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1 Risk ratio in clusters of size two

Consider a cluster of two subjects, both uninfected at baseline, with 1 = 1, xo = 0. The hazard functions

for these subjects are
M(t) = P+ wYs ()]

Ao(t) = o + we Y (t)
and we are interested in understanding the properties of the risk ratio evaluated at time ¢,

EY1(t)]

BR= By )

First, let 77 and T, be the infection times of subjects 1 and 2, and let S = min{7},75} be the time of
first infection. Let I be the identity of the first infected subject. The random variables S has density

f(s) = (e’ +1) exp[—a(e? + 1)s]

and
Pr(I =1)=¢/(1+¢€%)

Furthermore S and I are independent. By the law of iterated expectations, we expand

E[Y1(t)] = Es[E/[Y1(2)|S]]

=Es | > EM@I=4S=sPrI=j|S=s)| =Es | > EMH) =j5=sPr(I=})
Lje{1,2} je{1,2}
—Eg[Pr(I =1)+E[Y ()| =2,5 = 5] Pr(I = 2)]
B
e

In the above expectation with respect to S, it is implicit that s < ¢. The remaining inner expectation is
EYi(t)|I =2,S=s]=Pr(T1 <t =2,5=5)
= PI‘(Tl < t’Tl > 8)
=1—exp[—e’(a+w)(t —s)]
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by the memoryless property of the exponential distribution. Putting these pieces together,

E[Y;(t)] = /00011{3 <t} [ <’ !

o Tt el law)(t - s)])] a(e? + 1) exp[—a(e” +1)s] ds

= oz/o [6’8 +1 — exp[—e®(a +w)(t — s)]| exp[—a(e’ +1)s] ds

= ale’ + 1)/0 exp[—a(e? +1)s] ds — aexp[—e’(a + w)t]/ exp[(e’w — a)s] ds

0
When e’w # a,
afe’ «
ElYi(t)] = _05(6;;1;) [exp[—a(eﬁ +1)t] — 1} R exp[—e’ (a + w)i] [exp[(eﬁw —a)t]—1
=1 — exp[—a(e’ +1)t] — T exp[—a(e’ + 1)t] + T exp[—e” (o + w)t]
ePuw
=~y exp[—a(e’ + 1)t] — P exp[—e’(a +w)t] + 1

and when e’w = o,
E[Y1(t)] = 1 — exp[—a(e’ + 1)t] — at exp[—e®(a + w)t]
=1 — exp[—a(e® + 1)t](1 + at)
Similarly for E[Y(t)], if ae® # we?,

we” ae’

E[Ya(t)] = 7exp[—a(eﬁ + 1)t] —

o R exp[—(a+we”)t] + 1

aef — wer
and if ae® = we?,
E[Ys(t)] = 1 — exp[—a(e® + 1)t](1 + ae’t)

Therefore the ratio of expectations is:

aii“éw exp[—a(e? +1)t]— O‘ﬁw exp[—ef (a+w)t]+1

a—e

ePw # a, aeP # wer

wel _ oxp[—a(eB+1)t]— acl WeXp[—(a-}-we’Y)t}-‘,—l’

aeB —weY ael —we
1—exp[—a(e? +1)t](14-at)
weY _ B _ aebB _ ’
RR — P exp[—a(eP+1)t] P S exp[— (a+tweY)t]+1
e*Bw _ B _ @ _eB
PG exp[—a(eP +1)t] 5 exp[—eP (atw)t]+1
1—exp[—a(ef+1)t](1+aeft) ’

ePw = a,ael # we?

ePw # o, ael = we?

1—exp[—a(eP+1)t](14-at)

B = B = wer
1—exp[—a(ef+1)t](1+aeft)’ Cw=a,ae we .

In some of the proofs that follow, it will be useful to consider the risk difference E[Y;] — E[Y3], whose
sign is the same as that of the RD*, where

((w(e?B—e7) exp[—oz(eﬁ+1)t]+(we“’(—o¢eﬁ)ﬁe)x(p[—ﬂeﬁ(oa’—yl—)w)t]—&-eﬁ (a—weP) exp|—(a+we)t] : B ?é a, aeb ?é we?

B exp[—(atwe?)t]— (e’ +t(aef —we?)) exp[—a(e’ +1)i]

ePw = a, ael # we?

RD* — aeP —we ’
(erﬁ(a*weﬁ))exp[;a_(oeJiJrl)l‘J*exp[*eﬁ(OHer)ﬂ7 ePw # a, ael = we
t(ef —1), Pw = a,ael = we.

(2)
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2 Proofs

2.1 Households of size two
We first state and prove a simple Lemma that will ease exposition in what follows.

Lemma 1. Suppose 0 < a < b < c. Then

(c=b)(e®—e )= (b—a)e?—e¢) >0.

Proof. Let f(x) =e ", s0 f'(x) = df(x)/dz = —e~*. By the mean value theorem, there exist x1 € (a,b)
and z2 € (b, c) such that

—b —a - b

, g, €7 —e , g, € f—e

T1) = —e = ——— and To) = —e =

f(@1) — f(@2) -

But since x1 < g, it follows that —e™*! < —e™®2 and so f’(z1) < f/(x2). Therefore
e—b — e G e~ C e—b

b—a < c—b '’

and rearranging this inequality gives (¢ — b)(e™@ —e™%) — (b —a)(e™® — e7¢) > 0, as claimed. O

Result 1: No within-cluster contagion

Proof. Suppose a > 0 and w = 0. We only need to consider the first case in (2), and the sign of this
expression at time 7' is the same as that of

exp[—aT] — exp[—ae’T].

Since o and T' are non-negative, the risk ratio is less than one for every ¢ € (0,7 when 8 < 0, one when
B =0, and greater than one when 8 > 0. Therefore the risk ratio is direction-unbiased. ]

Result 2: Under the null

Proof. Suppose 8 = 0. The sign of (2) is the same as the sign of RDj_, where

w(1—ev)exp[—at]+(ozzv_—wo;%(ix_p£;)t}+(a-w) explwelt] o £ e
exp[*ae”t]*(izrfggi;ev)) exp[*at]’ a=w,a#we

RDj_ = (1+1t(we7—w))u:e(xelc;[j))e”t]—exp[—wt]7 a# w,a = we’ ®)
0, a=w,a=we’.

First, note that when v =0, RDE:Q =0,s0 RR=1.
Now suppose v # 0. The proof is divided into cases for v < 0 and v > 0. These cases are further
divided into several sub-cases defined by the relationship between the parameters of the model.
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Case 1: Let v < 0. We will show that for any ¢t > 0, expression in (3) is positive, and hence RR > 1.
Sub-case 1.1: Suppose 0 < a < we? < w. The denominator of (3) is positive, and the expressions in
the numerator have the following signs:

wl—=e")>0, we”—a>0, and a—w<0.
Multiplying the numerator of (3) by ¢ > 0 gives the following expression:
(wt —wet) exp[—at] + (we't — at) exp[—wt] — (wt — at) exp[—we t].
Splitting wt — at into (wt — we't) + (we’t — at) and rearranging, the numerator of (3) equals:
(wt —wet) (exp[—at] — exp[—wet]) — (we't — at) (exp[—wet] — exp|—wt])

Let a = at, b = wet, and ¢ = wt. By Lemma 1, the numerator of (3) is positive for any ¢ > 0, so RR > 1.

Sub-case 1.2: Suppose 0 < we? < a < w. The denominator of (3) is negative, and the expressions in
the numerator have the following signs:

wl—=e")>0, we”—a<0, and a—w<0.
Multiplying the numerator of (3) by ¢ > 0 and rearranging gives the following expression:
(at — wet) (exp[—at] — exp[—wt]) — (wt — at) (exp[—wet] — exp[—at])
By Lemma 1, the numerator of (3) is negative for any ¢ > 0, so RR > 1.

Sub-case 1.3: Suppose 0 < we? < w < a. The denominator of (3) is positive, and the expressions in
the numerator have the following signs:

w(l—e€”)>0, we’—a<0, and a—w>0.
Multiplying the numerator of (3) by ¢ > 0 and rearranging gives the following expression:
(at — wt)(exp|—wet] — exp[—wt]) — (wt — wet)(exp[—wt] — exp|—at])
By Lemma 1, numerator of (3) is positive for any ¢ > 0, so RR > 1.

Sub-case 1.4: Suppose a —w = 0. Since €” < 1, the denominator of (3) is positive. Dividing the
numerator by exp[—at] and rearranging gives:

explat(l —e7)] — (1 + at(1 —€7)),
which is positive for any ¢ > 0, since expla] > 1+ a for a # 0, so RR > 1.

Sub-case 1.5: Suppose a — we? = 0. Since €7 < 1, the denominator of (3) is negative. Dividing the
numerator by exp[—we’t] and rearranging gives:

(14 wt(e” —1)) — explwt(e” — 1)],

which is negative for any t > 0, since exp[a] > 1+ a for a # 0, so RR > 1.
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Case 2: Let v > 0. We will show that for any ¢ > 0, the expression in (3) is negative, and hence RR < 1.
Sub-case 2.1: Suppose 0 < a < w < we?. The denominator of (3) is positive, and the expressions in
the numerator have the following signs:

w(l—e€e")<0, we’—a>0, and a—w<0.
Multiplying the numerator of (3) by ¢ > 0 and rearranging gives the following expression:
(wt — at)(exp|—wt] — exp[—weTt]) — (weTt — wt)(exp[—at] — exp[—wt])
By Lemma 1, the numerator of (3) is negative for any ¢t > 0, so RR < 1.

Sub-case 2.2: Suppose 0 < w < a < we?. The denominator of (3) is negative, and the expressions in
the numerator have the following signs:

w(l—e”)<0, we’—a>0, and a—w>0.
Multiplying the numerator of (3) by ¢ > 0 and rearranging gives the following expression:
(wet — at)(exp[—wt] — exp[—at]) — (at — wt)(exp|—at] — exp[—wet])
By Lemma 1, the numerator of (3) is positive for any ¢t > 0, so RR < 1.

Sub-case 2.3: Suppose 0 < w < we? < a. The denominator of (3) is positive, and the expressions in
the numerator have the following signs:

w(l—e")<0, we’—a<0, and a—w>0.
Multiplying the numerator of (3) by ¢ > 0 and rearranging gives the following expression:
(wet — wt)(exp|—weTt] — exp[—at]) — (at — wet)(exp|—wt] — exp[—weTt])
By Lemma 1, the numerator of (3) is negative for any ¢ > 0, so RR < 1.

Sub-case 2.4: Suppose o —w = 0. Since €” > 1, the denominator of (3) is negative. Dividing the
numerator by exp[—at] and rearranging gives:

explat(l —e7)] — (1 + at(l —€7)),
which is positive for any ¢ > 0, since expla] > 1+ a for a # 0, so RR < 1.

Sub-case 2.5: Suppose o — we? = 0. Since €” > 1, the denominator of (3) is positive. Dividing the
numerator by exp[—we?t] and rearranging gives:

(1 +wt(e? —1)) — explwt(e” —1)],

which is negative for any ¢ > 0, since expla] > 1 + a for a # 0, so RR < 1. dJ
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Result 3: Homogeneous infectiousness

Proof. Suppose v = 0. The sign of (2) is the same as the sign of RDY_,, where
( w(e?P—1) exp[—a(eP4+1)t]+(w—ael) exp[—e? (atw)t]+e? (a—weP) exp[—(atw)t
w(e? —1) exp[—a(ef +1)t]+(w (O;efliﬁl))([a:ﬂ(fi)w” e” (a—we?) exp[—(a )]7 ePuw# a,ael £+ w
B oxpl—wt]— (8 26_1)) exp|—we2?
* e exp[—wt]—(e :(t;geil) 1)) exp[-we t]7 Pw=a,ael #w
RD_ = Lt (a2 " (4)
t — —at]—exp[—ae?Pt
(Lptec? (e P xpl ot zovpl et o # ayaed = w
tef — 1), Pw=a,ae’ =w.

First note that when v =0, RDZ):O =0,s0 RR=1.
Now suppose 8 # 0. The proof is divided into cases for 5 < 0 and S > 0. These cases are further
divided into several sub-cases defined by the relationship between the parameters of the model.

Case 1: Suppose 3 < 0. We will show that for any ¢ > 0, expression in (4) is negative.

Sub-case 1.1: Suppose 0 < a < we’. It follows from this condition that ae® < we?® < w, ae® < w and
exp[—e? (o + w)t] < exp[—(a + we?P)t]. The denominator of (4) is positive, and the expressions in the
numerator have the following signs:

we? -1)<0, w—ae’ >0, and e’(a—we’) <.

The numerator of (4) is less than

w(e?® — 1) exp[—a(e® + 1)t] + (w — ae’) exp[—(a + we?®)t] + €’ (a — weP) exp[—(a + w)i] (5)
which has the same sign as

w(e?® — 1) exp[—ae’t] + (w — ae?) exp[-we?t] + €’ (a — weP) exp[—wt]. (6)
Multiplying (6) by ¢ > 0 and rearranging gives the following expression:
(we?Pt — aelt) (exp[—we?Pt] — exp[—wt]) — (wt — we?Pt)(exp[—aelt] — exp[—we?Pt)).

By Lemma 1, (6) is negative for any ¢ > 0, so RR < 1.

Sub-case 1.2: Suppose 0 < we?® < aef < w. Tt follows from this condition that ae? < w, we? < a,
and exp[—e”(a 4+ w)t] > exp[—(a + we?’)t]. The denominator of (4) is negative, and the expressions in
the numerator have the following signs:

weEe? —1)<0, w—ae? >0, and e’(a—we’)>0.

The numerator of (4) is greater than (5), which has the same sign as (6). Multiplying (6) by ¢t > 0 and
rearranging gives the following expression:

(wt — aelt) (exp[—we?Pt] — exp[—aelt]) — (Pt — we?Pt)(exp[—ae’t] — exp[—wt]).

By Lemma 1, (6) is positive for any ¢t > 0, so RR < 1.
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Sub-case 1.3: Suppose 0 < w < ae®. It follows from this condition that we?? < w < aef, we? < a and
exp[—e’(a + w)t] > exp[—(a + we?’)t]. The denominator of (4) is positive, and the expressions in the
numerator have the following signs:

weEe? —1)<0, w—ae’? <0, and e’(a—we’)>0.

The numerator of (4) is less than (5), which has the same sign as (6). Multiplying (6) by ¢ > 0 and
rearranging gives the following expression:

(wt — wePt) (exp[—wt] — exp[—ae’t]) — (ae’t — wt)(exp[—we?Pt] — exp[—wt]).
By Lemma 1, (6) is negative for any ¢ > 0, so RR < 1.

Sub-case 1.4: Suppose o —we® = 0 and ae® —w # 0. Since e < 1, the denominator of (4) is negative.
Dividing the numerator by e? exp[—we?$t] and rearranging gives:

explwt(e?” —1)] — (1 + we%(ew —1)) > explwt(e?® —1)] — (1 + wt(e? —1)).

The right hand side of this expression is positive for any ¢ > 0, since exp[a] > 1+a for a # 0, so RR < 1.

Sub-case 1.5: Suppose o — we? # 0 and ae® —w = 0. Since e® < 1, the denominator of (4) is positive.
Dividing the numerator by exp[—at] and rearranging gives:

14 aelt(1 — ) — explat(l — e?)] < 1+ at(1 — e2?) — explat(1 — ).
The right hand side of this expression is negative for any ¢ > 0, since exp[a] > 14a for a # 0, so RR < 1.

Sub-case 1.6: Suppose o —we? = 0 and e’ — w = 0. Since ¢ < 1, (4) is negative for any ¢ > 0, so
RR < 1.

Case 2: Suppose § > 0. We will show that for any ¢ > 0, expression in (4) is positive, and hence
RR > 1.

Sub-case 2.1: Suppose 0 < ae® < w. It follows from this condition that ae? < w < we??, o < we? and
exp[—e’(a + w)t] > exp[—(a + we?’)t]. The denominator of (4) is positive, and the expressions in the
numerator have the following signs:

weEe? —1)>0, w—ae’? >0, and e’(a—we’) <.

The numerator of (4) is greater than (5), which has the same sign as (6). Multiplying (6) by ¢t > 0 and
rearranging gives the following expression:

(we?t — wt)(exp[—aelt] — exp[—wt]) — (wt — ae’t)(exp[—wt] — exp[—we?Pt]).
By Lemma 1, (6) is positive for any ¢t > 0, so RR > 1.

Sub-case 2.2: Suppose 0 < w < ae® < we?P. Tt follows from this condition that o < we?, ae® > w and
exp[—e’ (a + w)t] > exp[—(a + we??)t]. The denominator of (4) is negative, and the expressions in the
numerator have the following signs:

weEe? —1)>0, w—ae’? <0, and e’(a—we’) <.
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The numerator of (4) is less than (5), which has the same sign as (6). Multiplying (6) by ¢ > 0 and
rearranging gives the following expression:

(et — wt) (exp[—aelt] — exp[—we?Pt]) — (wet — ae’t)(exp|—wt] — exp[—ae’t]).
By Lemma 1, (6) is negative for any ¢ > 0, so RR > 1.

Sub-case 2.3: Suppose 0 < we® < a. It follows from this condition that w < we?’ < aef, aef > w and
exp[—e’(a + w)t] < exp[—(a + we??)t]. The denominator of (4) is positive, and the expressions in the
numerator have the following signs:

we? —1)>0, w—ae’ <0, and e’(a—we’)>0.

The numerator of (4) is greater than (5), which has the same sign as (6). Multiplying (6) by ¢t > 0 and
rearranging gives the following expression:

(ePt — we?Pt) (exp|—wt] — exp[—we?t]) — (we?Pt — wt)(exp[—we?’t] — exp[—aePl]).
By Lemma 1, (6) is positive for any ¢t > 0, so RR < 1.

Sub-case 2.4: Suppose a —we” =0 and ae® —w # 0. Since ¢” > 1, the denominator of (4) is positive.
Dividing the numerator by e exp[—we?5t] and rearranging gives:

explwt(e?® —1)] — (1 + we%(ew —1)) > explwt(e?® —1)] — (1 + wt(e®® —1)).

The right hand side of this expression is positive for any ¢ > 0, since exp[a] > 1+a for a # 0, so RR < 1.

Sub-case 2.5: Suppose o — we” # 0 and ae® —w = 0. Since e’ > 1, the denominator of (4) is negative.
Dividing the numerator by exp[—at] and rearranging gives:

14 aelt(1l — ) — explat(l — e?)] < 1+ at(1 — e2P) — explat(1 — ).
The right hand side of this expression is negative for any ¢ > 0, since exp[a] > 1+a for a # 0, so RR < 1.

Sub-case 2.6: Suppose o — we” = 0 and ae® —w = 0. Since ¢? > 1, (4) is positive for any ¢t > 0, so
RR < 1. O

Result 4: Direction bias

Proof. The proof is divided into cases for 8 < 0 and 8 > 0. These cases are further divided into several
sub-cases defined by the relationship between the parameters of the model.

Case 1: Suppose 8 < 0 and €7 < min{e?’,e® + 2(ef —1)}. It follows that e’ > /(v +w), and that the
equalities e®w = o and ae® = we? cannot hold simultanecously. We will show that for every combination
of other parameters there exists t* > 0, such that for all ¢ > t*, the corresponding expression in (2) is
positive, and hence RR > 1.

Sub-case 1.1: Suppose a/w < €’ < 1, ae® # we? and consider the first line of (2). When ael —we? <0,
the denominator is positive, and the expressions in the numerator have the following signs:

wEe? —e) >0, we'—ae® >0, and ePla—we’) <.
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Therefore for any ¢ > 0 the numerator of (2) is greater than
w(e? — ) exp[—ale? + 1)t] + €’ (o — we?) exp[—(a + we )] (7)
which has positive sign whenever
w(e?® — ) exp[—a(e’ +1)t] > —e’(a — we) exp[— (o + we)t]. (8)

log[e? (wef —a)]—loglw(e?f —e7)]
weY —aef

This inequality holds for any ¢t > . Note that this threshold for ¢ is positive

and finite.
When ae® — we? > 0, the denominator of (2) is negative, and the coefficients in the numerator have
the following signs:

wEe? —e) >0, we’—ae’ <0, and €’ (a—we’) <0.
Therefore for any ¢ > 0 the numerator of (2) is less than
w(e?® — &) exp[—a(e? + 1)t] + e (a — we?) exp[—(a + we?)t] (9)
which is negative whenever
w(e?® — ") exp[—a(e’ + 1)t] < —e® (o — weP) exp[—(a + we)t]. (10)

log[w(e28 —eY)]—log[e? (wef —a)]
aef —weY

This inequality holds for any ¢ > . Note that this threshold for ¢ is positive

and finite.
Sub-case 1.2: Suppose ¢’ < a/w and ae® # we?. Tt follows that ae® — we? > 0, the denominator of
(2) is positive, and the expressions in the numerator have the following signs:

wEe? —e) >0, we'—ae® <0, and eP(a—we’)>0.
Therefore for any ¢ > 0, the numerator of (2) is greater than
(we? — ael) exp[—e (o + w)t] + ¢’ (a — we?) exp[—(a + we)t], (11)
which is positive whenever

(we? — aef) exp[—e (a + w)t] > —e’(a — weP) exp[—(a + we?)t]. (12)

B_ e —logle? (a—web
This inequality holds for any t > log[aeeﬂ (gig)j(zi[iw(g)we I Note that this threshold for ¢ is positive and
finite.

Sub-case 1.3: Suppose that a = we” and ae® # we?. Tt follows that a/w < 1 and ae® —we? > 0. The
denominator of (2) is positive, and the expressions in the numerator have the following signs:

e? >0 and e’ +t(ae’ —we?) > 0.
Therefore (2) has positive sign whenever
P exp[—(a + we?)t] > (e + t(ae® — we?)) exp[—a(e® + 1)t]. (13)
Since ¢ > 0 and a > 0, log(1 + at) is a monotonic function of ¢ that grows more slowly than ¢. Therefore

lo L (e —we?
g1+ o5 ( )). Therefore (13) holds for ¢ > ¢*.

aeP —we

there exists t* > 0 such that for any ¢t > t*, ¢t >
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Sub-case 1.4: Suppose o # we® and ae® = we?. It follows that a/w < 1, and a — we® < 0. The
denominator of (2) is negative, and (2) is positive when 1 + te®(a — we®) < 0. This inequality holds for
any t > [e#(we® — a)]~!. Note that this threshold value for ¢ is positive and finite.

Case 2: Suppose > 0 and ¢” > max{e?’, e + %(eﬁ —1)}. Tt follows that the equalities e’w = o and
aef = we? cannot hold simultaneously. We will show that for every combination of other parameters
there exists t* > 0, such that for all ¢ > ¢*, the corresponding expression in (2) is negative.

Sub-case 2.1: Suppose 1 < e’ < a/w and ae® # we?. When ae’ — we? < 0, the denominator of (2) is
negative, and the coefficients in the numerator have the following signs:

wEe? —e) <0, we'—ae’ >0, and eP(a—we’)>0.
Therefore for any ¢ > 0 the numerator of (2) is greater than
w(e® — &) exp[—a(e? + 1)t] + (we? — ae?) exp[—e? (a + w)t], (14)
which has positive sign whenever

(we? — ae’) exp[—e’ (o + w)t] > —w(e?’ — &) exp[—a(e’ + 1)1]. (15)

This inequality holds for any ¢ > log[w(ew_ei@:gg[wew_aeﬂ]. Note that this threshold for ¢ is positive and
finite.

When ae® — we? > 0, the denominator of (2) is positive, and the coefficients in the numerator have
the following signs:

we? —e) <0, we’—ae’ <0, and e’ (a—we’)>0.
Therefore for any ¢ > 0 the numerator of (2) is less than
(we? — ae?) exp[—e® (o + w)t] + € (a — we?) exp[—(ar + we )] (16)
which is negative whenever

P (o — weP) exp[—(a + we)t] < —(we” — ae®) exp[—e’ (a + w)t]. (17)

B (a—wel )] — 6_
This inequality holds for any ¢t > log[e(o(iwiﬁe)z}(alsgkxjew)wev]. Note that this threshold for ¢ is positive and
finite.

Sub-case 2.2: Suppose ¢’ > a/w and ae’® # we?. It follows that ae® — we? < 0. The denominator of
(2) is positive, and the expressions in the numerator have the following signs:

wEe? —e) <0, we’—ae’ >0, and €’ (a—we’) <.
Therefore for any ¢ > 0 the numerator of (2) is less than

w(e?® — V) exp[—a(e? + 1)t] + (we? — ae®) exp[—e? (o + w)t] (18)
which is negative whenever

(we” — aeP) exp[—e (a4 w)t] < —w(e?? — €7) exp[—a(e’ + 1)1]. (19)

10
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—aefl— 26
This inequality holds for any ¢ > loglwe? aew}eﬁlfi[w(ev ¢?)l Note that this threshold for ¢ is positive and
finite.

Sub-case 2.3: Suppose a = we’ and ae® # we?. Tt follows that a/w > 1 and (ae® — we?) < 0. The
denominator of (2) is negative, and (2) is negative when e® + t(ae® — we?) < 0. This inequality holds
for any ¢ > ﬁ. Note that this threshold for ¢ is positive and finite.
Sub-case 2.4: Suppose that o # we® and ae® = we?. Tt follows from this condition that o Jw > 1, and
o —we? > 0. The denominator of (2) is positive, and the expression in the numerator has the following
sign:

1+ te(a —we’) >0

Therefore (2) has negative sign whenever

(1 + teP (o — we?)) exp[—a(e’ + 1)t] < exp[—e’ (a + w)t]. (20)
Since ¢ > 0 and a > 0, log(1 + at) is a monotonic function of ¢ that grows more slowly than ¢. Therefore
there exists t* > 0 such that for any ¢ > t*, ¢ > 10g(1+;e_i€(:;weﬁ)). Therefore (20) holds for ¢ > ¢*. O

2.2 General clusters

We begin with notation that will simplify exposition. Let H; = (a;(t), wix;(t), ni, T;) represent cluster-
level variables. Let K [] denote expectation with respect to the infection time of j, and let E¢, _,[]
denote expectation with respect to infection times t;; for k£ # j (and implicitly, outcomes Y;;(T;)).
Since Y;;(t) = 1{t;; < t}, we will employ expectation with respect to Y;;(t) and ¢;; interchangeably, so
E,;[Yij ()] = By, )[Yij(#)]. Let x; = (241, ..., Tin,;) be the vector of covariate z in cluster i, and Ex, ;[
denote expectation with respect to z;; for k # j. By iterating expectations, we can decompose the
conditional expectations that comprise the risk ratio as follows,

E[Yi;(Ti)|zi; = 2] = En,

Ex, [Et_j [Ee, [Yij(T0) | wij = 2,65 —j, %, Hil | @iy = @, %5, -5, Hy] | w35 = tz] | zij = 4

At time T;, the innermost expectation is

T;

ng
Et,; [Yij(Th) | wij = @, %i,—j, i, —j, Hi] = 1—exp <—€w/ (ai(t) ) Ut < thwi(t - tm)e%”) dt) :
0

k=1

Lemma 2. Let X be a non-negative random variable that takes at least some positive values, and let a
be a non-negative constant. Then

Ex[1 — exp(—aX)]

Ex[l—op(x) < Hos!

Ex[1 — exp(—aX)] :

Ex(i—exp(-x) 7071

Ex[1 — exp(—aX)] —1iffa=1
]

Ex[l —exp(—X)
Proof. Let a < 1.

Ex|[l — exp(—aX)]

Ex[ —exp(—x) < & Exlexp(aX)] = Ex[exp(=X)] > 0

11
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Ex[exp(—aX)] — Ex[exp(—X)] = /Ooo[exp(—ax) —exp(—z)|f(x) de >0 a < 1.

The proof for ¢ > 1 and a = 1 is similar. ]

Result 5: No within-cluster contagion

Proof. Suppose wjy;(t) =0 for all ¢t and x; 1l {a;(t), n;, T;}. Then

rR < BT | 2i; =1]
EYi(To) | 25 = 0]
IEHZ[IEXZ j[Eti J[1 — exp( —ef fo ai(t) dt) | iy = 1,%x5 —5, Hi] | 5 = 1, Hy] | 25 = 1]
Er, [Ex; _;[Et; ;[1 —exp(— fo a;(t) dt) | zij = 0,%4 —j, H;] | ®ij = 0, H;] | xij = 0]
~ Ep[Ex, [Eg, [l — exp( eﬁfo a;(t) dt) | Hy] | x5 = 1, Hy] | 245 = 1]
B[ [Be, (1 —exp(— [ au(t) dt) | Hi] | @i = 0, Hi] | @5 = 0]
Ep, [Ex, _,[1 — exp(—e” fo a;(t) dt) | zij =1, H;] | wi; = 1]
Ep, [Ex, _;[1 — exp(— fo a;(t) dt) | z;; = 0, H;] | 25 = 0]
_ Ep,;[1 — exp( (—ef fo a;(t) dt) | x5 = 1]
Epg,[1 — exp(— fo a;(t) dt) | z;; = 0]
~ Ep;[1 — exp( (—ef fo a;(t dt)]
B Ep,[1 — exp(— fo a;(t

where the third line follows because the distribution of Y;;(7;) does not depend on x; _;, and only depends
on x;; via multiplicative constant e the fourth line follows because Yi;(T;) does not depend on t; _j,
and the fifth line follows because Y;;(7;) is independent of x; _; and x; is independent of H;. Since the
only difference between the numerator and denominator is the multiplicative constant e®, by Lemma 2
the risk ratio is direction-unbiased. O

Result 6: Independent x

Proof of Result 6. Suppose the covariates x; are jointly independent and x; Il {cv;(t), wir;(t), ns, T;}. For
any time t > 0, we can write the cumulative hazard to subject j in cluster ¢ as

T;
Aj(t) = ex”ﬁ/ (1 =3( < )+ Zszz $)wikj (s — tik) w’”) ds
0

For ease of exposition, let

&i(t) = ai(t) + Zz Yir (t)wigj (t — tir)e™™*7.

k=1

12
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Then
o BV (T [ = 1)
E[Y;(T;) | zij = 0]
_ En[Ex, ;[Eg; ][1 —exp(—e” [1(1 = Yi;(£)& () dt) | xi—j, vy = 1, Hy) | wyj = 1, Hy) | @y = 1]
 En B [Be (1 —exp(— (1= Yi()&(t) dt) | x5, wi5 = 0, Hy] | wij = 0, Hy] | @i = 0]
En, [Ex, [Eti,_j[l —exp(—¢”® [y (1= Vi (£)&(t) dt) | xi, Hil | Hil]
= B BB - o 11— V)60 a0) [, 1] [H]
because the distribution of t; _; is invariant to conditioning on z;; = 1 or x;; = 0, when subject j

is susceptible, and because by joint independence of x;, the expectation Ey, .[] is also invariant to
conditioning on x;; = 1 or z;; = 0, and x;; is independent of H;. By Lemma 2 the risk ratio is direction-
unbiased. O

3 Risk ratio maps

3.1 Exact risk ratio maps for clusters of size two

Figures 1 and 2 provide the plots that illustrate analytic result (1) for different combinations of force
of infection parameters o and w as a function of susceptibility () and infectiousness (y) parameters.
Figure 1 shows the exact expected value of the log| RR], and Figure 2 shows the regions of the direction
bias of the risk ratio as an approximation of the hazard ratio for the same combinations of parameters
a, w and observation time 7;. We have demonstrated in Result 4 that for a given combination of (f,7),
direction bias depends on the observation time and the ratio of w/a. In Figures 1 and 2 observation
time is chosen such that cumulative incidence when 8 = 0 and v = 0 is kept constant around 0.15 for a
given ratio of w/a. With observation time chosen this way, the behavior of the bias is exactly the same
for the same ratio of w/« regardless of the absolute values of these two parameters.

3.2 Simulation results

Exact expression for the expectation of the risk ratio is intractable in general case. This section pro-
vides a summary of the simulation results for different study designs and combinations of epidemiologic
parameters. In simulations we vary:

e Distribution of covariate x: block randomization, independent Bernoulli, cluster randomization;

e Cluster size distribution: fixed size, Poisson distributed;

e Observation period: constant at different values, variable;
e Subjects infected at baseline: Pr[Y (0) = 1] =0; Pr[Y(0) =1] > 0.
e Ratio w/a.

3.2.1 Distribution of covariate x when cluster size is constant

First, we look at the behavior of the bias of the risk ratio as an approximation of the hazard ratio for
different types of the distribution of covariate x when cluster size is constant. Figure 3 shows simulation
results for block randomized distribution of z, Figure 4 - for independent Bernoulli distribution of =z,
and Figure 5 - for cluster randomized distribution of z. In all simulations presented in this subsection
(Figures 3 - 5) the following parameters are held constant:

13
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o =0.00001 o =0.0001

0.00001

o=

0.0001

o=

0.001

o

0.01

o=

Figure 1: Computed log[RR] as a function of § and ~ in clusters of size two, when exactly one subject
per cluster has a value of x = 1. Observation time is constant and chosen such that the cumulative
incidence when 5 = 0 and v = 0 is approximately 0.15 for a given combination of o and w.
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Figure 2: Regions of direction bias of computed log[RR] as a function of § and + in clusters of size two,
when exactly one subject per cluster has a value of x = 1. Observation time is constant and chosen such
that the cumulative incidence when 8 = 0 and v = 0 is approximately 0.15 for a given combination of «

and w.
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Figure 3: log[RR] (top row) and region of direction bias (bottom row) as a function of § and v when
cluster size is constant and x is block randomized: 22“:1 xij = k.

Pr(X =1)=0.25 Pr

(X=1)=05
‘ i | }C‘) 4 :‘ 3

Pr(X =1)=0.75

gl

4 o 4 4
2 2 2
Y o - 0 - o
2 -2 - -2 -
4 - -4 - -4 -

T T T T T T T T T T T T

4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4

Figure 4: log[RR] (top row) and region of direction bias (bottom row) as a function of § and v when
cluster size is constant and z has independent Bernoulli distribution with varying Pr[z = 1].
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p=05

>
e

Figure 5: log[RR] (top row) and region of direction bias (bottom row) as a function of 8 and v when
cluster size is constant and x is cluster randomized: proportion p of clusters have Z?’Zl x;j = 4, and
remaining 1 — p have %, x;; = 0.

e Force of infection parameters: o = 0.0001, w = 0.01;
e Cluster size: n; =4 fori=1,...,N;

e Observation time: 7; = 450 for i« = 1,..., N (giving cumulative incidence of approximately 0.15
when 8 =0 and v = 0);

e All subjects uninfected at baseline: Yj;(0) =0fori=1,...,N and j =1,2,3,4;

e Simulation parameters: number of clusters N = 500, number of simulations per combination of
parameters = 200.

As demonstrated analytically in the Result 6, independent Bernoulli distribution of x results in the
direction-unbiased risk ratio (Figure 4). Lack of joint independence in the distribution of x, however,
generally results in the risk ratio exhibiting direction bias in some regions of the (8, ) parameter space.
Figure 3 shows that bias patterns under block randomization and constant cluster size mimic that of
the simple two-person cluster case. Figure 5 shows that cluster randomized distribution of = leads to
the direction bias in the regions where 8 and v have opposite signs, and when the risk ratio is direction
unbiased, it is not necessarily biased towards the null, but may be biased away from the null.

3.2.2 Variable cluster size under different distributions of covariate z

In this subsection we explore the behavior of the risk ratio bias under variable cluster size, which follows
Poisson distribution with different means. Figures 6 - 9 show simulation results for the average cluster
size between two and five, under different distributions of covariate x. In Figure 6 covariate x is block
randomized such that for any cluster size only one subject per cluster has x = 1; Figure 7 shows block
randomization of z, when in any cluster half of the subjects have x = 1; in Figure 8 covariate x has
Bernoulli distribution with Prjxz = 1] = 0.5, and Figure 9 shows the results for cluster randomized
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n; ~ Pois(1)+1 n; ~ Pois(2)+1 n; ~ Pois(3)+1 n; ~ Pois(4)+1

Figure 6: log[RR] (top row) and region of direction bias (bottom row) as a function of § and v when
cluster size n; ~ Pois(u1) + 1 and x is block randomized such that y_7*, ;; = 1 for all 4.

n; ~ Pois(1)+1 n; ~ Pois(2)+1 n; ~ Pois(3)+1 n; ~ Pois(4)+1
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Figure 7: log[RR] (top row) and region of direction bias (bottom row) as a function of 8 and v when
cluster size n; ~ Pois(u1) + 1 and x is block randomized such that 3 7%, ;; = |n;/2] for all i.
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n; ~ Pois(1)+1 n; ~ Pois(2)+1 n; ~ Pois(3)+1 n; ~ Pois(4)+1

-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
4 o 4 - 4 - 4 -
2 o 2 o 2 o 2 o
Y o+ 0 0 0 -
-2 o -2 - -2 o -2 o
-4 o -4 -4 o -4 o

T T T T T T T T T T T T T T T T T T T T

-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4

Figure 8: log[RR] (top row) and region of direction bias (bottom row) as a function of § and v when
cluster size n; ~ Pois(u) + 1 and x has independent Bernoulli distribution with Pr[z = 1] = 0.5.
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Figure 9: log[RR] (top row) and region of direction bias (bottom row) as a function of 8 and v when
cluster size n; ~ Pois(u) + 1 and x is cluster randomized: half of clusters have Z;“:l x;j = n;, and
remaining half have >, x;; = 0.
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distribution of x such that in half of clusters all subjects have z = 1, and in the remaining half everyone
has = 0. In all simulations presented in this subsection (Figures 6 - 9) the following parameters are
held constant:

e Force of infection parameters: a = 0.0001, w = 0.01;

e Observation time: T; = 750, when n; ~ Pois(1) + 1; T; = 525, when n; ~ Pois(2) + 1; T; = 450,
when n; ~ Pois(3) + 1; and 7; = 330, when n; ~ Pois(4) + 1 (giving cumulative incidence of
approximately 0.15 when § =0 and v = 0);

e All subjects uninfected at baseline: Yj;(0) =0fori=1,...,N and j =1,...,n;

e Simulation parameters: number of clusters N = 500, number of simulations per combination of
parameters = 200.

When covariate x is block randomized, the behavior of risk ratio bias changes substantially when we
allow cluster size to vary compared to holding it constant. Figures 6, 7 and 3 demonstrate very different
patterns of bias behavior, while all having block randomized distribution of z. When cluster size is
fixed (Figure 3), risk ratio is direction-unbiased when v = 0, and bias in direction requires  being more
extreme than and having the same sign as 5. However, when cluster size varies under block randomized
x, the risk ratio is not necessarily direction-unbiased when v = 0, or when + and [ have opposite
signs. Figures 6 and 7 show that under variable cluster size and block randomized x, bias behaves very
differently depending on proportion of subjects with x = 1 per cluster. Increasing imbalance in the
distribution of = generally makes things worse under such study design (compare Figure 6 to Figure 7).

When 2 has independent Bernoulli or cluster randomized distribution, bias of the risk ratio as an
approximation of hazard ratio generally behaves similarly for constant or variable cluster size (com-
pare Figure 8 to Figure 4 for Bernoulli distributed x, and Figure 9 to Figure 5 for cluster randomized
distribution of z).

3.2.3 Duration and variability of observation time T;

This subsection looks at the impact of duration and variability of observation time on the risk ratio bias
under different distributions of covariate x. Figures 10 - 12 show simulation results for three constant
durations of observation (7; = 50, 450 and 1500) and one, where observation time is exponentially
distributed with rate = 1/450. Figure 10 shows the results for constant cluster size and block randomized
distribution of =, Figure 11 - for variable cluster size and independent Bernoulli distribution of x, and
Figure 12 - for constant cluster size and cluster randomized distribution of x. In all simulations presented
in this subsection (Figures 10 - 12) the following parameters are held constant:

e Force of infection parameters: o = 0.0001, w = 0.01;
e All subjects uninfected at baseline: Y;;(0) =0fori=1,...,Nand j=1,...,n;

e Simulation parameters: number of clusters N = 500, number of simulations per combination of
parameters = 200.

With all other parameters held the same, increasing duration of observation leads to the increase in
cumulative incidence. Under block randomized (Figure 10) and independent Bernoulli (Figure 11) dis-
tribution of x higher cumulative incidence increases the bias of the risk ratio as an approximation of the
hazard ratio. However, under cluster randomized distribution of = (Figure 12) increasing duration of ob-
servation reduces the region, where the risk ratio exhibits direction bias, but does not necessarily reduce
the bias in absolute value. Under any of the three distributions of x variable duration of observation
does not appreciably change the behavior of risk ratio bias compared to constant T;.
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Ti ~ exp(1/450)
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Figure 10: log[RR] (top row) and region of direction bias (bottom row) as a function of 5 and ~ for
different observation time 7;, when cluster size is constant (n; = 4 for all 7), and z is block randomized
such that 3 7%, x;; = 2.

Ti = 1500 Ti ~ exp(1/450)
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Figure 11: log[RR] (top row) and region of direction bias (bottom row) as a function of 8 and 7
for different observation time 7;, when cluster size n; ~ Pois(3) + 1 and = has independent Bernoulli
distribution with Pr[z = 1] = 0.5.

21



Supplement to “Risk ratios for contagious outcomes” J. R. Soc. Interface

Ti ~ exp(1/450)
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Figure 12: log[RR] (top row) and region of direction bias (bottom row) as a function of 5 and ~ for
different observation time T;, when cluster size is constant (n; = 4 for all 7), and z is cluster randomized:
half of clusters have » U x;; = 4, and remaining half have > 7%, z;; = 0.

3.2.4 Infections at time zero

In the simple case of clusters of size two and in all previous simulations we assumed that all subjects
are uninfected at time zero (baseline). In practice, however, such study design is rarely a case. When
researchers study infection transmission, they often select these clusters based on having at least one
infected subject per cluster at baseline assessment (often called “index” case). Sometimes studies would
include a mix of clusters with and without infected subjects at baseline. In observational studies the
distribution of covariate x is given, and if 5 and/or « is not zero, then the distribution of infections at
baseline assessment is not independent of x. In experimental studies baseline distribution of infections
may be independent of treatment x, and researchers can choose, whether subjects infected at baseline
may or may not be assigned to treatment (z = 1). In this subsection we explore the behavior of the risk
ratio bias under the presence of infections at time zero.

Figures 13 and 14 show the estimate of log| RR] and regions of direction bias for a range of values of
PriY(0) = 1|X = 1] and Pr[Y (0) = 1|X = 0] under block randomized distribution of x and constant
cluster size, and Figures 15 and 16 - under independent Bernoulli distribution of x and variable cluster
size. In all plots the observation time 7; was chosen such that cumulative incidence when 8 = 0 and
v = 0 is approximately 0.15. The risk ratio was computed among subjects uninfected at time zero. In
most of the simulations presented in Figures 13 - 16 number of clusters N = 500. In some of the plots
we increased N to 1,000 and 5,000 to ensure convergence of the averages to expectations. For the same
reason the number of simulations per combination of parameters varies between 100 and 2,000.

Figures 17-18 summarize simulations that represent observational study design, which includes clus-
ters based on having at least one “index” case at baseline. These simulations were conducted as follows.
We started with all subjects being uninfected and ran simulation for T; = 75 (Figure 17) or T; = 150
(Figure 18). This time point then became the time of “baseline” assessment, at which we selected clusters
with at least one infected subject. For different values of 8 the initial number of clusters N was chosen
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Figure 13: log[RR] as a function of § and ~ for a range of Pr[Y(0) = 1|X = 1] and Pr[Y(0) = 1|X = 0],
when cluster size is constant (n; = 4 for all i), and  is block randomized such that 3 7", z;; = 2.
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Figure 14: Regions of direction bias of log[RR] as a function of 5 and ~ for a range of Pr[Y (0) = 1|X = 1]
and Pr[Y (0) = 1|X = 0], when cluster size is constant (n; = 4 for all 7), and = is block randomized such
that Z?;l Tij = 2.
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Figure 15: log[RR] as a function of 8 and « for a range of Pr[Y (0) = 1|X = 1] and Pr[Y'(0) = 1|X = 0],
when cluster size n; ~ Pois(3) + 1 and z has independent Bernoulli distribution with Prxz = 1] = 0.5.
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Figure 16: Regions of direction bias of log[RR] as a function of § and ~ for a range of Pr[Y (0) = 1|X = 1]
and Pr[Y (0) = 1|X = 0], when cluster size n; ~ Pois(3) +1 and x has independent Bernoulli distribution

with Pr[z = 1] = 0.5.
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Among non-index cases

Among uninfected at baseline

Figure 17: log[RR] (top row) and region of direction bias (bottom row) as a function of 5 and ~ for
clusters selected based on having at least one infection at “baseline”, when cluster size is constant (n; = 4
for all 4), and « is block randomized such that Z;“Zl x;; = 2. Risk ratio is calculated in two ways: among

all “non-index” cases, and among cases uninfected at “baseline”.

Among non-index cases Among uninfected at baseline

Figure 18: log[RR] (top row) and region of direction bias (bottom row) as a function of 8 and 7 for
clusters selected based on having at least one infection at “baseline”, when cluster size n; ~ Pois(2) 4 2
and z has independent Bernoulli distribution with Pr[z = 1] = 0.5. Risk ratio is calculated in two ways:

among all “non-index” cases, and among cases uninfected at “baseline”.
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such that the number of clusters with at least one infected at “baseline” assessment was approximately
500. If there were more than one subject per cluster infected at baseline, an “index” case was selected
randomly from among them. We then ran simulation for 7; = 10 (resulting in cumulative incidence of
approximately 0.15 among subjects uninfected at “baseline” when = 0 and v = 0) and calculated the
risk ratio in two ways: among all subjects uninfected at “baseline”, and among “non-index” cases. In
Figure 17 number of simulations per combination of parameters = 50, and in Figure 18 - 200.

In all simulations presented in this subsection (Figures 13 - 18) force of infection parameters are held
constant at the following values: o = 0.0001, w = 0.01.

Introducing subjects infected at baseline with different probabilities conditional on the value of covari-
ate x may result in substantial direction bias that generally increases with the increase of the difference
in these conditional probabilities. Under constant cluster size and block randomized distribution of z,
when PrY(0) = 1|X = 1] = Pr[Y(0) = 1|X = 0], bias generally behaves in the way similar to the same
study design with no subjects infected at baseline (Figures 13 and 14). Under variable cluster size and
independent Bernoulli distribution of = (Figures 15 and 16), the risk ratio is direction-unbiased.

When study clusters are selected based on having at least one subject per cluster infected at baseline
(“index” case), bias behavior under constant cluster size and block randomized distribution of z is similar
to having no subjects infected at baseline. Whether risk ratio is calculated among subjects uninfected
at baseline, or excluding only “index” cases the risk ratio exhibits direction bias in the same regions
of the (3,7) parameter space. Under independent Bernoulli distribution of z, when we start with no
subjects infected at time zero, the risk ratio is always direction-unbiased (Result 6). When we include
clusters based on infections at “baseline”, and calculate the risk ratio excluding all subjects infected at
the start of observation, we still have this nice property of the risk ratio. However, when the risk ratio is
calculated excluding only the “index” cases under the same conditions, direction-unbiasedness does not
necessarily hold (Figure 18).

3.2.5 Ratio w/«a

This subsection looks at the influence of the ratio w/« of per-subject within-cluster to exogenous force of
infection. Figure 19 shows simulation results for different values of w and « under constant cluster size
and block randomized distribution of x; Figure 20 - under variable cluster size and independent Bernoulli
distribution of x, Figure 21 - under variable cluster size and block randomized distribution of z, when
exactly one subject per cluster has a value of x = 1, and Figure 22 - under variable cluster size and
cluster randomized distribution of x. Similarly to the previous subsection, in all plots the observation
time T; was chosen such that the cumulative incidence when 8 = 0 and v = 0 is approximately 0.15. In
all simulations presented in this subsection (Figures 19 - 22) the following parameters are held constant:

e All subjects uninfected at baseline: Y;;(0) =0fori=1,...,Nand j=1,...,n;;

e Simulation parameters: number of clusters N = 500, number of simulations per combination of
parameters = 200.

In the simple case of clusters of size two, for which we have derived analytic expression for the risk
ratio bias, we have demonstrated that bias behavior is exactly the same for the same ratio of w/a when
observation time 7T; is chosen such that it keeps cumulative incidence the same (Figures 1 and 2). Figures
19 and 20 show that this property holds for more complex study designs. Figure 21 shows that under
the same conditions on T; and block randomized distribution of x, the region of the (53, ) space, where
risk ratio exhibits direction bias increases with the increase of the ratio w/« as proportionally more
infections get attributed to within-cluster transmission. However, under cluster randomized distribution
of z (Figure 22) region, where the risk ratio is not direction-unbiased, is largest when ratio w/a gets
closer to one.
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a=0.0001, w=0.01, T{=450 a=0.0001, w=0.001, T=750 a=0.001, w=0.01, T;=75

o

Figure 19: log[RR] (top row) and region of direction bias (bottom row) as a function of § and ~ for
different combinations of ratio w/« and observation time 7;, when cluster size is constant (n;, = 4 for
all 7), and z is block randomized such that Z;’;l x;j = 2. In all plots observation time is constant and
chosen such that the cumulative incidence when 8 = 0 and v = 0 is approximately 0.15 for a given
combination of a and w.
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Figure 20: log[RR] (top row) and region of direction bias (bottom row) as a function of 8 and 7 for
different combinations of ratio w/a and observation time 7;, when cluster size n; ~ Pois(3) + 1 and =
has independent Bernoulli distribution with Pr[z = 1] = 0.5. In all plots observation time is constant
and chosen such that the cumulative incidence when 8 = 0 and v = 0 is approximately 0.15 for a given
combination of o and w.
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w/a=1000, T=3600 w/0=100, T;=450 wa=10, T=750 wlo=1, T=130 wa=0.1, T=160
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Figure 21: log[RR] (top row) and region of direction bias (bottom row) as a function of 8 and ~ for
different combinations of ratio w/a and observation time 7;, when cluster size n; ~ Pois(3) + 1 and x is
block randomized such that Z;“Zl x;5 = 1 for all ¢. In all plots observation time is constant and chosen
such that the cumulative incidence when 8 = 0 and v = 0 is approximately 0.15 for a given combination
of @ and w.
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Figure 22: log[RR] (top row) and region of direction bias (bottom row) as a function of § and ~ for
different combinations of ratio w/« and observation time T;, when cluster size n; ~ Pois(3) + 1 and z is
cluster randomized: half of clusters have Z;“:l x;j = n;, and remaining half have Z;“:l z;j = 0. In all
plots observation time is constant and chosen such that the cumulative incidence when 5 =0 and v =0
is approximately 0.15 for a given combination of o and w.
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