} is additive and non-decreasing in I s
and Y (0). Fourth, TLILY (1) implies that pr{A = 1 | Y/(1)} = f + 6Y (1) is increasing in Y (1).
Fifth, IT1LY(0) implies that pr{A = 1 | Y (0)} = f + nY(0) is increasing in Y (0).

With these five ingredients, the rest of the proof is exactly the same as the proof of Theorem
5. O

Proof of Theorem 6. First, pr(A = 1 | IT) = II is non-decreasing in II. Second,

pr{A=1[ILY(1) =3} = 6 () / 5(y0) F(dyo | 41) = T3 (u1)

is multiplicative and non-decreasing in II and y;, following the same argument as the proof of 1ss
Theorem 5. Third, pr{A =1 | II, Y (0) = yo} = II7(yo) is multiplicative and non-decreasing in
IT and yo. Fourth, pr{A = 1| Y (1) = y1} = fd(y1) is non-decreasing in y;. Fifth, pr{4A =1 |
Y (0) =yo} = fn(yo) is non-decreasing in yq.
The multiplicative models and Lemma S8 imply that for all 7, y; and yjo,

opr{Y(1) <y; |A=1TT=m}
on

opr{Y(0) <yo | A=0,Il =7}
on

=0<0,

> 0.(S12)
The rest part is the same as the proof of Theorem 5. O e
Proof of Corollary 4. First, pr(A = 1 | IT) = II is non-decreasing in II. Second,

pr{A=1|1LY(1) =y} = aIl6¥ E{n¥Y QYO | y(1) = 41} = aIls¥ D,
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where the functional form must be multiplicative because of binary Y (0), and the parameter 5 is

5o pr{A=1]1ILY(1) =1}
pr{A=1]|1II,Y(1) =0}
B 0070 | v(1) = 1)
BP0 [ V(1) = 0}

_ 5y mpr{Y(0) =1[Y(1) =1} +pr{¥(0)=0]| ¥ (1) =1}
npr{Y (0) = 1] Y (1) = 0} + pr{Y'(0) = 0| Y'(1) = 0}
(16— Vpr{Y (0) = 1| V(1) = 1} +1
(n—Dpr{Y (0) =1[Y (1) =0} +1"

Because ORy > 1, wehavepr{Y (0) =1|Y (1) =1} > pr{Y(0) =1 | Y(1) = 0}, which im-
plies that & > 1. Therefore, pr{A = 1| II,Y (1)} is multiplicative and non-decreasing in II
and Y (1). Third, we can similarly show that pr{A =1 |II, Y (0)} is multiplicative and non-
decreasing in II and Y (0). Fourth, pr{A = 1| Y (1) = y1} = afo is non-decreasing in 1.
Fifth, pr{A = 1| Y (0) = yo} = afn¥ is non-decreasing in yp.

The rest part is the same as the proof of Theorem 6. O

= X

Proof of Theorem 7.. In Figure 4, Z and U are two independent confounders for the relation-
ship between A and Y. Because pr(A=1|Z =2U=wu)and E(Y | A=a,Z = 2,U = u)
are non-decreasing in z and u for both @ = 0 and 1, Lemmas S2—-S4 imply that the unadjusted
estimator, ACE"™ is larger than or equal to ACE™, ACE'™ and ACEI"™,

The independence between Z and U impliespr(A=1|Z =z)= [pr(A=1|Z =2U =
u)F(du), and the monotonicity of pr(A=1| Z = 2,U = u) in z implies that pr(A =1 | Z =
z) is non-decreasing in z. The rest of the proof is identical to the proof of Theorem 1. O

APPENDIX 3. EXTENSIONS TO OTHER CAUSAL MEASURES
Appendix 3-1.  Distributional Causal Effects

Sometimes we are also interested in estimating the distributional causal effects (Ju & Geng,
2010) for the treatment, control and whole populations:

DCE™(y) =pr{Y (1) >y | A=1} —pr{Y(0) >y | A=1},
DCEG*(y) = pr{Y (1) >y | A= 0} —pr{Y(0) > y | A =0},
DCE"™(y) = pr{Y (1) > y} — pr{Y'(0) > y}.

The unadjusted estimator is
DCE" () =pr(Y >y | A=1)—pr(Y >y | A=0).
The adjusted estimators for the treatment, control and whole populations are

DCE{(y) = pr(Y >y | A=1)— /pr(Y >y|A=0,2)F(dz| A=1),

DCEX(y) = [ pr(Y >y | A=1,2)F(dz | A=0) —pr(Y >y | A=0),

DCE i (y) = /pr(Y >y|A=1,z2)F(dz) — /pr(Y >y | A=0,z)F(dz).
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If the outcome is binary, then the distributional causal effects at y < 1 are the average causal
effects, and zero at y > 1. All results about distributional causal effects reduce to average causal
effects for binary outcome. For a general outcome, the distributional causal effects are the av-
erage causal effects on the dichotomized outcome I, = I(Y > y). Therefore, if we replace the
outcome Y by I, in Theorems 1-3, the results about Z-bias hold for distributional effects. For
instance, the condition that pr(Y >y | A = a,U = u) is non-decreasing in u for all a is the
same as requiring a non-negative sign on the arrow U — Y, according to the theory of signed
directed acyclic graphs (VanderWeele & Robins, 2010). The following theorem states the results
analogous to Theorems 4—6.

COROLLARY S1. In the causal diagram of Figure 2, if for all y and for both a = 1 and 0,

(@ pr{Y (@) > y| A =1} > pr{¥(a) >y | A= 0}
(b) cov{IL,pr(Y >y | A=a,I)} <O

then
DCE{’(y))  (DCE™(y)\  /DCE}™(y)
DCEy’(y) | = | DCE"™Y(y) | > | DCE§™(y) | . (S13)
DCE(y) DCE"4(y) DCE™(y)

Under the conditions of Theorems 5 and 6, (S13) holds.

Proof of Corollary S1. Condition (a) of Corollary S1 is equivalent to pr{A =1 | I,(a) =
1} > pr{A =1 I,(a) = 0}, and Condition (b) of Corollary S1 is equivalent to cov{Il, E (I,
A = a,II)} < 0. Therefore, the conclusion follows from Theorem 4.

According to the proofs of Theorems 5 and 6, we have

pr{A=1]I,(a) =1} =pr{A=1|Y(a) >y} > pr{A=1]Y(a) =y}
> pr{A=1]Y(a) < y} = pr{A = 1| I, (a) = 0},

because of monotonicity of pr{A = 1| Y (a)} in Y (a). Therefore, Condition (a) of Theorem S1
holds. Under the conditions of Theorems 5 and 6, we have also shown in (S6)—(S12) that for all
a,y and 7, Opr(Y <y | A=a,ll =m)/0Or > 0, which implies that E([, | A =a,Il =) is
non-increasing in 7. Therefore, Condition (b) of Theorem S1 holds. The proof is complete. O

Appendix 3-2. Ratio Measures

In many applications with binary or positive outcomes, we are also interested in assessing
causal effects on the ratio scale for the treatment, control and whole populations, defined as
rie - BV [A=0} e E{Y(1)

* E{Y(0)[A=0} E{Y(0)}

true __ E{Y(l) | A = 1}
RRi™ = E{Y(0)|A=1}’

The unadjusted estimator on the ratio scale is

RRunadj —

180

185

190

195

200
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2s The adjusted estimators on the ratio scale for the treatment, control and whole populations are

DT JEY [A=0,Z=2}F(dz[A=1)
ppidi _ JE{Y [A=17 = 2}F(dz | A=0)

‘ E(Y [A=0) )
rpedi _ S P |A=1,7 = z}F(d2)

 JE{Y |A=0,Z = 2}F(dz)’

With a general instrumental variable Z, we can replace Z by II in the definitions of the adjusted
estimators.

COROLLARY S2. All the theorems and corollaries in §83 and 4 hold on the ratio scale, i.e.,
under their conditions,

RREIIdJ RRurladj RRtlrue
RR'de > RRunadj > RRBrue
RR2d R Rnadj RRrue

210 Proof of Corollary S2. First, RR"™ is a convex combination of RRT™® and RRI", and RR*%

is a convex combination of RR3Y and RR3Y, which are formally stated in Ding & VanderWeele
(2016, eAppendix). Then the conclusion follows from the proofs of the theorems above. O

Appendix 3-3. Average Over Observed Covariates

In practice, we need to adjust for the observed covariates X that are confounders affecting

215 both the treatment and outcome. The discussion in previous sections is conditional on or within

strata of observed covariates X, and the causal effects and their estimators are given X. For
example,

ACE"™(z) = BE{Y(1) | X =z} — B{Y(0) | X = z},
ACEM™ () =B(Y |A=1,X=2)-EY |A=0,X = x),

ACE™(z) :/E(Y |A=1,Z=2X=x)F(dz | X =)
—/E(Y|A:O,Z:z,X:aj)F(dz|X:x),

and other conditional quantities can be analogously defined. If the conditions in the theorems and
corollaries in §§3 and 4 hold within each level of X, then the conclusions in (1) and (S13) hold

20 not only within each level of X but also averaged over X. For example, for the average causal
effects, we have

[ ACEY(z)F(dz | A=1) [ ACE™i(z)F(dz | A =1)
[ ACEM (z)F(dz | A=0) | > | [ ACE™(2)F(dx | A=0)
[ ACE*(z)F(dx) [ ACE"™i () F(dx)

J ACE{"(z)F(dx | A=1)
> | [ACEf*(z)F(dz | A=0)
[ ACE"™¢(z)F(dx)
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