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1. EXPECTATION-MAXIMIZATION ALGORITHM FOR EXPANDABLE FACTOR ANALYSIS

1-1.  Estimation of A and ¥
Define the following quantities using mean-centered data:

n
yy:i;yiy;ﬁu S, =— 22117 = Zyzl, Q= AAT—i—E

=1
A=T—ATQ'A, G=0 1A, F=A+G"s,,G, L=8,G,

where I}, is the k x k identity matrix. We place Jeffreys’ prior on the error variances, m(og)
“L(@d=1,...,p). Let A®) and ©® be the estimates of A and ¥ at iteration ¢, then the condi-
tional expectations of S, Sy, and complete data log likelihood at iteration (¢ + 1) are
E(Szz ’ Y, A®, E(t)) = A0 4 G(t)TSyyg(t) =F®, E(Syz | Y, A®, g(t)) - ,®
Q(A’ by | A(t)v E(t)) = E{ npk)_l logp(Zu Av X | Y7 A(t)v E(t)a a7k, nl:k)}
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where the superscript (¢) denotes the dependence on A® and (), The objective (1) splits into
p separate terms, and term d depends on A\ and afl; therefore, (1) is maximized by repeating the
following two until steps until convergence to a fixed point:

1. Ford=1,...,p,

2 201 .
a. fixojatos " in

n+ 2

log pmis()\da J?l ‘ Syy7 F(t)7 L(t)) + log 037 (2)

and minimize with respect to A4 to estimate )\gﬂ);

b. fix \j at )\gﬂ) in (2) and minimize (2) with respect to 03 to estimate O'g(t+1).

2. Increment ¢ to (¢t + 1).

1-2.  Block coordinate descent algorithm for estimation of A

We use local linear approximation of the objective (2) to derive a new block coordinate descent
algorithm. We suppress the superscript () in wg and X to ease notation. The algorithm initializes

A0 at A2 and updates Kg) using (2) as

A XTX; 4+ 220 (AD XT X~ XTwy) )2
Xg;{rl) — argmin dji<t3 I3 d, (=) (=) J 4 (o +1)og Mg
t
! A 2 (0 + A n
successively for j = 1,...,k in the (i + 1)th cycle. This objective function is convex and its
optimum is
. (4) )
sy - S8y [ (og 4 Dog 3
g fii Sdj (t)
i (n; + | Agy

where s(%.) = Xfwd — K((;;)(_j)X(T_j)Xj and f;; = XjTXj. We also exploit the form of (3) and

use it to update the kth column of A This leads to k block updates for A®ina single cycle of
the coordinate descent algorithm. These updates are repeated until the change in A is negligible.

We then set A2 = A(=) We have implemented this algorithm in R (R Development Core
Team, 2016) using the glmnet package (Friedman et al., 2010).

1-3.  Root-n consistent estimates of A and 3.

Let Sy, be the empirical covariance matrix of mean-centered data and (; and 4 (d =
1,...,p) be its eigenvalues and eigenvectors, then

p
Sy =YTY/n=>"Cyvatby 4)

d=1

is the eigen decomposition of Sy,. Use (4) to define

A1/2A .
M =C g d=1,....p;j=1,....k)

An application of Theorem 2 in Kneip & Sarda (2011) shows that )\gj / p'/? is a root-n consistent

estimator of \g;/ p/2 whenn < p. Equations 4.3 and 4.4 in Kneip & Sarda (2011) and Assump-
tions A.1-A.4 in the main paper imply that there exist universal positive constants Dy, D1, and



Cy such that

2
N _Do=Di Ay _ Dy+Co(logp/n)'?
p - p  p ~ P
2—Co /2

with probability at least A(n,p) =1 — 8p — lasn — oo, n < p — oo, and log p/n —

0. This implies that

A Ay

pl/2  pl/2

&)

p p

< <D0—D1)1/2+ {D0+Co (logp/n)1/2}1/2

with probability at least A(n, p). Since logp/n — 0, logp/n < D3/C? for large n and p and

(5) reduces to
1/2 1/2
(2)"<(2)
P n

with probability at least A(n,p) — 1 as n — oo, n < p — oo, and log p/n — 0. This shows
that Agj / pl/ 2 is a root-n consistent estimator of Adj / pl/ 2 Theorem 3 in Kneip & Sarda (2011)

)‘9@' Adj

pl/2  pl/2

implies that 02’ = (S, — A°’A°"),4 is a root-n consistent estimator of o2 for overfitted factor
models.
We also prove a result that is used in the proof for asymptotic normality of nonzero loadings.

LEMMA 1. If Assumptions A.0-A.4 in the main paper hold, then E()\gj) <oo(d=1,...,p
j=1,... k).

Proof. Using (4),

2 P (4) o oo e o0 e
EOY) = ECd3) < BC) = /0 pr( > 1) dt < (Do + Do)® + / o > t)dt,

(D2+Dg)?
(6)

where (i) follows because % _; J?lj = 1. Equation 4.1 of Theorem 2 in Kneip & Sarda (2011)
implies that for some (; > 0,

8/p“0/*2 > pr {\ i /p— /vl > Dafp+ Co(logp/n)l/z}
(41) ~
> pr{|&; /p— Gi/pl > (CoDs/ Do + Co)(log p/n)/*}
pr {C; /p > ¢/p+ (CoDa/ Do + Co)(log p/n)"/? |
pr {E /p > (CoD2/Do + Co)(logp/n)m}
{ j (CoDy/ Do + Co)*p logp/n},

(AVARNY]

pr

where (i7) follows because Co(log p/n)*/? > Dy/p by Assumption A.4 in the main paper. Sub-
stituting t = (CoDa/Dg + Cp)*p? log p/n in (6) implies that

pr@ > t) < 8(CyD2/Dg + Co)°/22(log p/n)C0/2~2¢1=Co/4 " > (Dg + Dy)?.
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Therefore, f(°52+D0)2 pr(¢; > t)dt < oo for Cp € (8,00), which in turn shows that E(/\?;) is
bounded because log p/n — 0.

1-4.  Computational complexity

The computational complexity of the estimation algorithm equals the cost of performing p
penalized regression problems of dimension k = O(logp). Our estimation algorithm requires
O(np* + plog? p) time upfront to calculate Syy and its eigen decomposition. Estimation of
G, A, F,and L in (1) involves k-dimensional matrix multiplications and inversions of O(log® p)
time complexity. Using these matrices, one iteration of the block coordinate descent algorithm
has O(log p) time complexity for dimension d (d = 1, ..., p). The total time complexity of each
iteration is O(plogp + log® p); therefore, the time complexity of 7" iterations of the expectation-
maximization algorithm is O(T'plogp).

2. PROPERTIES OF THE MULTISCALE GENERALIZED DOUBLE PARETO PRIOR
2-1.  Proof of Lemma 1
If C is the support of multiscale generalized double Pareto prior on A, then

k1 V(Ak)
pr(C) =pr <A|1r£1§12<p2)\dk<oo> 1—hmZpr <A|Z)\dk>t> >1- pgg n .

k=1

Since Ay follows generalized double Pareto distribution with parameters (o, ), V(A1g) =
202 (o — 1)y, — 2) 7! for oy, > 2 and

o] o] 772 92 -2 o] 2
ZV(AM)SQZ';(l—) <{2+0(1) Z%. (7
k=1 k=1 “k Ok k=1 Yk

This summation is finite if oy > 2 and 1 /o, = O(k~"™) for m > 0-5; therefore, pr(C) = 1.

2-2.  Proof of Lemma 2
Let k(p, 0, €) be such that pr{Qk | doo (92, QF) > €} < € for any € > 0. Then,

pr{doo (2, Q%) > €} < ZZPT ij QZ| <e) Z (Aul?)

i=1 j=1 l=k+1

where (i) follows from the union bound and (ii) follows from Markov’s inequality and the
independence of \;;s. The assumptions in Lemma 2 of the main paper and (7) imply that

2
p Z ])\11\ = Constantp—é_% <e = k=0 (log_l dlog g) )
€
I=k+1

3. THEORETICAL PROPERTIES OF A!l* AND Yl
3-1.  Proof of Theorem 1
Let § = (A, X). Then, the objective function in (1) is

p k
1 A 2
5(9):£ML(9)_ZZ%Ig(1+’ dj) nr Zlogod, ®)

2npk




where Ly1,(6) is the log likelihood of # scaled by npk. This leads to the Q-function

n+2
Q0 | H(t g 108 Punis(Ad, 02 | Syy,F 0, L® T g log o2. 9)
d=1

The local linear approximation of (9) is

(Syy)ga + (AF(t)AT)dd - Q(L(t)AT)

n+ 2
QuLa(9 1Y) = - dd 2T 7N og o3

p
; 2pk02 2npk =
p k (t) : (t)
41 AN sign(A,
St g (14 28 0) 4 200
a1 =1 P j nj + Ay |
n + 2
=Qur(f | e(t - Zlog op
u aj + 1 ’)\dj | sign()\(t)) (t)
B <1+ )+ S -y, a0
d=1 j=1 j nj + |/\ ‘

where Qur, (6 | 8®)) is the Q-function that corresponds to Ly, (6). Theorem 1 of Dempster
et al. (1977) shows that Qyyr, () | 01)) = Ly, (1), and using this in (8) and (10) shows that
QOW | 0M) = £(AD) and QLA (0D | 6®)) = £(6®)). Subtracting (10) from (8) yields

p

o+ 1
L(0) — Qrra(0]0Y) = Lyw(0) — Qur (8 | 6Y) + ZZ g ldj Adj | )\&?), (11)
d=1 j=1
where
])\((it.)| 51gn(/\(t)) ® I\l
lai(Mgi | A = log <1+ ! >+ (Agj — Ag)) — 1g(1+ L ) (12)
T g i+ A mj

The log function is concave and is majorized by its tangent, so /4 (Ag; | )\g)) > 0 for any |Ag| >

0; therefore, £(0) — QrLra(6 | 8®)) > 0 because Ly, (8) — Qui(# | #)) > 0 using Lemma 1
and Theorem 1 in Dempster et al. (1977). If #*+1) maximizes Qppa (6 | #*)), then

LOUD) > Qura (0" [69) > Qura(6® | 69) = L(6Y), (13)

where the last equality follows from (10). The objective (1) is bounded in probability on the
parameter space, so the sequence {L£(6("))}22, converges to some £(6(>)). Using Proposition 1
in Zou & Li (2008), () converges to the stationary point §(°).

3-2.  Proof of asymptotic normality of nonzero loadings and consistency of estimated A
The proof has two steps. First, we show asymptotic normality of nonzero loadings. Second,
we use results of the first step to show consistency of the estimated loadings.

Step 1. Let A\ / p'/? and ad are the root-n consistent sequence of estimators of A\ / pl/?

and
03* (dzl,...,p,j—l,...,k) as n — 0o, n < p — oo, and logp/n — 0, thenlmputng
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based on the eigen decomposition of Y7'Y/n in (4) implies that

p 1/2 _ 70 122 Pk .
A . lya/p'* — Z°Aa/p™ | aj +1 1/2
A = argmin E + E | A/ / B (14)
205 /p il [Nl /2 '

where A is the estimate of A obtained using the estimation algorithm of expandable factor anal-
ysis,

p
~ ~1/2 ~ .
Z Cd%p C]/ wdp (d:17>p7]:1a7k)7
d=k+1
~1/2 ~ ~1/2 ~
=v (&0 G ). (1)

Again using (4),

AR (2—1/2
1

~1/2 ~\T ~1/2 ~ ~1/2 ~
G 0) YT (G G ) = e ae)

n

If U is a p x k matrix independent of n and p and ug represents row d of U, then define

v [t - 2 (s + )| 01 [Ny g
+1 d Ug,
Va(U) =3 = ZZ T | ) (7
A9 1/2 1/2
ot 205 /p =1 =1+ ‘1/2 pt? - (np)!/
where vectors are added component-wise. Substitute ug =0 (d=1,...,p; j=1,...,k) in
(17) to obtain
P ’ d 0 >1\:; P *
/2 Ozj +1 >‘dj
Z 2020/ +ZZ YR (18)
p d=1j=11; + 1/2 p
Using (15) and (16),
P T 1/2
Uy Uqd Z%yq .,
h@) o) =3 a3 ()
o200 o % "
Zp: b aj +1 < A Udj | Agj )
A0 1/2 1/2 1/2
d=1j=1 77j+% iz ()2 pt
P P
=>_Ta Z a+ ZZTMJ (19)

d=1 d=1 j=1

The limiting forms of all the terms in (19) are derived next. First, we obtain the limiting
form of T}4 in (19). Because aflo is a root-n consistent estimator of 02*, Tiq — (ugud) / (203*)
in probability as n — oo, n < p — o0, and log p/n — 0 using Slutsky’s theorem. Second, we

obtain the limiting form of T5; in (19). Lemma 1 shows that variance of /\gj d=1,...,p;
j=1,..., k) is bounded, so using (4), Slutsky’s theorem, and the central limit theorem,
T
usT
T2d = ’I’L1/2 ()‘21 - )‘:lla sy )‘ )‘dk) Ud - dQ*d (d = 1a oo ,p) (20)
O'd Ud
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as n — 00, n < p — oo, and log p/n — 0, where the convergence is in distribution and r4 ~
Ni(0xx1, Cq) for some symmetric positive definite matrix Cyy. Let M; be the set of js such that
Ay; is nonzero, then My = {j : (d,j) € M*} and My =1{j:(d,j) ¢ M*}.If Agp denotes a
sub-matrix that contains the rows and the columns of matrix A with indices in 3, then the block
partitioned form of the covariance matrix of r4 in (20) based on M is

Cd * * Cd c
MEM M*EM* *
4 e (rg o srd o)t~ N (01, CF), (d=1,...,p), 1)
Cd *C *Cd e «C Md Md

Md Md Md Md

5 =

where 74 v and rd,, e include elements of ry with indices in M} and M}, respec-

tively. Flnally, the hmltlng form of T34 is found using arguments in Zou & Li (2008).
If A5 0, then 5 +p 2N | =05 +p V2N + Op{(np) 12}, (np)"? (Jp~ /205 +
(np)~ 1/2ud | - ‘pil/z)\*JD = sign (Aj;)ugj, and

{12 (a; + 1)} [(np) /2 { [p~ /2N + ()~ 2ugs| — [p7 /20513

0
{20 + [Nyl + Op(n=1/2)} -

Tzg =

in probability by Slutsky’s theorem and the continuous mapping theorem as n — oo, n <
p — o0, and logp/n — 0. Similarly, if A}, =0, then n; + p~ 1/2|)\ | =mn;+ Op{(np)~ 1/2}

(np) 1/2(|p—1/2>\*J (np)~ 1/2ud‘ ’p—l/Q)\*J‘) |ug;|, and

(aj + 1) [(np) 2 {[p™2X5 + (np) " Pug| — [p72N5]}] . {07 ugj = 0,

T =
3"” {(np)172n; + Op(1)} 0, g 0,

(22)
in probability by Slutsky’s theorem and the continuous mapping theorem as n — oo, n < p —
o0, and log p/n — 0.

Let Uy, = argmin{V,,(U) — V,,(0)}, then \g; /p*/? = )\Z‘lj/pl/2 + Tgj,, /(np) /2 or /2 (Mg —
U
)\zj) = Ugj,,. The limiting forms of T4, Toq, and T34; (d = 1,...,p;j = 1,..., k), and Slutsky’s
theorem imply that V,,(U) — V,,(0) — V*(U) in distribution for every U as n — oo, n < p —
00, and log p/n — 0, where
2

Z( d.j)eM* 20—2* Z(du eM* %, ug; =0 forall (d,j) ¢ M", (23)

00, otherwise.

VHU) =

Since V,,(U) — V,,(0) is convex, the unique minimizer of V*(U) is

0, (dj) &M,

: . (24)
Tdj, (daj) e M*.

U* such that ug; = {
Following the epi-convergence results of Geyer (1994) and Knight & Fu (2000), ug;,, — uflj
in distribution (d = 1,...,p; 7 =1,...,k)asn — oo, n < p — o0, and log p/n — 0. Let \ =
(AL AN A = ()\}‘T, e )\;T)T, and |A| be the cardinality of set A, then

N T -
1/2 —
n/()\M*—)\j\/ﬁ)%<T1MT,...,TPM;) = T M*, AM*CHO’M*C «1
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in distribution as n — oo, n < p — 00, and log p/n — 0 using (21), (22), (24), and n'/2(\ 4 —

)\flj) = Ugj, — uy; indistribution (d = 1,...,p; j = 1,..., k). Further,
o~ N O ix1: O aee) s O e = bdiag(C1 e ue s+ Cpags e )

where bdiag(C1,,. C ) is a block diagonal matrix with C1, . ...,C
1

My TRPME MG M EPME M
forming the diagonal blocks. This proves the asymptotic normality of nonzero loadings.

Step 2. We now prove the consistency of Agj (d =1,...,p;j =1,...,k). Forevery (d,j) €
M*, asymptotic normality of j\dj implies that Agj — Ay, in probability, so pr{(d, j) € M} —
1, where M is the estimated set of the locations of nonzero loadings based on A. The proof
is completed by showing that for all (d,j) ¢ M*, pr{(d,j) € M}—0. Let (d,j) € M, then
Karush-Kuhn-Tucker optimality condition implies that

20
A A (0 4 1)
T T PO
n z (yd Z )‘d) —Slgn(Adj)nj(np)l/Q_i_OP(l)'

The right hand side of (25) is unbounded in probability as n — oo, n < p — o0, and log p /n—
0 because (d, j) ¢ M?*. The left hand side of (25) is

(25)

z:QTyd~ 29" 720 20" 70 R
A E +J—{n1/2 (A}—Ad)}. (26)
n

n n d

1/2

n

Following arguments similar to those used to derive (20), the first term in (26) is asymptotically
normal. The second term in (26) is also asymptotically normal from asymptotic normality of the
estimates of nonzero loadings shown previously. By Slutsky’s theorem, the left hand side of (25)
is asymptotically normal; therefore,

20
7= C —1/2.07 (705 ) — cion( X oj (a5 +1) _
pr{(d,j) € M} <pr {n % (yg— 2°X;) = Slgn()\dj)nj(np)lﬂ —On() 0 (27

in probability because asymptotic normality of n~!/ ZZ?T (y i—Z 0\ d~) implies that it is bounded

in probability. This proves the consistency of j\dj d=1,...,p;5=1,...,k).

3-3.  Proof of asymptotic normality and consistency of estimated 3
We now prove asymptotic normality and consistency of 62 (d = 1, ..., p). We first show that
63 is consistent. For the root-n consistent sequence of estimators )\gj / pl/ 2. d=1,...,p;j=
1,...,k), Assumption A.5 in the main paper and the continuous mapping theorem imply that
if n — 00, n < p — oo, and logp/n — 0, then L° = {Q* + op(1)}{Q* 'A* + 0p(1)}, where
convergence is element-wise, and

63 =1+ o)} {X5 N+ 0p(1) = 225 N + 0p(1) + (@)aa + 0r(1) |
== X3 N+ (2)aa + 0p(1) = 03 +0p(1), (28)

which proves the consistency of &?I.

The asymptotic normality of 63 follows from Equation (5.19) and Exercise 5.20 in van der
Vaart (2000) because the objective for estimating &3 has two continuous derivatives with respect
to o2 for any Y and A.



3-4.  Lemma required to prove Theorem 3

We use the eigen decomposition of Y7'Y/n to impute ¥ and Z in Equation (3) of the main
paper. Using the notation of Algorithm 1 in the main paper, impute > by X° and Z by Z° and let
y = vec(Y), A = vec(AT), e = vec(ET), and X = I, ® Z° € RP"*P¥_ Then, the hierarchical
model for the joint distribution of ¢ and \ after scaling Equation (3) in the main paper by p*/? is

p—1/2y ’ )\ ~ N’ﬂp(Xp_l/Q)‘vp_lZO ® In)')

X | 8, p ~ multiscale generalized double Pareto{c1 (6), ..., (8), p" > (p), . ... p"*ni(p)}-
(29)

The density of the prior for loadings that are estimated to be nonzero in M is
[1(4.j)erm Peap(Adj), Where pogp(+) is the density of the generalized double Pareto prior in Section
2.2 of the main paper. The log likelihood of Ay given M is

nplogp  npYF_log(X%gq np 1<
log fa(y | Am) = - == — 5 log2m — §Zzyz‘2d/(20)dd_

2 2 p i=1 d=1
Z N/ (Eaa+n Y AgAy/ (5)aa (30)
( J)EM (d,j)eM
and the log joint density of y and A given M is
log f(y: A | 6,p) =log fa(y | Am) + D log paar(Agy)- (31)

(d,j)eM

The following lemma describes the order of log f(y | Ax) and log f(y, A | 6, p) when Ay
is replaced by a consistent estimator of A} ; and n — 0o, n < p — o0, and log p/n — 0.

LEMMA 2. If A M and A M are root-n consistent estimators of X, and Assumptions A.0-A.7
in the main paper hold, then

210g fa(y | Awm)/(nplogp) = 2log f(Y, An | 6, p)/(nplogp) =1 + op(1).
Proof. We first show that
210g fa(y | Am)/(nplogp) = 1+ op(1).
Using (30), 21og fa(y | Am)/(nplogp)
1 30 110g(%%aa  log2r 1 0, 30 y2/(5%)aa

=1 —
log p P logp  logp np
Y(ayem g/ (E0)aa " o 2 (d)EM AajAg/ (E°)aa
plogp plogp
1 30 log(E* 1 Y Yl (2
-1 — Zd:1 Og( )dd + OP(l) - 0(1) _ szl Zd:l yzd/( )ddOP(l)—
logp D logp np
NS A2 dd
Do (djem Mg/ (E7) Op(1) 12 Z(dj emNgi [ (E7) Op(1).
plogp plogp

where the last equality follows because (X°)4; and )\dj are consistent estimators of (X*)zq
and Ny (d=1,...,p;j=1,...,k).Since E(y;;) < Dopand Dy < (%*)ga < D2 (i =1,...,n
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d=1,...,p)using Assumption A.1 in the main paper,

n p

>N () v/ (np) = Op(1)

=1 d=1

by an application of Markov’s inequality and

log Dy < Zlog aa/p < log Do,
d=1

0< Z A /(plog p) < tr(*)/(Diplogp) < Do/(Ds logp).
d,j)em

Therefore,
2log fa(y | Am, 2°)
nplogp
Proceeding similarly,

Op(1 Op(1
=1+4o0p(1)+ ph) | P():1+0p(1).
log p logp

21og f(y | Am)
nplogp

=1+ Op(l)

using the consistency of A M-
We complete the proof by showing that
2~ (d,)em 108 Pgap(Adj)
nplogp
Using the analytic form of pggp in (31),

. ~ A
Z 1nggdP()\dj) = Z log —7=— 1/2 — Z (Oéj + 1) log <1 + |1/2 ’ ) . (32)
nj

(d.j)eM (d.j)eM i (djyem

=op(1).

The first term on the right hand side of (32) after scaling by nplog p is

1 Z log a 1 Z logay; log{(np)l/an} n logn
nplogp dDem p1/217j plogp dem n n 2n

M| .
= o(1) 5 = o(1)0(1) = o(1).

The last equality follows from Assumption A.S5 in the main paper and using conditions that
| M| < pk and k = O(log p). The second term on the right hand side of (32) after scaling by
nplogpis

1 gl 1 a; + Llog{(np)"/*n; + n'/2A4}
1 Z (aj +1)log { 1+ 172, | ~pl Z 1/2 1/2 -
np ng(dj)EM b n; png(dj)EM n n

1 Z a; + 1 {log (np)'/?n;}

1/2 1/2
plogp v ™ "

MM

=op(1
( )plogp plogp

= op(1).
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The last equality follows from Assumption A.5 in the main paper, from consistency of j\dj, and
using conditions that | M| < pk and k = O(log p). The proof is completed by using (31) to
obtain that

2log f(y Am | 0,p) _ 2108 foly [ Am) | 2 Lagem 108 Pear(Ai)

=1+op(1).
nplogp nplogp nplogp

3-5.  Proof of Theorem 3

The proof consists of three steps: derive the asymptotic form of logma; show that
—2log maq/EBICy (M) = 1 4 op(1); and show that the sufficient condition for model selection
consistency of EBIC, (M) holds under the assumptions of Theorem 3 in the main paper.

We use the following notation for ease of presentation. If B is a set of indices and X is a
matrix, then X is a sub-matrix that contains columns of X with indices in B and Xz is a
sub-matrix that contains rows and columns of X with indices in 5.

Step 1. Using (29), the density of the prior for loadings that are estimated to be nonzero in M
is H( d.j)eM Padp(Agj); see Section 3-4 also. Use the Gaussian scale mixture representation for
the density of generalized double Pareto prior to write |A\g;| in form of differentiable functions
when )y # 0; see the equation for E-step in Section 4.4.1 of Armagan et al. (2013) for details
related to the Gaussian scale mixture representation for the generalized double Pareto density.
Define the diagonal matrix D as

D d’log { [L(aj)enm Peap(Agj) }
N dApd\y, ’

and let
D, o Qi (5) +1
(d.4),(d,5) (021, (p) + |Agi|}2

be the diagonal element of D corresponding to Ay such that (d,j) € M. If f(y, A | 9, p) is
the joint density of ¥ and A defined using (29), then define another diagonal matrix H 4 as
_dlog f(y, A | 6,p)

Ho — — (X0 ®1, - D. 33
M DordAL, n( ® Inn) mm (33)

If H M represents H g in (33) evaluated at A M, then the diagonal element of H M that corre-
sponds to the index (d, j) € M is

o a@+1 fE{lterm™ )} (dg) e M -
i AP Pni(p) + Dgly? | G {1 or(! )}, () ¢ M

The equality in (34) follows because \gj = Mg+ op(n=12), 6% = 6% + op(n~1/?), and

;(8) = o(n'/?) from Theorem 2 in the main paper and Assumptions A.0—A.6 in the main paper.
The posterior probability of M, denoted as 7, equals

pr(M | Y, 4, p) o m(Y | M) pr(M | 6, p), (35)

where m(Y | M) is the marginal likelihood of the factor model in (29) with the locations of
nonzero loadings contained in the set M, m(y | M) = [ f(Y, A | 6, p) dAag, and pr(M | 8, p)



12
is prior defined in Equation (9) in the main paper. Using Laplace approximation and (34),

2logm(Y | M) = 2log f(Y, A | 6,p) — | M |logn[l + {c+ op(logn)}/logn], (36)

where ¢ = 1log(27) + 3_ 4 jyem 02 /| M| = O(1) using Assumption A.l in the main paper.

Further, using (35),
—2logma = —2logm(Y | M) — 2logpr(M | 9, p).
Sterling’s approximation and Theorem 2 imply that logpr(M | §, p) = —| M |log(pk){1 +
op(1)}; therefore, the previous equation after using (36) reduces to
—2logmp = —2log f(Y; A | 6, p) + | M [{logn + 21og(pk) }{1 + op(1)}. (37)
Step 2. The definition of EBIC, (M) in Chen & Chen (2008) for regression models implies
that
EBIC, (M) = —2log fa(y | Am) + | M| {log(np) + 2y log(pk)} ,
= —2log fa(y | Av) + [ M| {logn + (27 + Dlogp} {1 +0p(1)},  (38)
where /N\dj is a root-n consistent estimate of )\j}j d=1,...,p;j=1,...,k)in(29), fa(y | Am)

is the Gaussian likelihood defined using (29), and 0 < v < 1 is a tuning parameter such that
v >1—1/(2k). Lemma 3-4 implies that there exists a universal constant b* such that

—2log fa(y | Am)/(nplogp) = —2log f(Y, A | 6, p)/(nplogp) = b" + op(1).  (39)
Let 7 = —2log 7 /EBIC,(M). Then, Theorem 2 in the main paper and (39) imply that

. —2log fY, A | 8,p)/(nplogp) + | M [{log n + 2log(pk)}/(nplog p){1 + op(1)}
—2log fa(y | Am)/(nplogp) + [ M| {logn + (2y + 1) logp} /(nplog p){1 + op(1)}
b* +op(1) + {|M*[+op(1)}op(1)
— _ =14 op(1). 40
b+ on(D) + (| M [+ op(}or(n) 1 P (40
Step 3. Let I be an upper bound on k* in (29) such that X € RP™"*PIf (np)~' XTX has
positive eigen values for any [ such that &k <1 < 2k, M # M*,and | M | € {1,...,pk}, then

uniformly for any such M there is a universal positive constant Cy and a positive constant C'y
depending on M such that

Cologn{l+op(1)}, M*C M,

. (41)
Cw logn, otherwise;

EBIC (M) — EBIC,(M™) > {
see the definition of asymptotic identifiability condition on pages 762-763 in Chen &
Chen (2008) and the proof of Theorem 1 in Chen & Chen (2008). Using (40) and (41),
2log(mags /Tam) = {EBIC, (M) — EBIC,(M™)}{1 + op(1)} — oo as n — oo for any M such
that M # M* and | M| € {1,...,pk}. The proof is completed by showing (np) ' X7 X has
positive eigen values for any [ such that & < [ < 2k. Assumption A.7 implies that Y7'Y/n has at
least 2k positive eigen values, so (np) ' XTX =1, ® (np)~12°" 70 = I, @ p~1I;, which has
pl positive eigenvalues equal to p~ > 0 for any k < [ < 2k.

4. MICROARRAY DATA ANALYSIS

The AGEMAP data (Zahn et al., 2007) were obtained from http://statweb.
stanford.edu/~owen/data/AGEMAP/.
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The §-p grid in expandable factor analysis had 20 different § and 20 different p values:
§; = 10%, where a; = log;;2 + (i — 1)(log;q 10 — logy02)/20 (i = 1,...,20), and p; = 10%,
where b; = logy, 1073 + (i — 1)(log 105 — log 1073) /20 (i = 1,...,20). Our estimation algo-
rithm estimated A at grid points (J,, ps) (r =1,...,20; s = 1,...,20). The results of our esti-
mation algorithm were stable in that the estimated rank of A was the same at most points on the
0-p grid across 10 folds of cross-validation (Table 1).

Table 1: Estimated rank of loadings matrix in AGEMAP data analysis across 0-p grid. The re-
sults are averaged over 10 folds of cross-validation and the maximum Monte Carlo error is 0-52
across the 10 folds.

01 02 63 da 05 6 07 08 d9 S0 d11 G612 i3 da G615 16 iz G5 dig

10 10 10 10 10 10 10 9 9 8 8 7 7 7 6 6 6 6 6

10 10 10 10 10 10 9 9 8 8 7 7 6 6 6 6 6 5 5

10 10 10 10 9 9 8 8 7 7 6 6 6 6 6 5 5 5 5

10 10 10 9 9 8 7 7 7 6 6 6 6 5 5 5 5 4 4

10 10 9 8 8 7 7 6 6 6 6 5 5 5 4 4 4 4 4

10 9 8 7 7 6 6 6 6 5 5 4 4 4 4 4 4 4 4
8 7 7 6 6 6 6 5 4 4 4 4 4 4 4 4 3 3 3
7 6 6 6 6 5 4 4 4 4 4 4 4 3 3 3 3 3 3
6 6 5 4 4 4 4 4 4 4 3 3 3 3 3 3 2 2 2
5 4 4 4 4 4 3 3 3 3 3 3 2 2 2 2 2 2 2
4 4 4 3 3 3 3 3 2 2 2 2 2 2 2 2 2 2 2
3 3 2 2 2 2 2 2 2 2 2 2 2 2 1 1 1 1 1
2 2 2 2 2 2 2 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 o o0 o0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 o o0 O 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 o o0 o0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 o o0 O 0 0 0 0 0 0 0 0 0 0
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(a) Sparse principal components (b) Expandable factor analysis

Fig. 1: Density plots for the estimated factors in a test data for cerebrum tissue samples.
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Fig. 2: Density plots for the estimated factors in a test data for cerebellum tissue samples.

5. CODE FOR COMPETING METHODS

We used R package fanc to obtain the results for Hirose and Yamamoto’s method (Hirose et al.,
2015). Let Y € R™*P be the simulated data matrix. The following R code was used to estimate
the loadings matrix, Ay, and its rank, 7y, using Hirose and Yamamoto’s method:

1. nfactor = 20; tol = le-5

2. ctrl = list(length.rtho = 20, length.gamma = 20, maxit.em = 1000, maxit.cd = 1000, tol.cd =
tol, tol.em = tol)

3. fancfit = fanc(Y, factors = nfactor, control = ctrl, normalize = FALSE)

4. idx = which(fancfit$BIC == min(fancfit$BIC), arr.ind = TRUE)[1, ]

5. fancout = out(fancfit, rho = fancfit$rho[idx[1]], gamma = fancfit$gamma[idx[2]])

6. fancLoad = as.matrix(fancout$loadings)

7. fancldx = which(colSums(abs(fancLoad)) > 0)

8. rygy = length(fancldx)

9. Apgy = as.matrix(fancLoad[ , fancldx])

We used R package PMA to obtain the results for Witten et al.’s method (Witten et al., 2013).
Let Y € R™*P be the simulated data matrix. The following R code was used to estimate the
loadings matrix, Ay, and its rank, ryy, using Witten et al.’s method:

nfactor = 20

spcev = SPC.cv(Y)

spcfit = SPC(Y', K = nfactor, sumabsv = spccv$bestsumabs)

rw = which(diff(spcfit$prop.var.explained) < 0.05)[1]

spcLoad = spcfit$v * matrix(sqrt(spcfit$d), nrow = ndim, ncol = length(spcfit$d), byrow =
TRUE)

6. Ay =spcload[, L:ryy]

Al

The R function FACTOR_ROTATE implemented the first version of Rockova and George’s
method in Table 1 of Rockova & George (2016). It also had an option for varimax rotation
of the loadings matrix in the second version of Rockova and George’s method. The R code
was provided to us by Veronika Rockova. There were two tuning parameters in Rockovd and
George’s method: g and A\;. We used A\; = 0.001 and )y = 30 for both versions of Roc¢kova
and George’s method. These choices were based on the empirical results reported in Rockova
& George (2016). Let Y € R™*P be the simulated data matrix. The following R code was used
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to estimate the loadings matrix, A ¢, and its rank, rrq, using the first version of Rockova and
George’s method:

n = nrow(train); G = ncol(train); p = 10; K = 20; alpha = 1/G; epsilon = 0.05

lambdal = 0.001; startB = matrix(rnorm(G*K),G,K)

start = list(B = startB, sigma = rep(1,p), theta = rep(0.5, K))

lambda0 = 5; result.5 = FACTOR_ROTATE(Y’, lambda0, lambdal, start, K, epsilon, alpha,

TRUE, TRUE, 100, 0)

5. lambda0 = 10; result_10 = FACTOR_ROTATE(Y, lambda0, lambdal, result_5, K, epsilon,
alpha, TRUE, TRUE, 100, 0)

6. lambda0 = 20; result_20 = FACTOR _ROTATE(Y, lambda0, lambdal, result_10, K, epsilon,
alpha, TRUE, TRUE, 100, 0)

7. lambda0 = 30; result_30 = FACTOR _ROTATE(Y, lambda0, lambdal, result_20, K, epsilon,
alpha, TRUE, TRUE, 100, 0)

8. rra = sum(colSums(abs(result_30$B)) > 0)

9. Agg = result_30$B[, rev(order(sqrt(colSums((result_30$B)?))))]

el s

The following R code was used to estimate the loadings matrix, A ga, and its rank, g, using
the second version of Rockové and George’s method:

n = nrow(train); G = ncol(train); p = 10; K = 20; alpha = 1/G; epsilon = 0.05

lambdal = 0.001; startB = matrix(rnorm(G*K),G,K)

start = list(B = startB, sigma = rep(1,p), theta = rep(0.5, K))

lambda0 = 5; result .5 = FACTOR _ROTATE(Y’, lambda0, lambdal, start, K, epsilon, alpha,

TRUE, TRUE, 100, 1)

5. lambda0 = 10; result_10 = FACTOR _ROTATE(Y’, lambda0, lambdal, result_5, K, epsilon,
alpha, TRUE, TRUE, 100, 1)

6. lambda0 = 20; result_20 = FACTOR_ROTATE(Y’, lambda0, lambdal, result_10, K, epsilon,
alpha, TRUE, TRUE, 100, 1)

7. lambda0 = 30; result_30 = FACTOR_ROTATE(Y’, lambda0, lambdal, result_20, K, epsilon,

alpha, TRUE, TRUE, 100, 1)

rrg+ = sum(colSums(abs(result_30$B)) > 0)

9. Argy = result_30$B[, rev(order(sqrt(colSums((result_30$B)?))))]

B

®

The complete R code used for data analysis, including the code for FACTOR_ROTATE func-
tion, are available online.
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