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S-1. PROOF OF THEOREM 1
SKETCH OF TECHNICAL ARGUMENTS
Necessary U-Statistic theory

Consider the case of one sample. Let Z1,...,7Z,, be independent and identically distributed.
Let h.(-) be a function such that E{h.(Z1, Z2)} = 0. Define

Unv = 2im12 it (Zis Zj) [{n(n = 1)} = 3004305 ha(Zi, Z5) [{n(n — 1)/2}.
If hy(21, 22) # hs(22,21), we make it symmetric in its arguments by noticing that if
h(z1, z2) = {hs«(21, 22) + hs(22,21)}/2,
then
Une = Uy = S0, b 22, Z3) il — 1)},

We recognize U, as a U-statistic of order 2 with a symmetric kernel i(-). Define

hn(z) = 2B{h(z, Z5)}. (1)
Then, as in Theorem 12.3 of Van der Vaart (1998),
n'20, =07V ha(Z) + 0,(1). 2)
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Next we consider a special case of two samples, namely the ng controls and n; cases, denoted
as (Uy,...,Uy,) and (V1,...,V,,), respectively, with n = ng + ny. The U-statistic of interest
is

Un = (nom) ™' 202, Y55, 1(D; = 0) (D = 1)h(U;, Vj), €)

where 0 = E{h(U;,V;) | D; =0,D; = 1}.Letng/n — Aandn;/n — 1 — A, with0 < XA < 1.
Define

hio(u) = E{h(u,V) | D = 1};
ho1(v) = E{h(U,v) | D = 0}.

Then, from Chapter 12.2 of Van der Vaart (1998),

n2U, = n!Png S I(D; = 0)ha o(Us) + 0 Pnyt 5200 I(D; = 1)ho 1 (V;) + 0p(1). (4)

Preliminary Lemma

Let the data be Z; = (D;, G;, X;) fori = 1,...,n, ordered so that the first g observations
are the controls, and the last n; observations are the cases.

Define ng = cgn.

In the proofs, for generic functions 7'(+) and P(-), we need to deal with terms

Du(P,T) = L go(ma/na)n 321, 351 30—l (D = d)
XP(XZ) {T(T, Gj, Xz) — TE(T’, Dj, Xl)}

= ZLoZ(ﬁ:o(m/nd)n‘lZ?:i?:lZi:oI(Di =t,D; =d)
XP(Xl) {T(T, Gj, Xz) — TE(T', d, Xz)} y

where
Te(r,d,z) = E{T(r,G,z) | D = d}.

We will use repeatedly the fact that for any constant x,

0=FE[P(z){T(r,G,z) —Tg(r,d,z)} | D =d]. (3)

We will make the following notational convention. We define
E[P(X){T(r,g:,X) = Tr(r,d, X)} | D = ] (6)

to mean

EPX){T(r,g,X) = Tp(r,d, X)} | D = t],_g, -
Similarly, E [P(x;) {T(r,G,z;) — Te(r,d,z;)} | D = t] is

E[P(x){T(r,G,z) = Tg(r,d,x)} | D =1] ,_x, .

Below, we will prove the following Lemma, which relies of U-statistics of order 2 for one
sample and U-statistics of order 1 for independent samples, namely the cases and the controls.
We use the notation defined at (6).
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LEMMA 1. Define Z; = (D;,G;, X;). As n — oo in such a way that ng = cqn for 0 <
CO? Cl < 1)

n'/?D, (P, T)
= n ST a0 Yo {cama, fea }E{P(X)T(r, 91, X) | D = d}
—n g B [P(X) {0501 Ti(r, 0, X) + m 1y T, 1, X)

—n_1/2n1E |:P(X) {WOZi:OTE(Ta 0, X) =+ 7le:i:l)T’E(r’ L, X)

\Dzo}

N~ —~—

D= 1} + o,(1).

Proof of Lemma 1

Now, since there are only n terms with ¢ = j, whereas the leading terms before the summations s
are O(n~2), and because (n — 1)~ — n~! = O(n~2), and because the first ng observations are
controls, to order n'/2, analyzing D,, is equivalent to analyzing

Dn(P,T) = Zt OZdO (P, T,t,d) 4+ op(n~ )a

where
Dy (P,T,0,0) = (mo/no)n~ ' 312, 3700, 5, [(Di = 0, Dj = 0)
xP(X; )Z’r o{T(r,Gj, Xi) = Te(r,0,X;)}
= {no(no — 1)} '3°700, 3770, I(Di = 0,D; = 0)
x (moco) P(Xi) 320 {T(r, G, Xi) = Ti(r,0, X;)} + Op(n™");

Dn(P,T,0,1) = (mi/n)n "Y1 30 I(Di = 0,D; = 1)
><P(X )Zr:O {T(r,G;, X;) = Tg(r,1,X;)}
= (non1) "Y1 > 1 [(Di=0,D; = 1)
x(mco)P(X»Zi:o {T(r,G}, Xi) = Tp(r,1,Xi)};

Dy (P,T,1,0) = (m0/no)n” ' 3oi 112521 1(Di = 1,D; = 0)
XP(X )3 o {T(r,Gj, X;) — Tp(r,0, X;)}
= (non1) ' 31 Y I(Di = 0, D = 1)
X (wocl)P(Xj)zizo {T(r,Gi, X;) — Tr(r,0,X;)};

Dn(P,T,1,1) = (7r1/nl)n_12?:n0+1Z?:no-i—l,j;éiI(Di =1,D;=1)
XP(Xi)3 o {T(r, G}, Xi) = Tr(r, 1, Xi)}
={ni(n1 — 1)}_1Z?:no—f—lz:?:no-i-l,j;éil(l)i =1D;=1)
x(m1e1) P(Xi) 20— {T(r, G, Xi) = Te(r, 1, X,)} + Op(n ™).
Now, D,,(P,T,1,0) and D,,(P,T,0,1) are U-statistics of order 1 for 2 independent samples,
while D,,(P,T,0,0) and D,,(P,T,1,1) are U-statistics of order 2 for a single sample, all with

asymmetric kernels.
We next analyze D,,(P,T,0,1). The term D,,(P, T, 0, 1) has kernel 60

h(ZZ, Zj, 0, 1) = (chO)P(Xi)Zi:O {T(T, Gj, Xz) — TE(T‘, 1, Xz)} .



Then

hljo(u,O, 1) = E{h(u, Zj,O, 1) ’ Dj = 1} = 0, by (5);
ho,l(v,O, ].) = E{h(ZZ,’U) ’ Dl = 0}

= (m1c0)E | P(X)S)_ {T(r,v, X) — Tg(r,1,X)} | D = 0] .
Thus, from (4),
n'2D, (P, T,0,1) = (n*/?/n1)Y_, 1 1h01(Z;,0,1) + 0p(1)
=n 12y e ho1(Z5,0,1) + op(1). (7)

In the notation defined at (6),
nl/zpn(Pa T7 07 1) = nil/QZ?:no—l-l(TrlcO/cl)I(Dj = 1)

XZi:OE [P(X) {T(ngj?X) - TE(T7 17X)} ‘ D = 0] + Op(l)

=n 2y I(Di=1) (8)
X(WICO/Cl)Z}":OE [P(X) {T(Tv gle) - TE(Tv 17X)} ’ D= 0] + Op(l)'

Now consider he term D,,(P, T, 1,0), which has kernel
h(Zi, Zj,1,0) = (moe1) P(X;) Y, -0 {T(r, Gi, X;) = Tip(r, 0, X;)}
Then

hlyo(’u,, 1,0) = E{h(u, Zj, 1,0) ‘ Dj = 1}
= (moet) B [P(X) S} {T(r 0, X;) = T(r, 0, X,)} | Dy = 1]
ho@(’U, 1, 0) = E{h(ZZ',’U, 1,0) | DZ' = 0} = 0, by (5)

Thus, from (4),

n!/2Dy (P, T, 1,0) = (n*/? /n0) 1%, h1,0(Zi, 1,0) + 0p(1)
=07V e hy 0(Z5,1,0) 4 0,(1). )

In the notation defined at (6),

n'/?D,(P,T,1,0) = n~ Y251 I(D; = 0)(moc1/co) (10)
xSt JE[P(X){T(r,g:;, X) — Te(r,0,X)} | D = 1] + 0,(1).

We next analyze D,, (P, T, 0,0), which is a U-statistic of order 2 but with an asymmetric kernel
h*(Zi, Zj, 07 0) = I(DZ = Dj = 0)(77000)P(X¢)Z71n:0 {T(T, Gj, Xz) - TE(T, 0, Xz)} .
To make this a symmetric kernel, we define

h(Zi, Z,0,0) = (1/2)1(D; = Dj = 0)(oco) [P(Xi)Xp_o {T(r, G, Xi) — Tr(r,0, X,)}
+P(X)) o {T(r. Gi, X;) = T(r, 0, X)}] -



We now apply (1), so that
Pa(2,0,0) = (moco) E | P(2)2) o {T(r, G, ) = Tio(r,0,2)} | D = 0]
oo B [POX)LL o {T(r,9, X) = Te(r,0,X)} | D = 0]
= (moc0) B | P(X) 1o {T(r. 9, X) = Te(r,0,X)} | D = 0] , by (5)
From (2), this means that

n'/2D,, (P, T,0,0) = (n'/? /ng) 1% 71 (Z;,0,0) + 0p(1)
= (n"? /)31 11 (Z:,0,0) + 0p(1).

Thus, in the notation defined at (6),

n'?D,(P,T,0,0) = n~ V232" I(D; = 0)mg (11)
XZT:oE[ (X){T(r, 9i, X) = Tp(r,0, X)} | D = 0] + 0p(1).

We next analyze D,,(P, T, 1, 1), which is a U-statistic of order 2 but with an asymmetric kernel
D (Z Zj7 17 1) - I(D’L = D] = 1)(WICI)P(Xi)Z11ﬂ:O {T(T7 ij X’L) - TE(T’, 17 X’L)} :
To make this a symmetric kernel, we define

h(Z Z], 1, 1) (1/2)I(DZ == Dj == 1)(7‘(‘161) [P(X’L)Z}":O {T(T‘, Gj,Xi) - TE(T, 1,Xl)}
+P(X)) 3o {T(r, G, Xj) = Tpp(r 1, X)) }] -

We now apply (1), so that
m(z1,1) = (me) B [P(2)S) o {T(r, G, x) = Tu(r,1,2)} | D= 1]
(e E [P(X)zizo (T(r,g,X) — Tr(r,1,X)} | D = 1]
= (mien) B [POOX]_o {T(r.9.X) = T(r, 1, X)} | D =1, by (5).
From (2),

n!2D(P,T,1,1) = (0% /n1) S0 1 (Zi,1,1) + 0p(1)
= (072 )e) Y b1 (Zi, 1, 1) + 0p(1).

Thus, in the notation at (6),

n'*D,(P,T,1,1) =n P00, L T(Dy = 1) (12)
xm B |P(X)Yr_o {T (7,9, X) — Te(r,1,X)} | D = 1| + 0,(1).
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Collecting the terms (8), (10), (11) and (12), we get that
n'?D, (P, T)
=n VA (D = 0)7ToZr oF [P(X){T(r,9:, X) = Tp(r,0,X)} | D = 0]
+n- 1/22"0 I(D; = 0)(moc1 /o) Yoo B [P(X) {T(r, 9i, X) = Tu(r,0,X)} | D = 1]
+n71/22i:n0+1 (Di =1)mE [P(X)Zi:o {T(r,g;, X) —Tg(r,1,X)} | D = 1}

+n A T(Dy = 1) (mico/en) Yy E [P(X) {T(r, i, X) = Te(r,1, X)} | D = 0]
+op(1).

This in turn is seen to be
n'2D, (P, T) = Gi — G + 0p(1),

s Wwhere

Gi(P,T) = n~ V230 S io> o —o(cama, /ea,) E{P(X)T(r,9;, X) | D = d};

Go(P,T) =n~ 1230 3o I(Di = 0)mE {P(X)Tx(r,0,X) | D =0}
020 S I(Ds = 0)(moer /o) E{P(X)Tx(r,0,X) | D = 1}
+n- 1/22i:n0+12r:o (Di =1)m E{P(X)Tp(r,1,X)| D=1}
A o I(Di = 1) (mico /1) Sor o E{P(X)Tg(r,1,X) | D =0}.

It is easily seen that
Go(P,T) = n~Y2noE [P(X) {TrozionE(r, 0, X)} D= 0}
V2 E _P(X) {ﬂoz} JTi(r, o,X)} D= 1}
+n*1/2n1E P(X) {mzr OTE(r,1,X)} D= 1}
V20 B [P(X) {ME oT(r,1 X)} D= o}
— V2 [P 7o T (r,0, X) + m > T(r, 1,X)} D= 0}

07120, B [P(X) {030l Ti(r, 0, X) + m L Ti(r, 1, X) } | D= 1]

This completes the proof of Lemma 1.

Proof of Theorem 1
With a first-order Taylor series expansion, it is readily seen that

n-l/2y Sa(Di, Gi,X:,Q)  Sa(Di,Gi, Xi,9)
= 804G X, Q) 8D G X5, )

} =10 2(Q — Q) + 0,(1).

e Similar ly,

~

s JReXo Q) Ra(Xa | _Loag gy,
Z2=1{ R(X,.0) ]:B(XZ,Q)} Lon/2(Q2 — Q) + 0,(1).




In a manner similar to that of Wei et al. (2013), we have that

0

0S,(Q)

Sn(©) = 8(Q) + 0P 2@ - Q) + 0p(1)

QT

Sa(€) + (1 = To)n2(Q = Q) + 0,(1)
Sn

Ro(X:,Q) RQ(Xi,Q)}

(Q) — n—1/22?:1 { E(X“ Q) R(XZ', Q)

+(0; = To)n2(Q — Q) + 0,(1).

We now analyze the second term in (13), which equals

~

(Xi, ©2) — Raf(

Xi,Q)  Ro(Xi, W{R(X;,Q) — R(X;,Q)}

R
”_1/2Zi:1 L

R?(X;,Q)

= oL PUXG Q{Ra(X0, Q) — Ra(X:, Q)
—n VAN Py(X, Q{R(X, Q) — R(X;, )} + 0, (1).

Thus,

Cn = n—l/ZZ;L:l{

~1/2
=nY Z?:l

Ro(Xi,Q)  Rq(X;,Q)

R(X;, Q) R(X;,Q) J
Ro(Xi, Q) — Ro(X:,Q)

_n—l/QZ

== Cnl - Cn2 + Op(l).

First, we calculate that

 Ro(Xi,Q) -
L g R 0) = ROX,9) + 0y(1)

R(z,9) - R(x,Q) = X1, )oY a—o(ma/na)[(D; = d)S(r, G, 2, Q)

Similarly,

= Z?:l

1
= Zd:o

_Zi:OZ}i:OWdSE(Tv d,x, Q)
{3t oY mo(Ta/na)I(D; = d)S(r,Gj,x, Q)

(13)

+ 0p(1)

_Zi:Ochlzo(ﬂ-d/nd)I(Dj = d)SE(T’ d? xz, Q)}

n?Z?:lZizoI(Dj = d)mq
X {S(T7 G]> €, Q) - SE(T, d7 €Z, Q)} .

Ro(z,9) = Ro(w,Q) = Ya_gng ' Y5210 (D = d)ma

x {Sa(r,Gj,x,Q) — Spa(r,d,z,Q)}.

(14)

(15)

90
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Then, from (14) and (15),
Cot = 023" PL(Xi, Q){Ra(X4, Q) — Ro(X;,Q)}
=Y io(ma/na)n V2 PL(X;, Q)
XY o I(Dy = d) {Sa(r, Gy, Xi,9Q) — Spa(r, Dj, Xi, )} ;
Coz = n 2" Py(Xi, Q{R(X;, Q) — R(X;,Q)}
=Y io(ma/na)n V2 P (X, Q)
XY o I(Dy = d){S(r, Gy, X, Q) — Sp(r, Dy, X;,Q)} .
In the notation defined at (6),
Cn1 = n'/?D,(Py, Sq) + 0,(1);
Cna = n?Dy(Py, S) + 0,(1).
Thus, with Lemma 1,
Cn = Cn1 — Cpna + 0p(1)
= 2 Y00

CdTqg

B ({PL(X,9)Sa(r g X) = Po(X, Q)8(r, 0, X)} | D =]

—nV2p,E :Pl(X ) {WOZ,{ZOSE,Q(T,O,X) +m Y, _Sealr 17X)} | D= 0}

—n V2B :Pl(X Q) {WOZLOSE,Q(RO,X) +mY,_oSEa(r, 1’X)} | D= 1}
+n"Y2noE :P2(X7 Q) {WOE}:OSE@ 0,X) +m3 oSk 1’X)} | D= O]
B {500 e 0} 1521

CdTd

_ 1 1
=n 1/22?:1211:027«:0 c

" LE[{P(X,9Q)Sa(r, 9, X) — P2(X,Q)S(r, 9, X)} | D = d]

Ro(X,Q) | D=1}
R(X,Q)| D=0}
X, Q)| D=1} +o0py(1).

+n_1/2n0E {P2
+’I’L_1/2TL1E {P2
However,

Pl(X’ Q)RQ(Xv Q) = {R(X7 Q)}ilRQ(‘XZ Q);
PZ(Xa Q)R(X> Q) = {R(X> Q)}_lRQ(X> Q)7

so the last 4 terms above cancel, completing the proof of Theorem 1.



S-2.  ALTERNATIVE PROOF BASED ON A HYPOTHETICAL POPULATION
Here we give an alternative argument using the hypothetical population framework
of Ma (2010). Define Ki(D,G, X,Q) = Sq(D,G,X,Q)/S(D,G, X,) and Ko(X,Q) =
Ro(X,Q)/R(X, Q). Solving (7) in the main paper leads to the expansion

0= 77,71/2 Z {K:1<DZ, Gini7 ﬁ) - W}
Pt R(X;,Q)

= nfl/QZ Kl(Di,Gi,XZ',Q) — 7@()(“9)
i=1 R(XUQ)

~

S 16{&(@,@1,&,9) ) }/69 - p<1>] Vi@ - Q)

s e o oy Ra(Xi,Q) — Ro(X,,9)
=n 1/2; Ki(D;, Gi, X5, ) — Ka(X;,Q) R(X,. Q)
o { R~ RGO Y| + (T4 = )@ - )+ 0,1

=n"12y" {’Cl(Dh Gi, Xi,Q) — Ka(Xi, Q) — Pi(Xi, Q) Ro(X;, Q)
i=1

+Po (X, QR(X;, Q) | + (D1 = T2) V(@ = Q) + 0,(1).
Now using U-statistics properties, 100
w2y { P, Q)ﬁg(Xi, Q) - Po(X, QR(X,,0) }
= o amon P 1 (D = d) {P1(X;, Q)Sa(r, Gj, X;, Q)
—Py(X;,Q)S(r, G}, Xi, )}
=3 N S e Sl IE[ I(D = d) {Py(;, )Sg(r,G,xi,Q)—Pg(:ci,Q)S(r,G,xi,Q)}]

+271~:025l:0n_1/227j1=1E I:CdI(dj = d) {P1(X, Q)Sq(r, 95, X, Q) — Po(X,Q)5(r, 95, X, Q)}:|

o> aon A E [ij(Dj — d) {PL(X,0)Sa(r,G}, X, Q) — Py(X,Q)S(r, G, X, ﬂ)}]

+op(1).
Further, we thus have that
n 2 { PG Q) Ra (X3, Q) - Pa(X0, QR(XG, ) }
= oD ion A ma {PL(X:, Q) Spa(r,d, Xi, Q) — Py(X;,Q)Sp(r, d, X;, )}

_ TI'dC
ED DAY S Dy TR S o LI(d; = d)

xE[{P1(X,Q)Sq(r, gi, X, Q) — Po(X,Q)S(r,9i;, X, Q2)} | D =]
S0 oY *ract E{PL(X, Q) SE o(r.d, X, Q) — Py(X,Q)Sg(r,d, X,Q) | D =t}
+o,(1).
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Thus,

nol25n {Pl(Xi, O Ra(X;, Q) — Po(Xy, Q) R(X;, Q)}

=S L TP g {PU(X, Q) Spa(r d, Xi, Q) — Po(Xi, ) Sp(r, d, X, Q)}

n ;€
+Ecll:0271“:0n_1/22i:17rg7ddE [{Pl (Xa Q)‘SQ(T’ i, X7 Q) - P2(X7 Q)S(T, Gi, Xv Q)} ‘ D= d]

S o o P B {PU(X, Q)SEalr, d, X, Q) — Po(X,Q)SE(r,d, X,Q) | D =t}
+0p(1)
= S0 A TEL B [{P(X, Q)Sa(r, i X, Q) — PaA(X, Q)S(r, 90, X, 9} | D = d]
d;
+0p(1).
Here the last step is because for any X,

S o> aoTa {PL(X, Q) SEa(r,d, X,Q) — Po(X,Q)Sg(r,d, X,Q)}
1 Ra(X,Q
= RE.D Y o> d—oTaSEa(r d, X, Q) - Mzigz}lowds,;(r, d, X, Q)

_ Ro(X,Q)  R(X,Q)Rq(X,9)

R(X,Q) R2(X,Q)
=0.

This leads to the result.
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S-3. SCORE AND HESSIAN: RARE DISEASE CASE OF §2.2 IN THE MAIN PAPER 105

We consider models in which x + m(g, z, 8) = QT (g, z)Q, and Q = (k, 31)T. The point of
this section is to show that both the log-pseudolikelihood score and its Hessian are very simply
calculated, and that the Hessian is negative semidefinite.

In the rare disease case,

S(d, g,z Q) = exp{dQ" (g, 2)Q}, (16)

and thus 110
log{S(d, g,z,Q)} = dQ" (g, ).

This means that

Olog{5(d,g,x,Q)}/9Q = dQ(g, x),

and also that

d%og{S(d, g, z,Q)}0Q0QT = 0.
Similarly, in the rare disease case,

R(X,Q) =ng ' Y0 o I(Dj = 0)S(r, G}, X, Q).

From (16),
Ro(X,Q) = 0R(X,9)/0Q = ng 'Y Yo I(Dj = 0)S(r, G}, X, 0)rQ(Gj, X)
=ny ' 2 i I(Dj = 0)S(1,Gj, X, 9)Q(Gy, X). (17)
Thus, 115
Rao(X, Q) = 9*R(X,Q) /00007
=ny ' Y0 I(D; = 0)S(1,G5, X, 0)Q(G;, X)QM (Gj, X). (18)

This means that the Hessian for the log-pseudolikelihood in equation (6) of the main paper is
_H{Ra(X,Q)/R(X, )} _ Roa(X,9Q) N Ro(X,Q)RL(X,Q)

oQr R(X,Q) R2(X,Q)
— (R(X, Q) {—}?QQ(X, Q)R(X, Q) + Ra(X,Q)RE(X, Q)} .

Write V; = I(D; = 0)S(1,Gj, X, Q). For matrices, define A < B to be that B — A is positive
semidefinite. By Holder’s inequality

Ro(X,Q)R5(X, Q)
= n(?lZ?:leQ(Gj,X) X ”o_lz;'lzlvaT(GﬁX)
< nalz}?:l‘/jQ(Gj, X)Q"(Gj, X) x nalz}?:lvj
= Rao(X, Q)R(X, Q).

Hence, the Hessian is negative semidefinite as claimed.
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S-4. STRATIFICATION AND THE INDEPENDENCE ASSUMPTION

The assumption of gene-environment independence may not hold when there may exist un-
derlying strata in the population, e.g. defined by ethnicity, across which the distribution of both
genetic and environmental factors vary. In this case, as discussed in Section 3.1 of Chatterjee
& Carroll (2005), we extend our framework to account for the scenario where the genetic and
environmental factors can be assumed to be independent conditional on a discrete stratification
Awitha =1,..., Alevels.

To apply the method in Section 2.1 in the main paper to this case, for stratum a, we replace
74 by T4q, the probability that D = d in the a!”* stratum of the source population, and we re-
place n, ng and n; by ng, ngq and n1,, the number of subjects, controls, and cases in stratum a,
respectively. We modify (1) to pr(D = 1|G, X, A = a) = H{aps + m(G, X, 3)}: more com-
plex models with possible interactions between (G, X') and the strata can also be considered.
We then set k, = g + 10g(n14/104a) — 10g(714/T0a). The parameters to be estimated are then
Q = (k1,..., k4, BT)T. We also replace S(d, g, x, Q) by

B expld{ra +m(g,x,B)}]
Sl 9,0 ) = A b e + Tog(m1a/m00) — Tog(na/n0a) + (g, 7, B)}

Next, set n = Zfil ng, and replace (5) by

Ro(2,Q) = Y0 S 030 (Tda/naa) (D = d, Aj = a)Sa(r, Gy, x, ),
and the estimated loglikelihood (6) becomes
L£(Q) = T I (A = a) [T log{Sa(Di, Gi, Xi, D)} = Tl ilog{ Ra(Xi, )},
which is then maximized to obtain the estimate €. Now replace the score function (7) by

o {Sﬂ,a(Dz‘,Gz‘,Xz‘,Q) B EQ,a(Xi,Q)}

Sn(Q) =n"EY L S (A = a)

Sa(-DiuGiuX’hQ) EQ(XZ',Q)
using the obvious definitions of Sq q4(:), }A%Q,a(-), P (X,Q), Py(X,Q) and with Z; =
(Di, Gi, Xi, Ai).

In terms of the asymptotic theory of Section 2.3 of the main paper, we replace (I';, '2) by

8Sa.4(D, G, X,0)/S.(D, G, X, Q
Iy = Zf:lchl:O(nda/n)E{ fal 89)4 ( ) 'A =a,D= d} ;
0Rq «(X,Q)/Ra(X,
Ey = S, S/ { PSSR o p ).
Then define

S a ZlaQ R a X“Q
ColZ:, ) = I(Ai = a) g;((zi m) ) j{;&i Q))

xE [{Pla(Xa Q)SQ,a(Tv gle) - PQa(X, Q)Sa(T, gle)} ‘ A = CL,D = d] )
and now X becomes

N =34 S (nga/n)cov{Ca(D, X, G, Q)|D = d, A= a}.
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S:5. ADDITIONAL SIMULATIONS
S-5-1.  Comparison with the Method of Chatterjee & Carroll (2005)

Table 2 of this Supplementary Material gives results in the same simulation setting as in Sec-
tion 3 in the main paper, except that to compare with Chatterjee & Carroll (2005), we only use
the first SNP for our method and for the Chatterjee-Carroll method. The latter method uses the
R package CGEN in Bioconductor, and is based on that package’s function snp.logistic, which
allows for SNP levels 0, 1, 2 and X values 0,1, as in our simulation. The results of that analysis
and our method are very similar, indicating that our method is, in this case, almost efficient.

S-5-2.  Misspecification of Population Disease Rate

Table 3 of this Supplementary Material reports the results of a simulation to evaluate the
robustness of our method to misspecification of the population disease rate, using a sample of
1000 cases and 1000 controls. We considered actual disease rates of 71 = 0.03, 0.05, 0.085 and
0.12, and compared the results for the rare disease approximation and when the assumed disease
rate was 1 = 0.03. For the method using the a rare disease approximation, it was only when the
rate was 7m; = (.12 that there was a deterioration in the coverage probabilities, but even then the
lowest coverage rate was 91.8%. When the disease rate was assumed to be 7m; = 0.03, nominal
coverage was seen except when the exact disease rate was m; = (.12, and even at the worst case
the lowest coverage rate was 93.1%, almost nominal. This indicates a surprising robustness to
disease rate misspecification.

S-5-3.  Violations of the Gene-Environment Independence Assumption

Tables S.4, S.5 and S.6 of this Supplementary Material contain simulations to examine
the robustness of our method to violations of the gene-environment independence assump-
tion. In these simulations, the genetic variables are generated as described in Section 3 of the
main paper, but the environmental variable is normally distributed with mean oG, aGa, or
aGs. We let a = 0.032 to introduce a dependence between X and G with R? = 0.001. Here
Ba = {log(1.2),10g(1.2),0,log(1.2),0} as in Section 3 of the main paper, but Sx = log(1.73)
and Bax = {log(1.42),0,0,log(1.42),0}. In each simulation, the logistic intercept was chosen
to give a 3% population disease prevalence. In Table S.4 X is correlated with G1, which has a
nonzero main effect and a nonzero interaction; in Table S.5 X is correlated with G5, which has
a nonzero main effect but no interaction effect; in Table S.6 X is correlated with (G3, which has
neither main nor interaction effects.

Similarly to Chatterjee & Carroll (2005), we find that violating the G-E independence assump-
tion induces a bias in the parameter estimates. In Section S-4 of this Supplementary Material we
describe how to remove this bias when G and E are independent conditional on a discrete strat-
ification variable .A. Mukherjee & Chatterjee (2008) and Chen et al. (2009) show how to use
empirical-Bayes methods as well to provide additional robustness against violations of the gene-
environment independence assumption.
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S-6. PROPERTIES OF R(z,€2) IN EQUATION (5) OF THE MAIN PAPER

180 Equation (5) of the main paper is

R(2,Q) = Y LS heo(ma/na)I(D; = d)S(r, Gy, 9).

Computing its expectation is facilitated by seeing that

E{I(D; =d)S(r,Gj,z,Q)} = E{S(r,Gj,z,Q)|D; =d} = E{S(r,G,z,Q)|D = d}

Hence, recognizing that there are ng subjects with D = d,

B{R(z, )} = Y7130 Xio(ma/na) E{S(r, G, 2, Q)| D = d}

= Zi:()Zil:oﬂ'd/nd)E{S(T, Gv xz, Q)|D = d}
— R(z,9).

Hence, (5) of the main paper is unbiased for R(x, 2). Further, we see that

~

R(z,Q) — R(x,Q)
= Zizozclizo(ﬂd/nd)zgﬂ
X [I(Dj = d)S(T, Gj,{L', Q) — E{I(D] = d)S(T, Gj,{L', Q)}] s

so that I/%(a:, Q) is n'/2-consistent for R(z,2), and with proper normalization is asymptotically
s normally distributed.
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S-7.  SNPsS INVOLVED IN CREATING THE POLYGENIC RISK SCORE

Table S.1. SNPs involved in creating the polygenic risk score, and their regression coefficients

Actual RS Variable

Number Name  Coefficient
rs11249433 genel -0.02813492
rs1045485 gene2 -0.09307971
rs13387042 gene3 -0.26203658
rs4973768 gene4  0.08013260
rs10069690 gene5S  0.06459363
rs10941679 gene6  0.09185539
rs889312 gene7 -0.00565121
rs17530068 gene§  0.09668742
rs2046210 gene9  0.09851217
rs1562430 genel0 -0.14871719
rs1011970 genell  0.05329783
rs865686 genel2 -0.02913340
rs2380205 genel3 -0.01821032
rs10995190  geneld -0.04275836
rs2981582 genel5  (0.14008397
rs909116 genel6  0.04955235
rs614367 genel7  (0.06438418
rs3803662 genel8  0.27080105
rs6504950 genel9 -0.17586244
rs8170 gene20  0.08570773
1s999737_as  gene2l -0.13737833
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S-8. COMPARISON WITH THE METHOD OF CHATTERJEE & CARROLL (2005) IN A
SPECIAL CASE

Table S.2. Results of 1000 simulations with 3% disease
prevalence as described in Section 3 of the main paper,
except that to compare with Chatterjee & Carroll (2005),
we only use the first SNP. We compare our semiparametric
pseudolikelihood estimator to the method of Chatterjee &
Carroll (2005) and to ordinary logistic regression. The sim-
ulations were performed with 500 cases and 500 controls

500 cases & 500 controls 1000 cases & 1000 controls

Bca Bx  Beix Bc Bx  Boix

True 0.182 0405 0.262 0.182 0405 0.262
Logistic

Bias -0.011  0.001  0.015 0.009 0.003 -0.001

CI (%) 93.9 94.1 93.7 95.2 94.2 95.6
Chatterjee Carroll

Bias -0.008 0.005 -0.004 0.013 0.006 -0.016

CI (%) 95.1 94.1 93.6 96.0 94.6 94.4

MSEEff 1405 1.108  2.227 1.321 1.118  2.183

SPMLE, Rare

Bias -0.007  0.004 -0.001 0.013 0.006 -0.015

CI (%) 95.1 94.1 94.1 95.8 94.5 94.8

MSE Eff 1381 1.104  2.166 1.290 1.113  2.141
SPMLE, 71 known

Bias -0.014  0.001  0.014 0.006  0.003  0.000

CI (%) 95.1 94.2 94.8 95.9 94.7 94.4

MSEEff 1359 1.100 2.016 1.292  1.113  2.021

Logistic is ordinary logistic regression; Chatterjee Carroll is the method
of Chatterjee & Carroll (2005); SPMLE, Rare is our estimator using the
rare disease approximation with unknown 71 (Section 2.2 of the main pa-
per); SPMLE, m, known is our estimator when 71 is known in the source
population (Section 2.1 of the main paper); Bias is the mean bias; CI (%)
is the coverage in percent of a nominal 95% confidence interval (calcu-
lated using the asymptotic standard error); MSE Eff is the mean squared
error efficiency of the method compared to logistic regression.



S-9.

SIMULATION WHEN THE DISEASE RATE IS MISSPECIFIED
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Table S.3. Results of 1000 simulations as described in §3 of the main paper, except that the
logistic intercept has been modified to give population disease rates (0.03,0.05,0.085,0.12).
We compare ordinary logistic regression, our method using the rare disease approximation, and
our method with “known” w1 = 0.03, which is misspecified when w1 > 0.03. The simulations

Ba1

True 0.18

Disease Rate = 0.03

Bias 0.00
CI (%) 94.3
Disease Rate = 0.05
Bias 0.00
CI (%) 95.8
Disease Rate = 0.085
Bias -0.01
CI (%) 94.2
Disease Rate = 0.12
Bias 0.00
CI (%) 94.8

Disease Rate = 0.03

Bias 0.01
CI (%) 95.2
MSE Eff

Disease Rate = 0.05
Bias 0.02
CI (%) 94.4
MSE Eff

Disease Rate = 0.085
Bias 0.02
CI (%) 95.0
MSE Eff

Disease Rate = 0.12
Bias 0.03
CI (%) 94.2
MSE Eff

Disease Rate = 0.03

Bias 0.00
CI (%) 95.1
MSE Eff

Disease Rate = 0.05
Bias 0.01
CI (%) 94.6
MSE Eff

Disease Rate = 0.085
Bias 0.01
CI (%) 95.1
MSE Eff

Disease Rate = 0.12
Bias 0.02
CI (%) 94.3
MSE Eff

Bas Bx
0.00 0.41
Logistic
-0.01 0.01
94.7 94.6
-0.01 0.00
94.4 95.6
0.00 0.00
93.7 94.4
0.00 0.00
93.8 95.7
SPMLE, Rare
-0.01 0.02
95.3 95.1
X:1.26
-0.01 0.03
95.0 95.1
X:1.23
0.00 0.05
93.9 93.5
X:1.14
0.00 0.06
93.9 934
X:1.02

SPMLE, m; = 0.03

Ba2z  Baz  Paa
0.18 0.00 0.18
0.01 0.00 0.01
95.2 957 95.1
0.00 0.00 0.00
95.2 959 94.7
0.01 0.00 0.00
94.8 95.6 944
001  -0.01 0.00
955 949 952
0.00 0.00 0.02
95.4 96.4 95.8
All G: 1.28
0.00 0.00 0.02
95.4 96.8 944
All G: 1.25
0.01 0.00 0.02
94.5 96.1 94.1
All G: 1.25
001 -001 0.03
95.5 94.6 933
All G: 1.21
0.00 0.00 0.01
95.5 96.4 95.8
All G: 1.28
0.00 0.00 0.01
95.4 96.4 94.7
All G: 1.25
0.01 0.00 0.01
94.8 96.4 944
All G: 1.25
001 -001 0.03
956 949 936
All G:1.22

-0.01 0.01
95.0 95.5
X:1.28
-0.01 0.01
94.7 95.8
X:1.27
0.00 0.03
93.9 94.7
X:1.21
0.00 0.05
93.8 94.4
X:1.10

Ba1x
0.26

0.01
94.9

0.00
95.7

0.01
94.9

0.00
94.4

-0.02
95.4

-0.04
93.8

-0.05
93.9

-0.08
92.0

0.00
95.6

-0.01
94.3

-0.03
94.9

-0.06
93.5

were performed with 1000 cases and 1000 controls

Ba2x  PBasx  PBaax
0.00 0.00 0.26
-0.01 0.00 0.00
94.2 94.5 96.0
0.00 0.00 0.00
95.5 95.3 94.8
0.00 0.00 0.00
94.3 94.9 95.9
0.00 0.00 0.00
959 94.9 95.3
-0.01 0.01 -0.02
94.8 96.1 95.5
AllG * X:2.18
000 000 -0.03
946 963 945
All G * X:1.99
001 000 -0.05
948 958 945
AllG * X:2.02
-0.01 0.00 -0.06
96.1 94.5 91.8
AllG * X:1.88
-0.01 0.01 -0.01
94.6 959 95.2
All G x X:2.07
0.00 0.00 -0.01
94.6 96.0 94.5
All G+ X:1.90
001 000 -0.03
95.1 95.8 94.9
AllG * X:1.95
2001 000 -0.05
963 946  93.1
AllG x X: 1.84

Basx
0.00

0.01
94.2

0.01
95.3

0.01
94.2

0.01
95.0

0.01
94.9

0.00
94.4

0.00
95.6

0.00
94.4

0.01
94.5

0.01
94.1

0.00
95.2

0.01
94.6

Logistic is ordinary logistic regression; SPMLE, Rare is our estimator using the rare disease approximation with
unknown 71 (Section 2.2 of the main paper); SPMLE, m = 0.03 is our estimator calculated as if the disease rate in
the source population were known to be 0.03 (Section 2.1 of the main paper); Bias is the mean bias; CI (%) is the
coverage in percent of a nominal 95% confidence interval (calculated using the asymptotic standard error); MSE Eff
is the mean squared error efficiency of our method compared to logistic regression, averaged over GG, over X and over

the G * X interactions.
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S-10. SIMULATIONS WHEN THE GENE-ENVIRONMENT INDEPENDENCE ASSUMPTION IS 190
VIOLATED
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Table S.4. Results of 1000 simulations with G as described in Section 3 of the main paper,

but X ~ N(0.032G1,1). We compare our semiparametric pseudolikelihood estimator to

ordinary logistic regression. Three simulations were performed with sample sizes of (1000,
2000, 3000) cases and controls each

Be1  Bcz2 Bez Bca  Bos Bx Beix Boeax Pasx  Boax  PBosx

True 0.18 0.18 0.00 0.18 0.00 0.55 0.35 0.00 0.00 0.35 0.00
Logistic: 1000 cases

Bias -0.01 0.00 0.01 0.00 -0.01 0.01 0.01 0.01 -0.01 0.01 0.01

CI (%) 945 962 958 948 93.7 94.0 954 95.7 95.6 95.5 95.3

Logistic: 2000 cases
Bias 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
CI (%) 954 947 948 952 950 94.5 95.6 96.1 94.0 94.7 95.9

Logistic: 3000 cases
Bias 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
CI (%) 94.1 94.1 951 957 946 94.2 94.2 95.4 94.8 95.0 94.7

SPMLE, 71 known: 1000 cases

Bias -0.01 0.00 0.01 0.00 -0.01 -0.03 0.10 0.00 0.00 0.01 0.00
CI (%) 942 959 950 952 938 93.3 80.4 94.9 94.9 95.0 94.8
MSE Eft All G: 1.07 X:131 Al G = X:1.75

SPMLE, 71 known: 2000 cases

Bias 0.00 0.00 0.00 0.01 0.00 -0.03 0.10 0.00 0.00 0.00 0.00
CI (%) 942 948 951 955 956 90.9 714 95.5 94.1 95.0 95.6
MSE Eff All G: 1.07 X:1.08 Al G+ X:1.53

SPMLE, 71 known: 3000 cases

Bias -0.01 0.00 0.00 0.00 0.00 -0.03 0.10 0.00 0.00 0.00 0.00
CI (%) 947 953 957 952 942 88.0 54.8 94.2 95.7 95.0 93.9
MSE Eff All G: 1.06 X:0.95 Al G* X:1.27

Logistic is ordinary logistic regression; SPMLE, 71 known is our estimator when 71 is known in the source
population (Section 2.1 of the main paper); Bias is the mean bias; CI (%) is the coverage in percent of a
nominal 95% confidence interval (calculated using the asymptotic standard error); MSE Eff is the mean squared
error efficiency of our method compared to logistic regression, averaged over G, over X and over the G * X
interactions.



Table S.5. Results of 1000 simulations with G as described in Section 3 of the main paper,
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but X ~ N(0.032G2,1). We compare our semiparametric pseudolikelihood estimator to

ordinary logistic regression. Three simulations were performed with sample sizes of (1000,

True

Bias
CI (%)

Bias
CI (%)

Bias
CI (%)

Bias
CI (%)
MSE Eff

Bias
CI (%)
MSE Eff

Bias
CI (%)
MSE Eff

Ba1
0.18

0.00
934

0.00
95.3

0.00
94.1

0.00
93.7

0.00
95.6

0.00
94.8

2000, 3000) cases and controls each

Ba2  Baz  Pcs  Pas Bx PBcoix PBa2x Basx  PBcax
0.18 0.00 0.18 0.00 0.55 0.35 0.00 0.00 0.35
Logistic: 1000 cases
0.00 0.00 0.00 0.00 0.01 0.01 0.00 0.00 0.00
95.1 945 93.0 957 94.4 94.4 93.7 94.8 93.4
Logistic: 2000 cases
-0.01 0.00 0.00 0.00 0.00 0.01 0.01 0.00 0.00
940 944 946 932 94.9 94.6 94.8 94.2 95.5
Logistic: 3000 cases
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
945 945 953 952 95.9 94.7 93.9 94.4 95.6
SPMLE, 71 known: 1000 cases
-0.01 0.00 0.01 -0.01 -0.04 0.01 0.06 0.00 0.00
953 954 940 95.1 89.4 93.8 86.0 95.0 94.6
All G: 1.06 X:1.12 AllG* X:2.19
SPMLE, 7; known: 2000 cases
-0.01 0.00 0.00 0.00 -0.04 0.01 0.06 0.00 0.00
942 949 944 939 88.1 94.3 78.7 95.1 954
All G: 1.08 X:0091 All G * X: 191
SPMLE, 71 known: 3000 cases
0.00 0.00 0.00 0.00 -0.04 0.01 0.06 0.00 0.00
942 949 959 949 84.3 95.4 72.7 95.4 95.3
All G: 1.08 X:0.72 All G * X:1.82

Basx
0.00

0.00
94.4

0.00
93.8

0.00
95.3

0.00
94.9

0.00
95.6

0.00
95.5

Logistic is ordinary logistic regression; SPMLE, w1 known is our estimator when 7 is known in the source
population (Section 2.1 of the main paper); Bias is the mean bias; CI (%) is the coverage in percent of a
nominal 95% confidence interval (calculated using the asymptotic standard error); MSE Eff is the mean squared
error efficiency of our method compared to logistic regression, averaged over G, over X and over the G * X

interactions.
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Table S.6. Results of 1000 simulations with G as described in Section 3 of the main paper,
but X ~ N(0.032G3,1). We compare our semiparametric pseudolikelihood estimator to
ordinary logistic regression. Three simulations were performed with sample sizes of (1000,

True

Bias
CI (%)

Bias
CI (%)

Bias
CI (%)

Bias
CI (%)
MSE Eff

Bias
CI (%)
MSE Eff

Bias
CI (%)
MSE Eff

Ba1
0.18

-0.01
95.5

0.00
94.0

0.00
95.9

0.00
95.6

0.00
95.2

0.00
95.3

Baz
0.18

0.00
94.4

0.00
94.1

0.00
94.2

0.00
94.8

0.00
94.4

0.00
94.7

2000, 3000) cases and controls each

Bas Bas  Pas Bx Beix Boeax Pasx  PBcax
0.00 0.18 0.00 0.55 0.35 0.00 0.00 0.35
Logistic: 1000 cases
0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.01
952 962 953 94.7 94.9 94.0 94.9 95.5
Logistic: 2000 cases
-0.01 0.00 0.00 0.01 0.00 0.00 0.00 0.00
944 946 949 95.2 95.5 95.1 95.5 94.0
Logistic: 3000 cases
0.00 0.00 -0.01 0.00 0.00 0.00 0.00 0.00
94.1 948 943 95.1 95.4 95.9 95.8 92.9
SPMLE, 71 known: 1000 cases
0.00 0.00 0.00 -0.04 0.01 0.00 0.06 0.01
955 963 953 92.0 94.8 95.5 88.3 95.7
All G: 1.07 X:1.20 AllGx X:2.12
SPMLE, 71 known: 2000 cases
-0.01 0.00 0.00 -0.04 0.01 0.00 0.06 0.00
945 940 94.8 89.4 95.0 94.8 82.3 94.9
All G: 1.06 X:0.95 AllG * X:1.95
SPMLE, 71 known: 3000 cases
0.00 0.00 -0.01 -0.04 0.00 0.00 0.06 0.00
940 953 942 84.5 94.4 94.9 75.7 95.0
All G: 1.06 X:0.76 AllG * X:1.82

BGE)X
0.00

0.01
94.9

0.00
94.7

0.00
94.4

0.00
96.2

0.00
94.6

0.00
94.8

Logistic is ordinary logistic regression; SPMLE, w1 known is our estimator when 71 is known in the source popu-
lation (Section 2.1 of the main paper); Bias is the mean bias; CI (%) is the coverage in percent of a nominal 95%
confidence interval (calculated using the asymptotic standard error); MSE Eff is the mean squared error efficiency
of our method compared to logistic regression, averaged over GG, over X and over the GG * X interactions.
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S-11. THE SIMULATION IN TABLE 1 OF THE MAIN PAPER WITH COMPONENTWISE
MEAN SQUARED ERROR EFFICIENCIES
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Table S.7. Results of 1000 simulations as described in Section 3 of the main paper,

with mean bias, coverage probabilities of a 95% nominal confidence interval, and mean

squared error efficiency of our semiparametric pseudolikelihood estimator compared to

ordinary logistic regression. The sample sizes were performed with 500 cases and 500
controls, and again with 1000 cases and 1000 controls

Ba1  PBa2z Pas  Pes  Bas  Bx  Peix  Pax  Basx  Paax  Pasx
True 0.18 0.18 0.00 0.18 0.00 0.41 0.26 0.00 0.00 0.26 0.00

Logistic, 500 cases
Bias 0.02 -0.02 0.02 -001 0.01 0.00 0.00 0.02 -0.02 0.02 -0.01
CI (%) 9477 949 948 945 952 964 94.3 93.6 94.3 94.9 95.4

Logistic, 1000 cases
Bias 0.00 001 0.00 001 -0.01 0.01 0.01 -0.01 0.00 0.00 0.01
CI (%) 94.3 952 957 951 947 94.6 94.9 94.2 94.5 96.0 94.2

SPMLE, Rare, 500 cases
Bias 0.02 -0.01 0.02 000 0.00 0.01 -0.01 0.01 -0.02  -0.01 0.00
CI (%) 95.0 958 942 945 955 956 95.8 95.3 94.3 95.0 95.9
MSE Eff 1.37 134 123 1.27 1.27 1.29 2.44 2.13 1.87 1.91 2.22

SPMLE, Rare, 1000 cases
Bias 0.01 0.00 0.00 0.02 -0.01 0.02 -0.02 -0.01 0.01 -0.02 0.01
CI (%) 952 954 964 958 953 95.1 954 94.8 96.1 95.5 94.9
MSE Eff 1.35 1.25 1.29 1.25 124 1.26 2.36 2.00 2.19 2.02 2.21

SPMLE, 7; known: 500 cases
Bias 0.01 -0.01 0.02 -0.01 0.00 0.00 0.01 0.01 -0.02 0.01 0.00
CI (%) 95.0 957 943 944 955 957 95.4 95.1 94.3 94.9 95.7
MSE Eff 1.39 134 1.22 1.26 1.28 1.28 2.31 2.01 1.78 1.81 2.09

SPMLE, 71 known: 1000 cases
Bias 0.00 000 0.00 001 -0.01 0.01 0.00 -0.01 0.01 -0.01 0.01
CI (%) 95.1 955 964 958 95.0 955 95.6 94.6 95.9 95.2 94.5
MSE Eff 1.36 1.25 1.28 1.27 1.24  1.28 2.25 1.91 2.06 1.96 2.08

Logistic is ordinary logistic regression; SPMLE, Rare is our estimator using the rare disease approximation
with unknown 71, Section 2.2; SPMLE, w1 known is our estimator when 71 is known in the source pop-
ulation, Section 2.1; CI (%) is the coverage in percent of a nominal 95% confidence interval, calculated
using the asymptotic standard error; MSE Eff is the mean squared error efficiency of our method compared
to logistic regression.
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S-12. SKEWNESS, KURTOSIS AND QQ-PLOTS FOR THE SIMULATION IN TABLE 1 OF THE
MAIN PAPER

Table S.8 gives skewness and kurtosis for the simulation in Table 1 of the main paper with
1000 cases and controls.

Figure S.1 presents g—q plots for the main effects for (G, ..., G5, X) in the same simulation.

Figure S.2 presents g—q plots for the interaction effects for X and (G, ..., Gj5) in the same
simulation.

1956

200



Table S.8. Skewness and kurtosis for the simulation in Table 1 of the main paper with
1000 cases and controls. Kurtosis = 0 for the normal distribution

Skewness Kurtosis

-0.02 -0.08
-0.05 0.12
-0.13 0.07
-0.02 -0.15
0.06 -0.04
-0.21 0.15
-0.01 -0.20
-0.03 -0.10
0.04 0.11
0.09 -0.13
0.01 -0.06

0.14 0.25
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S-13. THE SIMULATION IN TABLE 1 OF THE MAIN PAPER WITH 500 CASES AND
CONTROLS
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Table S.9. Results of 1000 simulations as described in §3 of the main paper, with mean bias,

coverage probabilities of a 95% nominal confidence interval, and mean squared error efficiency

of our semiparametric pseudolikelihood estimator compared to ordinary logistic regression.
The simulations were performed with 500 cases and 500 controls

Ba1  Ba2z Paz  Pas Pas Bx PBaix Pa2x Basx Pceax  Basx

True 0.18 0.18 0.00 0.18 0.00 0.41 0.26 0.00 0.00 0.26 0.00
Logistic: 500 cases

Bias 0.02 -0.02 0.02 -0.01 0.01 0.00 0.00 0.02 -0.02 0.02 -0.01

CI (%) 94.7 949 948 945 952 96.4 94.3 93.6 94.3 94.9 954

SPMLE, Rare: 500 cases

Bias 0.02 -0.01 0.02 0.00 0.00 0.01 -0.01 0.01 -0.02  -0.01 0.00
CI (%) 950 958 942 945 955 95.6 95.8 95.3 94.3 95.0 95.9
Avg MSE Eff All G: 1.30 X:1.29 AllG* X:2.13

SPMLE, 71 known: 500 cases
Bias 0.01 -0.01 0.02 -0.01 0.00 0.00 0.01 0.01 -0.02 0.01 0.00
CI (%) 95.0 957 943 944 955 95.7 95.4 95.1 94.3 94.9 95.7
Avg MSE Eff All G: 1.30 X:1.28 All G * X:2.02

Logistic is ordinary logistic regression; SPMLE, Rare is our estimator using the rare disease approximation with
unknown 71 (§2.2); SPMLE, 71 known is our estimator when 71 is known in the source population (§2.1); CI (%) is
the coverage in percent of a nominal 95% confidence interval (calculated using the asymptotic standard error); Avg
MSE Eff is the mean squared error efficiency of our method compared to logistic regression averaged over G, over
X and over the GG * X interactions, respectively.
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