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1. PROOF OF THEOREM 1 20

For a fixed λ and a fixed b, we have from Theorem 1 in Zeng et al. (2006) that ‖β̂λ,b −
βλ‖ → 0, supt∈R+ |F̂λ,b(t)− Fλ(t)| → 0, with probability 1. As a result, for a fixed λ,
since β̂λ = B−1

∑B
b=1 β̂λ,b and F̂λ = B−1

∑B
b=1 F̂λ,b, by Slutsky’s theorem, ‖β̂λ − βλ‖ → 0,

supt∈R+ |F̂λ(t)− Fλ(t)| → 0 with probability 1.
An immediate result is that ‖β̂(Λ)− β(Λ)‖ → 0, supt∈R+ |F̂ (Λ, t)− F (Λ, t)| → 0, with 25

probability 1, where β(Λ) = (βT
λ1
, . . . , βT

λK
)T and F (Λ, t) = {Fλ1(t), . . . , FλK (t)}T, for a finite

grid Λ = (λ1, . . . , λK)T.
We now take the extrapolation step of the simex algorithm into account. We first show the con-

sistency of β̂SIMEX. Similarly to what is done in Li & Lin (2003), suppose that βλ can be specified
using a parametric model gβ(γβ, λ) depending on a vector of parameters γβ . Under the assump- 30

tion that this is the true extrapolation function, we have that βTRUE = gβ(γβ,−1) and β̂SIMEX =
gβ(γ̂β,−1), where γ̂β solves, by the least squares estimation method, ġβ(γβ,Λ)T{gβ(γβ,Λ)−
β̂(Λ)} = 0 and ġβ(γβ,Λ) is the PK × dim(γβ) matrix of partial derivatives of the elements of
gβ(γβ,Λ) with respect to the elements of γβ .
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We then have that

γ̂β − γβ =
{
ġβ(γβ,Λ)Tġβ(γβ,Λ)

}−1
ġβ(γβ,Λ)T{β̂(Λ)− β(Λ)}+ op(1)

and hence, with probability 1, ‖γ̂β − γβ‖ → 0, n→∞, by the continuous mapping theorem, if
ġβ(γβ,Λ) is bounded and ġβ(γβ,Λ)Tġβ(γβ,Λ) is invertible. Finally, by using once again the con-
tinuous mapping theorem, since β̂SIMEX = gβ(γ̂β,−1) and βTRUE = gβ(γβ,−1), we find that,
with probability 1,

‖β̂SIMEX − βTRUE‖ → 0.

We finally turn to the proof of the consistency of F̂SIMEX. Similarly to what is done in
Li & Lin (2003), suppose that, for a fixed t, Fλ(t) can be specified using a parametric
model gt(γt, λ) depending on a parameter vector γt. If this is the true extrapolation func-
tion, we have FTRUE(t) = gt(γt,−1) and F̂SIMEX(t) = gt(γ̂t,−1), where γ̂t is a solution of
ġt(γt,Λ)T{gt(γt,Λ)− F̂ (Λ, t)} = 0 and ġt(γt,Λ) = ∂gt(γt,Λ)/∂γT

t . It now follows that

γ̂t − γt =
{
ġt(γt,Λ)Tġt(γt,Λ)

}−1
ġt(γt,Λ)T

{
F̂ (Λ, t)− F (Λ, t)

}
+ op(1)

and hence, with probability 1, supt∈R+ ‖γ̂t − γt‖ → 0, by the continuous mapping theorem,
assuming that ġt(γt,Λ) is bounded uniformly in t and that ġt(γt,Λ)Tġt(γt,Λ) is invertible. Fi-
nally, by using once again the continuous mapping theorem, since F̂SIMEX(t) = gt(γ̂t,−1) and
FTRUE(t) = gt(γt,−1), we find that, with probability 1,

sup
t∈R+

|F̂SIMEX(t)− FTRUE(t)| → 0.

2. SIMULATION RESULTS35

Table 1 summarizes the results obtained for the 4 settings described in Section 4·2 with µ =
1.0, while Table 2 pertains to the settings of Section 4·3 with µ = 1.0.

Table 3 reports the results of a simulation study investigating the impact of the choice of the
grid of values for λ in the simex method. We still consider the same setting as in Subsection 4·4,
and compare the estimates obtained by using λ ∈ {0, 0.5, 1, 1.5, 2}, as in all previous simulation40

settings, with those obtained with λ ∈ {0, 0.25, 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2}. The quadratic ex-
trapolation function was used. It appears that both grids of λ values yield nearly identical results
in this setting.
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Table 1: Empirical bias, empirical and estimated variances, coverages and mean squared errors
for the settings with one mismeasured covariate, when µ = 1.0

Ma & Yin method Naive method Simex method
n v Estimate β0 β1 β2 β0 β1 β2 β0 β1 β2

200 0.1 Bias 0.2 1.8 −0.6 5.4 −10.2 −0.2 0.7 0.4 −0.5
Emp. var. 4.1 10.2 3.0 3.6 7.7 3.0 4.1 9.8 3.0

Est. var. 4.2 10.0 2.8 3.7 7.6 2.8 4.1 9.6 2.8
95% cv 94.8 94.6 94.2 94.0 92.8 94.6 94.8 94.4 94.2

MSE 4.1 10.2 3.0 3.9 8.7 3.0 4.1 9.8 3.0
200 0.2 Bias −1.4 5.9 −0.8 15.1 −32.3 0.3 4.6 −8.5 −0.2

Emp. var. 5.2 17.1 3.2 3.2 6.0 3.0 4.2 11.3 3.1
Est. var. 5.6 16.7 3.0 3.2 5.7 2.8 4.1 9.8 2.8
95% cv 96.4 96.0 94.0 87.0 73.0 94.8 92.8 91.6 94.0

MSE 5.2 17.4 3.2 5.5 16.4 3.0 4.4 12.0 3.1
300 0.1 Bias −0.4 2.4 −0.9 4.8 −9.4 −0.6 0.1 1.3 −0.9

Emp. var. 3.1 7.1 2.0 2.8 5.4 2.0 3.0 6.9 2.0
Est. var. 2.8 6.6 1.9 2.4 5.0 1.8 2.7 6.4 1.9
95% cv 95.4 94.6 95.6 91.6 90.4 95.0 94.4 94.2 95.4

MSE 3.1 7.1 2.1 3.0 6.3 2.0 3.0 6.9 2.1
300 0.2 Bias −1.3 4.9 −1.2 14.6 −31.6 −0.1 3.9 −7.6 −0.9

Emp. var. 3.7 10.4 2.2 2.4 3.9 2.0 3.1 7.5 2.1
Est. var. 3.5 10.4 2.0 2.1 3.8 1.8 2.7 6.5 1.9
95% cv 96.4 96.6 94.8 82.5 63.8 94.0 92.2 92.4 94.7

MSE 3.7 10.6 2.2 4.5 13.9 2.0 3.3 8.1 2.1

Emp. var., empirical variance; Est. var., estimated variance; 95% cv, coverage probabilities of 95%
confidence intervals computed based on the asymptotic normal distribution; MSE, mean squared error.
NOTE: All numbers were multiplied by 100.
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Table 2: Empirical bias, empirical and estimated variances, coverages and mean squared errors
for the settings with two mismeasured covariates, when µ = 1.0

Ma & Yin method Naive method Simex method
Estimate β0 β1 β2 β3 β0 β1 β2 β3 β0 β1 β2 β3

n = 200, v1 = 0.1, v2 = 0.1
Bias 0.4 0.7 1.3 −0.6 5.1 −11.7 −0.9 −0.1 1.1 −1.1 1.0 −0.5

Emp. var. 5.7 11.8 1.3 3.2 5.0 8.8 1.2 3.1 5.6 11.3 1.3 3.1
Est. var. 4.9 10.9 1.2 3.1 4.2 8.1 1.1 3.0 4.7 10.3 1.2 3.1
95% cv 93.0 94.6 94.8 95.8 91.8 92.6 94.8 96.0 92.4 94.8 94.2 96.0

MSE 5.7 11.8 1.3 3.2 5.3 10.1 1.2 3.1 5.6 11.3 1.3 3.1
n = 200, v1 = 0.2, v2 = 0.2

Bias −0.9 5.0 2.4 −1.1 13.5 −34.6 −6.0 1.0 5.2 −11.1 0.3 −0.3
Emp. var. 7.6 20.5 1.7 3.5 4.6 6.8 1.1 3.1 6.2 13.4 1.4 3.3

Est. var. 6.6 18.7 1.5 3.4 3.7 6.1 1.0 3.0 4.8 10.7 1.3 3.2
95% cv 94.4 95.2 95.0 95.2 86.4 71.0 90.2 95.2 91.0 90.8 95.2 94.8

MSE 7.6 20.8 1.7 3.6 6.4 18.7 1.5 3.1 6.4 14.6 1.4 3.3
n = 300, v1 = 0.1, v2 = 0.1

Bias 1.6 1.2 0.9 −0.9 6.2 −11.0 −1.3 −0.3 2.0 −0.1 0.7 −0.8
Emp. var. 3.2 7.6 0.8 2.0 2.8 5.8 0.7 1.9 3.2 7.5 0.8 2.0

Est. var. 3.2 7.1 0.8 2.0 2.8 5.4 0.7 2.0 3.1 6.8 0.8 2.0
95% cv 95.8 94.0 96.0 95.6 93.2 92.8 95.2 95.4 94.8 94.0 96.0 95.8

MSE 3.2 7.6 0.8 2.0 3.2 7.0 0.7 1.9 3.2 7.5 0.8 2.0
n = 300, v1 = 0.2, v2 = 0.2

Bias 0.5 4.5 1.7 −1.1 14.6 −33.8 −6.3 0.7 6.2 −9.7 0.2 −0.6
Emp. var. 4.2 12.5 1.0 2.1 2.5 4.5 0.7 1.9 3.5 8.7 0.9 2.1

Est. var. 4.2 11.7 1.0 2.2 2.5 4.0 0.7 2.0 3.2 7.1 0.9 2.1
95% cv 95.4 94.8 96.4 95.4 84.8 60.8 87.2 95.4 92.0 90.6 96.0 95.0

MSE 4.2 12.7 1.0 2.1 4.6 15.9 1.1 1.9 3.9 9.6 0.9 2.1

Emp. var., empirical variance; Est. var., estimated variance; 95% cv, coverage probabilities of 95% confidence
intervals computed based on the asymptotic normal distribution; MSE, mean squared error.
NOTE: All numbers were multiplied by 100.



Survival Cure Model with Mismeasured Covariates 5

Table 3: Empirical bias, empirical and estimated variances, coverages and mean squared errors
for the simulations investigating the robustness of simex with respect to the grid of λ

λ ∈ {0, 0.5, 1, 1.5, 2} λ ∈ {0, 0.25, 0.5, 0.75, 1,
1.25, 1.5, 1.75, 2}

n v β0 β1 β2 β0 β1 β2
200 0.1 Bias −1.4 −0.3 −2.2 −1.4 −0.3 −2.2

Emp. var. 12.4 20.6 6.7 12.4 20.6 6.7
Est. Var. 10.8 19.1 6.3 10.7 19.1 6.3
95% cv 93.4 95.8 94.8 93.4 96.2 94.8

MSE 12.4 20.6 6.8 12.4 20.6 6.8
200 0.25 Bias 7.2 −18.2 −2.0 7.4 −18.6 −2.0

Emp. var. 12.1 21.0 6.8 12.1 20.7 6.8
Est. Var. 9.7 14.8 6.3 9.7 14.6 6.3
95% cv 92.7 88.8 95.1 92.7 88.6 95.1

MSE 12.7 24.3 6.8 12.6 24.2 6.8
300 0.1 Bias −2.5 1.3 −1.3 −2.5 1.3 −1.3

Emp. var. 9.9 16.5 4.3 9.8 16.4 4.3
Est. Var. 7.6 12.5 4.1 7.6 12.5 4.1
95% cv 92.8 94.0 95.6 92.8 93.8 95.6

MSE 10.0 16.5 4.4 9.9 16.4 4.4
300 0.25 Bias 5.8 −15.3 −1.4 6.1 −15.6 −1.5

Emp. var. 10.0 17.7 4.4 9.9 17.4 4.4
Est. Var. 7.0 9.8 4.2 6.9 9.7 4.2
95% cv 89.7 84.3 95.6 89.7 83.9 95.6

MSE 10.3 20.0 4.5 10.3 19.9 4.4

Emp. var., empirical variance; Est. var., estimated variance; 95% cv,
coverage probabilities of 95% confidence intervals computed based
on the asymptotic normal distribution; MSE, mean squared error.
NOTE: All numbers were multiplied by 100.
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