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1. Derivation of model for membrane growth

Here we present a simple mathematical model of membrane growth based on first-order kinetics.

Consider two solutions A and B which at time t=0 meet at the interface located at x=0. The solution A
is initially located in the region x < 0 and the solution B in the region x > 0. Denote by c,(x, t) and
cg(x,t) the bulk concentration of solutes A and B, the problem is predicting the evolution of the
membrane thickness h(t) with time.

Mass conservation imposes that the rate of change of the membrane’s mass is equal to the mass of the
reactants A and B that self-assemble at x = 0. Calling p the average mass density of the membrane,
and S the channel cross section, we can write

Gdh _
Prar =T

where the reaction rate r is the total mass of reaction products C created by the self-assembly process
per unit time at the interface according to the reaction

A+B-C

For a first-order reaction occurring at the interface, we can write

r=kS cy(x = 07)Y2ch(x = 07)1/2

where k is a rate constant having the units of a length per unit time. The interfacial concentrations of A
and B in the expression above should be interpreted as the bulk solute concentrations immediately to
the left and to the right of the interface. For well mixed conditions we can assume that the interfacial
concentrations are equal to the corresponding bulk concentrations.

The rate constant must depend on the bulk solute diffusivities D, and Dg. For example, if both
diffusivities where equal to zero, in the absence of convection the solute molecules would not be able
to reach the interface, and the self-assembly process would not take place. It must also somewhat depend
on h itself, because the experimental data shows that the growth slows down as the membrane thickness
increases.
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The simplest model for k is the linear model

k=a—ph

where both the parameters a and 8 depend on the bulk diffusivities. The parameter « is a measures of
how fast the interfacial reaction takes place in the limit t — 0 in which the membrane is infinitesimally

thin. The parameter g is a measures of the decrease in the efficiency of the interfacial reaction as the
membrane grows.

The equation governing the membrane growth is thus

dh
PE = (a — Bh) Jcai/Cai
The solution of this linear equation is h(t) = %[1 — exp(—tB.Jcaicr; /P) |-

The two parameters of this exponential function above can in principle be obtained experimentally. The
ratio % can be obtained by measuring the final thickness of the membrane h, since hy, = % The

parameter a can be obtained by a linear fitting of the first experimental data points. Indeed, for small t,
the analytical expression above can be approximated by

h(t) = at\[/caicpi /P

which shows that the slope of the experimental curve for t near zero is equal to a,/c4 ;cp ; /p-
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