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1 Supporting Videos
1.1 Video S1: D.; Rotation Class

Video S1 shows the dynamics particles in the D, rotation class, including a D, parallel aligner, a Dyop,
perpendicular aligner, a C, parallel rocket, a Cop, perpendicular rocket, a Doy perpendicular shuttle, and
a D3, perpendicular glider. The shape parameters characterizing each particle are shown in the video.

1.2 Video S2: D34 Rotation Class

Video S2 shows the dynamics of particles in the D34 rotation class, including a D3y perpendicular flipper, a Ds
perpendicular flipping glider, and a C',, perpendicular flipping cruiser. The shape parameters characterizing
each particle are shown in the video.

1.3 Video S3: C4, Rotation Class

Video S3 shows the dynamics of particles in the Cyy rotation class, including a Cy; parallel spinner, a Cyp,
perpendicular spinner, a C parallel spinning rocket, a C4 perpendicular spinning rocket, a Csj, perpendicular
spinning glider, and an S4 perpendicular spinning shuttle. The shape parameters characterizing each particle
are shown in the video.

1.4 Video S4: Sg Rotation Class

Video S4 shows the dynamics of particles in the Sg rotation class, including an Sg precesser, an Sg wobbler,
a ('3 precessing cruiser, and a C3 wobbling cruiser. The shape parameters characterizing each particle are
shown in the video.

1.5 Video S5: Cs;, Rotation Class

Video S5 shows the dynamics of particles in the Cs rotation class, including a Cyp, perpendicular spinner,
a Cyyp, aligner, a Cy perpendicular spinning shuttle, a Cs parallel spinning glider, and a C, perpendicular
spinning glider.

1.6 Make your own

A MATLAB program with which to generate your own trajectories for particles of different symmetries is
available at https://github.com/kjmbishop/shapeICEP.



2 Symmetry Group Nomenclature

Figure S1: Patterns on a cylindrical band illustrate the seven infinite series of axial point groups of order n.
Each group is labeled using its corresponding Schoenflies notation [1]. Cy, has n-fold rotational symmetry and
no other symmetry elements (other than the identity operation). We will refer to the n-fold rotation axis as
the primary axis. Cj,p has n-fold rotational symmetry and mirror symmetry about the plane perpendicular
to the primary axis. C), has n-fold rotational symmetry and mirror symmetry about n planes parallel to
the primary axis. D,, has n-fold rotational symmetry and n axes of 2-fold rotational symmetry that lie
perpendicular to the primary axis. Dy has the symmetries of D,, as well as mirror symmetry about the
plane perpendicular to the primary axis and n planes parallel to that axis. D,,q has the symmetries of D,
as well as mirror symmetry about n planes parallel to the primary axis that bisect the angles separating the
axes of 2-fold rotational symmetry. Sa, has 2n-fold improper rotation symmetry (i.e., invariance to 2n-fold
rotation followed by inversion). In the column n = 1, the obscured entries appear elsewhere in the table;
C1p, and Sy are often denoted as Cy and C}, respectively.



3 Numerical Method

3.1 Particle Shape

We consider particle shapes that can be expressed by the following parametric form
xz(0,¢) = f(6,¢) (cos ¢sinfe, + sin ¢ sinbe,s + cosbe.), (S1)

where e; is the unit vector in the i-direction, and the function f(8,¢) is a linear combination of spherical
harmonics

[e's) 0
F0,6)=> > Re(BmY"(6,9)), (S2)
=0 m=0

with coefficients By, chosen such that f(6,¢) > 0. In this way, the surface is fully specified by the coefficients
By, Using this parametric form, it is straightforward to compute all the surface geometric quantities needed
for the subsequent analysis. To summarize, the unit vectors tangent to the surface are

£© — %0 nq 1) = o (S3)
|4 |24

where the subscript 6 or ¢ denotes differentiation (e.g., g = 9px(6, ¢)). The outward-pointing unit vector

mn normal to the surface is
n =t x ¢, (S4)

The surface integral over an arbitrary function g(x) can be written as

/Sp g(x)dS = /07T /027r g(x)|zo X TH|ddd0, (S5)

where S}, denotes the particle surface. The local mean curvature is given by

_ GL—2FM + EN

i = 2(EG — F2) (S6)
where the coeflicients of the first and second fundamental forms are given by
E=x9-x9, F=mg -y, G=1oy Ty (S7)
L=zpp-n, M=2zp5 -1, N==Tys-n. (S8)
3.2 Electrostatics
The electric potential ® surrounding the particle satisfies the Laplace equation
V20 = 0. (S9)
As there is no ionic current normal to the surface of the particle, we have
n-Vo(x) =0 for z € 5,. (S10)
Far from the particle, the potential approaches the externally applied potential ®° ()
O(x) =0 (x) = —E* - x for ¢ — o0, (S11)

where E° is the constant electric field.



3.2.1 Integral Equation for the Potential ®(x)

The problem above admits the following integral solution [2] for the potential ®(x) at point @ on the particle’s
surface

50@) =~ [ Gw.2)n(y) Vow)dsy) + [ w)lniy) - V,0(.2)dS(@), (512)
S S

where G(y, ) is the Green’s function for the potential at y due to a point charge at «, and the surface S is
made up of two contributions: one enclosing the particle (S,) and another spherical surface of large radius
(Sx). For a particle in an unbounded medium, the Green’s function is

where r = y — . We first consider the integrals over the spherical surface far from the particle,
1 1
—/ Gy, z)[n(y) - VO (y)|dS(y) = / oY) - E¥]dS(y) = —gz - EY, (514)
Soo Soo mwr 3
: 2
| @i vowolasw - [ 59" as) -2 me (s19)
Seo Seo wr 3
Substituting this result, we obtain
1
30@) = 9%(@) - [ Gly.o)n(v) Vewis) + [ i) V,0w.2Sw).  ($16)

The first integral is identically zero owing to the boundary condition (S10). Substituting the Green’s function,
we obtain the following integral equation for the unknown potential on the surface of the particle

43

33 =% - [ () ™Y T 5 y). (s17)

p

As this integral is weakly singular, it is helpful to regularize it using integral identities [2] to obtain

B(a) = () - [ [2(y) - (@) "L Las(y) s18)

s, 473
The implementation of this integral equation is detailed in Section 3.4 below.

3.2.2 Integral Equation for the Potential Gradient V&(x)

Differentiating equation (S17), we obtain

109 99> 9*G(y,x)
- - i) () 2 1
5om = et . () 7 5, (19)

where the relevant Green’s function derivative is

Gy, x) 1 (6i; 3y
0z;0Yy; T Arx '

g - Y (S20)

Here, we are only interested in those components of the potential gradient that are tangent to the surface of
the particle (¢ - V®); the component normal to the surface is identically zero in accordance with boundary
condition (S10). This integral is hypersingular, but can be regularized using integral identities to obtain the
following weakly singular integral equation for the potential gradient

9°G(y,x)

590 = et [ 19) 0@l (0) T s (). (s21)




3.3 Hydrodynamics
The fluid flows outside of the particle are described by the Stokes equations for creeping flow
V-o=-Vp+nV?u=0 and V-u =0, (S22)

where u(x) is the velocity, p(x) is the pressure, o(x) is the stress, and 7 is the viscosity. The particle moves
as a rigid body with a translational velocity U and angular velocity €. Here, we adopt a moving frame of
reference centered on the particle. In this frame, there is no flow normal to the particle surface

n-u=0forxebs, (S23)

The force of the electric field on the field-induced double layer induces a slip velocity tangential to the particle
surface

t-u=t-us=t- (;C(ac)Vd)(sc)) for x € S, (S24)

where t is a unit vector tangent to the surface, and {(x) is the spatially dependent zeta potential. Here,
((x) = C — ®(x) where C is a constant chosen such that surface averaged zeta potential is zero. Far from
the particle, the velocity approaches the rigid body velocity

u(xz) =u>(x) = —(U + Q x x) for x — oo. (S25)

The translation and rotational velocities are determined by the constraints that there is no net force or
torque acting on the particle

/S F()dS(y) =0, (526)
/S y x f(y)dS(y) =0, (827)

P

where f = o - n is the stress on the surface. Rather than solve this problem directly, it is convenient to
make use of the Lorentz reciprocal theorem to obtain [3, 4]

FU+L Q= /S ua(y) - F@)dS(y), (528)

where _f = 0 - n is the stress due to the same particle undergoing pure translational or rotational motion
through a quiescent fluid. The associated force F and torque L are given by

F= /sp f(y)dS(y) and T = /S,, y x f(y)dS(y). (529)

3.3.1 Integral Equation for the Stress f(:c)

To obtain the stress f (z) for the associated Stokes flow due to simple translational/rotational motion, we
start from the integral equation for the velocity at a point @ on the surface of the particle [2]

1

3@ = == [ Gy w)asw)+ [ &) Ty 2 w)isw), (530)

where the free-space Green’s functions are given by

1 (51 ; T,
Gij(y,x) = o (r] + r;) . (S31)
3ririT
Tiji(y, ) = —747T;5k, (S32)



with r; = y; — x; as above. As in the electrostatics problem, the surface S is made up of two parts: one
closely enclosing the particle (S,), the other a spherical surface of large radius (S ). Evaluating analytically
the integrals over the outer surface and noting that the surface velocity is zero, we obtain

1. - 1 .
pil@) =@~ [ G 2w, (33)

where the velocity far from the particle is due to pure translation and/or rotation
w®(z) = —(U +Q x ) for & — oo. (S34)

Equation (S33) can then be solved numerically for the unknown surface stress, f(x) (see below).

3.4 Numerical Solution
3.4.1 Lebedev Quadrature

The integral equations above are solved numerically using Lebedev quadrature [5] over surfaces parameterized
by the spherical angles 6 and ¢. In this approach, integrals are approximated as

27 T N
/O /0 g(0,¢)sin0d0 dp = > " weg(0q, ¢), (S35)

g=1

where the grid points (64, ¢,) have octahedral rotation and inversion symmetry, and the grid weights w;
enable the exact integration of spherical harmonics up to a given order. To compute a surface integral over
the parametric particle surface x(6, ¢), we can write

™ 2w N
[ st@ias = [ [ g0l wldods = 3 Wig(0,.0,). (536)
P 0 0 q=1
where the weighting factor W, contains both the Lebedev weights and the surface area element

w
W, = sinqﬁq |zo X xyl4- (S37)

3.4.2 Electrostatics

To circumvent the challenges associated with the singular integrand in equation (S18), we introduce an
alternative Green-like function G, (y,x) for the potential at point y due to a Gaussian charge distribution
of width a'/? centered at point x

6771"!‘//2/06 1
— Ndg! — — 2
Goly,x) = /v 37 G(y,z)dx' = - erf (\/m* /a) , (S38)

where » = y — « and " = '’ — . This function approaches that of equation (S13) in the limit as o« — 0.
The integral equation (S17) for the potential can now be recast as

®(x) = 2 (x) +/S [®(y) — (x)|n(y) - VyGa(y, z)dS(y) +
v (S39)

+ /5 [B(y) — B(@)]n(y) - Vy [0y, ) — Ga(y. ) dS(y).

p

The first integral is non-singular and can be computed numerically by Lebedev quadrature. The second
integral is non-zero only in the vicinity of the singularity (i.e., when |y — x| ~ a!/?) and can be approximated
analytically as

g [@(y) — ®(@)n(y) - V, [G(y, @) — Galy, x)]dS(y) = 0+ O(a®?), (540)



where we neglect all contributions of order a®/? and higher.
The potential gradient tangent to the surface can be computed in similar fashion. We first decompose
equation (S19) for the potential gradient into “far-field” and “near-field” components as

(o) 5 — @) T+ [ () - 0@ twin o) =P asty) +

p 0 [g(y,w) — ga(va)]
+ [ 10w - o@)] fan ) L s )

P

(S41)

[13

where the former is handled numerically and the later analytically. Specifically, the
is approximated as

near-field” component

0*G(y,x) — Ga(y, )] B 0% () H(x)a!/?
/S [@(y) — (@)] t:(z)n; (y) D0y, AS(y) = ti(@) =5 ==

P

+0(*?), (S42)

where H(x) is the mean curvature of the surface.

3.4.3 Hydrodynamics

As in the electrostatics problem, we divide the integrals of equation (S33) into near-field and far-field com-
ponents as

gii(e) = i)~ [ G5 fwasw)— 1 [ [Gutw.o) - G5wo)] fwdsw). (543

Here, the function Gf; (y,x) represents the Green’s function for the velocity modulated by a Gaussian filter
of the form described in [6]

—mr'"? o 5 "2

e r

gy, ) = /V P <2 - )gij(y,w’)dw’,
mr? /o

1 X~ 5o e~/ g
= % l(erf (\/7‘["/‘2/04) + Teaw> % + (erf (\/7T7‘2/0¢> — 7’eal/2> il

(S44)
r3 ] ’
where r = y — x and v/ = «’ — . The far-field contribution (first integral) can be computed numerically
without singularities; the near-field contribution (second integral) can be approximated analytically as

1 Oél/2

—= | [Gi(y, ) - Gi(y, x)] fiw)dS(y) = ——— [0 — ni(@)n; ()] fi(x) + O(a®?). (S45)
nJs 4mn

3.4.4 Error Analysis

To validate the numerical method detailed above, we consider the problem of a spherical particle, for which
the exact solutions to the electrostatic and hydrodynamic problems are known. Figure (S2) shows the error
in the dipole moment as a function of the Gaussian width « and the number of Lebedev grid points N. For a
given Gaussian width «, the number of Lebedev points required to converge to a stable solution (independent
of N)is N ~ 4ma®/a. Thus, the smaller the Gaussian width, the more grid points are required to accurately
solve the integral equations. When N is sufficiently large (N > 4ma?/a), the primary source of error derives
from the analytical approximation of equation (S40), which neglected contributions of order a3/? and higher.
Consequently, the error in the dipole moment (and all other electrostatic quantities) scales as a?3/? with the
Gaussian width and thereby as N ~3/2 with the number of Lebedev grid points. Figure (S3) shows a similar
analysis of the root mean square (RMS) velocity on the surface of a sphere.
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Figure S2: Numerical error in computing the dipole moment of a conductive sphere in a uniform electric
field as a function of the Gaussian peak width « (left) and the number of Lebedev points N (right). The
dipole error is presented in natural units of ea® E°; the exact dipole moment for a sphere is 27.
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Figure S3: Numerical error in computing the RMS velocity on the surface of a conductive sphere in a uniform
electric field as a function of the Gaussian peak width « (left) and the number of Lebedev points N (right).
The velocity error is presented in natural units of ea E°°?/n; the exact RMS surface velocity for a sphere is

3/3/10.
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4 Particle Dynamics

4.1 D, Rotation Class

@@n@tﬁ@m

no steady translation rocket shuttle glider

Figure S4: Schematic illustration of symmetry groups included in the Do rotation class; point groups
with n = 4 are representative of all particles with n > 4. Particles with these symmetries exhibit the same
rotational motions but differ in their translational motions.

Rotational Dynamics

The rotation tensor in the particle frame D7, has only one parameter: —D}y5 = —D'3, = D33 = Di3; = d.
By convention, the primary axis of the particle is oriented along the z’-direction. To help to visualize the
structure of @', we will write it explicitly as

000 (00 —d (0 —d 0
D=0 0 d (00 0 (d 0 0)]. (S46)
(000 (00 (00 0

The equations of motion expressed using Euler angles (¢, 8, ) simplify to

¢ =0,
6 = —dsin 26, (S47)
Y =0.

These equations admit the following stable fixed points

0 = mm for d > 0,

1 (S48)
0 = (m+ 5)m for d <0,

with m € integers. Physically, the particle adopts a stable orientation with its longer axis aligned parallel
to the applied field. These dynamics are conveniently summarized by the phase portraits of Figure S5 for
positive and negative d. The parameter d provides a convenient measure of the effective aspect ratio of the
particle.

Cpy Particles (n > 4): Rockets

The translation tensor in the particle frame €., has three parameters: €4y = c1, €51 = €59y = ¢2, and

ijk
iz = gy = Chgg = T3y = c3,

(00 ¢) (00 0) (5 0 0)
=10 00 (00 c3 §0 cs 0; : (S49)
(CQ 0 O) (O (6] O) 0 0 C1

As above, the primary axis of the particle is oriented along the z’-direction. When the axis of the particle is
oriented parallel to the applied field, the velocity is ¢; in the z’-direction. When the axis is perpendicular to
the field, the velocity is co in the z’-direction. The parameter c3 is needed only to describe transient particle
motions during its rotation into the stable orientation.

11
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Figure S5: Phase portraits for the Dy, class for (a) d = 1 and (b) d = —1. The colormap shows the
magnitude of 0; arrows show the flow in the ¢ plane. The line of stable fixed points is marked by the white
curves.

D54 Particles: Shuttles

The translation tensor in the particle frame C;jk has two parameters: €55, = €55 = ¢1 and €35 = o3 =

000 (00 e) go e og]

/ _ ! —
¢213 = €231 = C2,

=100 0 e) (00 0 (2 00
¢1 0) (e 0 0) (0 0 0)

(S50)

As above, the primary Cs axis of the particle is oriented along the z’-direction; the particle is further rotated
about that axis such that its Cy axes lie along the 2’ and y’ directions. When the axis of the particle is
oriented parallel to the applied field, the velocity is zero. When the axis is perpendicular to the field, the
velocity is 2¢; cos ¢sin ¢ in the z’-direction (along the particle axis). The parameter co is needed only to
describe transient particle motions during its rotation into the stable orientation.

D3, Particles: Gliders

The translation tensor in the particle frame & has one parameter: —€y3 = —Cj3, = €5 = Loy =c. |

(¢ 00 (0 co0) (000
¢=1(0 ¢ 0 (c00 (00 0). (S51)
[(000% gooog %000%]

Here, the primary axis of the particle is oriented along the z’-direction; the particle is further rotated about
that axis such that one of its three Cy rotation axes lies along the z’-direction. When the axis of the particle
is oriented parallel to the applied field, its velocity is zero. When the axis is perpendicular to the field such
that its 2’ axis lies along the y-direction (i.e., § = ¢» = 0), the particle moves perpendicular to its axis in the
xz-plane with velocity U = ¢[cos(3¢)e, +sin(3¢)e,]|. The direction of translation depends on the orientation
of the particle about its axis (i.e., on ¢).

12



D,, Particles (n > 4)
The translation tensor in the particle frame &;;; has one parameter: —&; = €y == €y, == )y =c,
(0 0 ()) 0
=100 0 (0
(0 0 0) (0
Here, the primary axis of the particle is oriented along the z’-direction. When the axis of the particle is

oriented parallel or perpendicular to the applied field, its velocity is zero. However, the particles exhibits
transient translational motions with speed c as its axis approaches its stable orientation.

0 —c) (O —c O)
) (cOO

00 ) (S52)
0 0) (00 0

13



4.2 D, Rotation Class

D2h DZ C2v

e &2 =

no steady translation rocket

Figure S6: Schematic illustration of symmetry groups included in the Do, rotation class. Particles with
these symmetries exhibit the same rotational motions but differ in their translational motions.

Rotational Dynamics

The rotation tensor D;; has the following non-zero elements: D95 = D35, D515 = Doy, and Dy = Dy
By convention, the principal axes of the particle are aligned along the z’, y', and z'-directions. The Doy,
rotation tensor can be constructed by superimposing three D}, tensors oriented along the z’, ', and 2’-axes
and parameterized by di, do, and ds3, respectively,

000 (00 do—d3) (0 do—dy 0)
=100 0 ds—di) (0 0 0) (ds—dy 0 0)]. (S53)
(0 di—dy 0) (di—doa 0 0) (0 0 0)

By convention, the particle frame is chosen such that d; < do < d3. The equations of motion expressed
using Euler angles simplify to

¢ = (d1 — da) sin 2¢,
0 = 1dy + do — 2d3 + (do — d) cos 2¢)] sin 26, (S54)

Y = (da — dy) sin2¢ cos 6.
For dy < dy < d3, these equations admit stable fixed points at
¢ =nm and 6 = mm, (S55)

for integers n and m. Physically, the particle adopts a stable orientation with the longest of its principal
axes aligned parallel to the field.

(5, Particles: Rockets

The translation tensor in the particle frame €;;; has five parameters: €g33 = c1, Cg90 = ca, Cyyy = c3,
/ _ /! _ !/ — / —
223 = €30 = €4, and €3 = €3y = ¢35,

(00 ¢c) (00 0) (5 0 0)
=10 0 0) (00 ca) (0 cs 0)]. (S56)
(Cg 0 0) (0 Co 0) (0 0 Cl)

As above, the primary axis of the particle is oriented along the z’-direction; the particle is further rotated
about the z’-axis such that d; < da. When the axis of the particle is oriented parallel to the applied field (i.e.,
when d3 > dy), the velocity is ¢; in the z'-direction (along the particle axis). When the axis is perpendicular
to the field such that its 2z’ axis lies along the y-direction (i.e., # = ¢ = 0), the particle moves parallel to
its axis with velocity U = —(cq cos? ¢ + c3 sin? ®)e,. The parameters ¢4 and c5 are needed only to describe
transient particle motions during its rotation into the stable orientation.

14



Figure S7: Phase portrait for the Dy, class for dy = —1, da = 0, and d3 = 1. The colormap shows the
magnitude of ¥; arrows show the flow in the ¢f plane. The stable fixed point is marked by the white dot.

15



4.3 Dy Rotation Class

D, D, G,
no translation  flipping glider rocket

flipping cruiser

Figure S8: Schematic illustration of symmetry groups included in the Dsg rotation class. Particles with
these symmetries exhibit the same rotational motions but differ in their translational motions.

Rotational Dynamics

The rotation tensor in the particle frame D/ 1 can be expressed using two independent parameters: —D),; =
*91132 = 9/213 = 9’231 = d; and *9/111 = 9/122 = 91212 = 9/221 = dy.

(=d2 0 0) (0 do —di) (0 —di 0)
D =|(0 do di) (d 0 0) (d 0 0)]|. (S57)
(0 0 0) (0 0 0) (0 0 0)

Here, the particle is oriented such that its 3-fold rotation axis is aligned parallel to the z’-axis and one of its
2-fold rotation axes is aligned parallel to the z’-axis. The equations of motion expressed using Euler angles
simplify to

b= —3d3(1 + 2 cos 2¢) sin ¢sin 20,
0 = dy cos 3¢ sin? 0 — dy sin 26, (S58)

1 = da(1 + 2 cos 2¢) sin § sin ¢.

The dynamics have a fixed point at 8 = mm for integer m, which corresponds to the particle’s 3-fold rotation
axis aligned parallel to the applied field; this orientation is stable when d; > 0. Alternatively, when d; < 0,
the particle orients perpendicular to the applied field and rotates about the axis of the field. To summarize,
the stable fixed points are

0 =mn, d=1=0 for dy >0,

p=(m+1)T, 0= (m+Hm, = (-1)"""dy for d; <0.

(S59)

Figure S9 illustrates phase portraits corresponding to these two different dynamical behaviors.

D3 Particles: Flipping Gliders

/

The translation tensor in the particle frame &,

has two parameters: —€};; = €5, = €, = €4y = ¢1 and
! _ /! _ / — !/ —
—Clo3 = =Tz = Cyp3 = oy = 03,

(—Cl 0 O) (0 C1 —02) (O —Co 0)
Q:/ = (0 C1 CQ) (Cl 0 0) (CQ 0 0) . (SGO)
(0 0 0) (0 0 0 (0 0 0)

As above, the particle is oriented such that its 3-fold rotation axis is aligned parallel to the z’-axis and one of
its 2-fold rotation axes is aligned parallel to the x’-axis. When the axis of the particle is oriented parallel to
the applied field (Figure S9a), there is no translational motion. When the axis is perpendicular to the field
in its stable orientation (Figure S9b), the particle moves parallel to the field with speed ¢;. The parameter
¢ is needed only to describe transient particle motions during its rotation into the stable orientation.

16



®

Figure S9: Phase portraits for the D34 particle for (a) di = d2 = 1 and (b) —d; = da = 1. The colormap
shows the magnitude of ; arrows show the flow in the ¢ plane. Stable fixed points are marked by white
circles; unstable by black circles.

C3, Particles: Rockets / Flipping Cruisers

The translation tensor in the particle frame & has four parameters: Cyy3 = c1, €y = Ty = oo,
! _ /! _ / _ ! _ / _ / — ! — !/ —
—Chgy = =€y = =€y = Ty = c3, and Liyy = Tz = Cogy = ooy =

¢ = ((0—03_ C% 004)) ((663030 cf)) Ef)4 cg 8;
(c2 0 0) (0 ¢ 0) (0 0 )

(S61)

The particle is oriented such that its 3-fold rotation axis is aligned parallel to the z’-axis and one of its
planes of reflection symmetry is normal to the z’-axis. When the axis of the particle is oriented parallel
to the applied field (Figure S9a), the particle moves parallel to the field with speed ¢;. When the axis is
perpendicular to the field in its stable orientation (Figure S9b), the particle moves perpendicular to the field
with speed \/c3 + c3. The parameter ¢, is needed only to describe transient particle motions during its
rotation into the stable orientation.
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4.4 (4, Rotation Class

Ca C, Cy, S,
spinner spinning rocket spinning glider spinning shuttle

Figure S10: Schematic illustration of symmetry groups included in the Cy; rotation class; point groups
with n = 4 are representative of all particles with n > 4. Particles with these symmetries exhibit the same
rotational motions but differ in their translational motions.

Rotational Dynamics

The rotation tensor in the particle frame i can be expressed using four independent parameters: —9/,5 =
/ _ !/ _ I _ / _ !/ _ I _ /! _ !/ _ I _ ! _
—Di3p = D13 = Diyzy = di, D33 = da, D3y = Dipp = d3, and D'y3 = D3y = Dipz = Diyzp = day,

0 0 d) (0 0 —di) (da —di 0)
D' =((0 0 &) (00 d) (& di 0)]. (S62)
Edg 0 0) Eo ds og (0 0 do)

The equations of motion expressed using Euler angles simplify to

¢ = 3(—2dy + ds + dz + (—2dy — d3 + d3) cos 20),
6 = —d; sin 26, (S63)

1) = 2dy cos .

Note that the dynamics of 6(t) is identical to that of the Do particle: the Cy, particle aligns its 4-fold
rotation axis parallel to the applied field when d; > 0 and perpendicular when d; < 0. It then continues to
rotate steadily with a rate and direction that depends on its orientation. Particles aligned parallel to the
field rotate at a rate ds; those aligned perpendicular to the field rotate at a rate dz. The stable fixed points
are summarized as

0=mm, ¢+ (—1)"p=dy for dy >0,

. (S64)
0= (m—&—%)ﬂ, ¢ =ds fo di <D0.
C, Particles: Spinning Rockets
The translation tensor in the particle frame €}, has four parameters: €35 = c1, €4y = €y = c2,

! _ ! _ ! _ ! _ ! _ ! _ ! _ !/ —
a1 = €z = o3 = Cigp = 3, and —Cgp = =3 = T3 = gy = ¢y,

(0 0 Cg) (0 0 —84) (83 —Cy4 O)
Q:I = (0 0 64) (O 0 03) (63 Cq 0) . (865)
(CQ 0 0) (0 Co O) (0 0 cl)

As above, the particle is oriented such that its n-fold rotation axis is aligned parallel to the z’-axis. When
the axis of the particle is oriented parallel to the applied field (Figure S11a), the particle moves parallel to
its axis with speed ¢;. When the axis is perpendicular to the field in its stable orientation (Figure S11b), the
particle moves parallel to its axis with speed cs. The other parameters c3 and ¢4 are needed only to describe
transient particle motions during its rotation into the stable orientation.
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(a) (b)

¢

Figure S11: Phase portraits for the Cyj particle for (a) dy = dy = d3 = dy = 1 and (b) —dy = dy = d3 =
dy = 1. The colormap shows the magnitude of ; arrows show the flow in the ¢ plane. Lines of stable fixed
points are marked by white curves.

Csy, Particles: Spinning Gliders

The translation tensor in the particle frame &, has two parameters: —€};; = €y = Chy; = &4y, = ¢; and

—Cloy = Ty =~y = Chyy =0y,
(—01 —C2 O) (—02 C1 0) 0 0 O)
Q:IZ (_C2 (&1 0) (Cl Co O) 0 0 0) . (866)
(0 0 0) (0o 0 (00 0

As above, the particle is oriented such that its 3-fold rotation axis is aligned parallel to the z’-axis. When
the axis of the particle is oriented parallel to the applied field (Figure S11a), the particle does not translate.
When the axis is perpendicular to the field (Figure S11b), the particle moves perpendicular to its axis with
speed \/c? + c2. Such gliding motions combined with spinning about the particle axis result in closed circular
trajectories within planes parallel to the field.

S, Particles: Spinning Shuttles

The translation tensor in the particle frame &, has four parameters: —€4;; = g9 = ¢, —€l3; = —&jy3 =
932 = Chgg = €2, gy = gy = Ty = €3 = ¢3, and &)y = Chy) = ¢y,
(0 0 —Cg) (0 0 Cg) (—Cg C3 0)
=10 0 ¢c) (00 ¢ (c3 2 0)]. (S67)

(—01 C4 0) (04 c1 0) (0 0 0)

As above, the particle is oriented such that its 2-fold rotation axis is aligned parallel to the z’-axis; the particle
can be further rotated about that axis as to ensure that ¢4 = 0. When the axis of the particle is oriented
parallel to the applied field (Figure S11a), the particle does not translate. When the axis is perpendicular
to the field (Figure S11b), the particle moves parallel with an orientation-dependent speed ¢ cos(2¢). Such
shuttling motions combined with spinning about the particle axis result in particle oscillations along a line
perpendicular to the field.
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4.5 Sg Rotation Class
S G
spinner : spinning rocket
precesser precessing cruiser
wobbler wobbling cruiser

Figure S12: Schematic illustration of symmetry groups included in the Sg rotation class. Particles with these
symmetries exhibit the same rotational motions but differ in their translational motions.

Rotational Dynamics

The rotation tensor in the particle frame D/ ;1 can be expressed using five independent parameters: D95 =
/ — / — / — / — !/ _ / — / — /! _ / — / —
—Dlzg = D13 = Doz = di, Dizz = do, D3y = Dipy = ds, Dz = Dz = Dipz = Digp = dy, and

/ _ ! _ / / —
_9111 - 122 — ~212 — D221 - d5'

(=ds 0 di) (0 ds —di) (ds —dy 0)
@I = (O d5 dl) (d5 0 d4) (dl d4 0) . (868)
(ds 0 0) (0 d5 0) (0 0 dy)

Here, the particle is oriented such that its 3-fold rotation axis is aligned parallel to the z-axis; it is further
rotated about that axis as to eliminate the components ©)4;, D415, D511, and Dby, from the rotation tensor.
The equations of motion expressed using Euler angles simplify to

¢ =1 [ds +ds — 2ds + (d2 — d3 — 2d4) cos 20 — d sin 20 sin 3¢ ,
0 = ds sin® 0 cos 3¢ — dy sin 26, (S69)

1) = 2d4 cos 0 + dj sin 0 sin 3¢.

Qualitatively, this particle can be viewed as a combination of a Cyj particle with a D3y particle. When
d1 > 0, the particle aligns its rotation axis with the applied field an rotates steadily at a rate ds just like
the Cyp, particle. When d; < 0, the particle can adopt a either a fixed orientation or a complex rotational
motion depending on the magnitude of ds. When ds; = 0, we recover the Cy; particle, which orients
perpendicular to the field rotates steadily about its axis. For small d5 (specifically, for d? < 2[d3(ds — 2dy) +
VB (4d3 + (dz — 2d4)?)]), the particle axis wobbles as it rotates. For sufficiently large ds, the particle axis
approaches a fixed orientation oblique to the field axis, about which the particle precesses at a steady rate.

C5 Particles

The translation tensor in the particle frame &}, has six parameters: —€jy3 = gy = €3 = Coyy = ¢y,
! _ / _ ! _ ! _ ! _ ! _ ! _ ! _ !/ _ ! _ !/ _

g3 = c2, Cqyy = ooy = 3, €5 = Cgy = Ty = T3y = ¢y, and —Cyy = Clgy = &1y = Chyy = 5, and
! _ ! _ ! — ! —

Clig = gy =&y = —Togp =5

(—05 Cg 04) cg €5 —C1 (04 —C1 O)
@l = (C6 Cs Cl> Cs —Cg C4 (Cl Cy 0) . (S?O)
(63 0 O) (O C3 0) (O 0 CQ)

As above, the particle is oriented such that its 3-fold rotation axis is aligned parallel to the z’-axis. When
the axis of the particle is oriented parallel to the applied field (Figure S13a), the particle translates along its
axis with velocity co. When the particle axis is wobbling (Figure S13b), it traces a complex trajectory that
displaces the particle by a constant amount in any direction during each rotation cycle. When the particle
axis is precessing (Figure S13c), it traces a helical trajectory parallel to the field.
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Figure S13: Phase portraits for the Sg particle for (a) dy = dy = ds =dy =ds =1, (b) —d; = dy = d3 =
dy =ds =1, and (¢) —d; = dy = d3 =d4 =1 and ds = 2. The colormap shows the magnitude of ; arrows
show the flow in the ¢f plane. Lines of stable fixed points are marked by white curves.
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4.6 (9, Rotation Class

C,, C, o G
. pinning rocket . .
spinner .. spinning glider
P dipner o spinmingshutle g
aligner . cruiser
cruiser

Figure S14: Schematic illustration of symmetry groups included in the Csqj rotation class. Particles with
these symmetries exhibit the same rotational motions but differ in their translational motions.

Rotational Dynamics

The rotation tensor in the particle frame @;jk can be expressed using eight parameters: D435 = dy, D5qq =
d2, D1y = Digyy = dy, Diyy = du, Digp = Dipg = ds, Dy = Dy3 = do, Digy = D3 = dr, and
Diz1 =Dz =ds,
(00 ds) (00 dr) (ds dr 0
D=0 0 ds) (0 0 ds) (ds ds5 0)]. (ST1)
(ds d3 0) (ds do 0) (0 0 dy)

Here, the particle is oriented such that its 2-fold rotation axis is aligned parallel to the z-axis. Note that the
particle can be rotated about its axis to eliminate one the above parameters (e.g., such that d3 — 0). The
equations of motion expressed using Euler angles simplify to

¢ = [A+ Bcos2¢ — C'sin2¢] cos® 0 + %[D + E cos 2] sin? 6,
0 = L[F + Ccos2¢ + Bsin2¢]sin 26, (S72)

¥ =[G — Bcos2¢ + Csin2¢)| cosb,

where A=dy —ds —dg, B=dg—ds, C =dg+dy, D=dy+dy, E =dy—dys, FF = d; —dg, and G = d5 + ds.
Qualitatively, this particle can be viewed as a combination of a Cy; particle with a Doy particle. For the
conditions below, the particle aligns its rotation axis with the applied field (8 = 0) an rotates steadily at a
constant rate just like the Cyy, particle (Figure S15 a,b),

(A*> > B?>+C? and F < 0) or <A2 <B*4(C? andF<—\/BQ+CQ—A2). (S73)

For other conditions, the particle aligns its rotation axis perpendicular to the applied field (8 = 7/2) and
rotates about that axis at a variable rate (Figure S15¢). This behavior is stable provided that

E?> F?and F > 0. (S74)

If neither condition (S73) nor (S74) is satisfied, then the particle adopts a stable orientation with its axis
oblique to that of the field (Figure S15d).

Cy Particles

The translation tensor in the particle frame &}, has eight parameters: €33 = c1, €490 = €2, €415 = Chy; = c3,

! _ ! _ ! _ ! _ ! _ ! _ ! _ ! _ / _
11 = ca, Chgy = Chog = 5, Togy = Chy3 = 6, Cigp = oy = ¢7, and 3y = €45 = cs,

(00 cg) (00 ¢r) (cs e 0)
¢ = (O 0 06) (0 0 05) (06 cs 0) . (S75)
(C4 c3 0) (03 Co 0) (O 0 cl)

As above, the particle is oriented such that its 3-fold rotation axis is aligned parallel to the z’-axis. When
the axis of the particle is oriented parallel to the applied field (Figure S15a,b), the particle translates along
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its axis with velocity c¢;. When the axis of the particle is oriented perpendicular to the applied field (Figure
S15¢), the particle translates along its axis with a steady velocity %(02 +¢4) superimposed with an oscillatory
component of magnitude [cZ + i(c4 — ¢2)?]'/2. This behavior combines the steady translation of a rocket
with the oscillatory translation of a shuttle. Finally, when the particle adopts a fixed orientation in the
field (Figure S15d), it can translate along any direction at a constant rate (as determined by its shape and
orientation about the field axis).

C, Particles

. . . / . ! _ / _ ! _ ! —

The translation tensor in the particle frame &}, has ten parameters: €53, = €595 = c1, €34y = Cqy5 = ¢,
/ _ ! _ / —_ o _ !/ _ / — !/ _ /! —_ o . !/ —

Cas3 = €3, Coop = Cay Cygy = Copp = 5, Copp = G, Tz = €7, g = 8, Tipy = Cipp = €9, and &gy = cro,

(010 Cg O) (Cg (&) 0) (0 0 07)
¢ = (CG cs 0) (05 Ca O) (0 0 03) . (S76)
(0 0 CQ) (0 0 Cl) (CQ C1 0)

Here, the particle is oriented such that its plane of mirror symmetry is perpendicular to the z’-axis. When
the z’-axis of the particle is oriented parallel to the applied field (Figure S15a,b), the particle translates
along with speed (cf + c?)l/ 2 along a circular trajectory within the plane perpendicular to the field. When
the z’-axis of the particle is oriented perpendicular to the applied field (Figure S15¢), the particle translates
perpendicular to that axis with a speed and direction that depends on its orientation ¢ about the axis.
Combined with rotation at an orientation-dependent rate, the particle executes complex periodic orbits
within a plane parallel to the field. Finally, when the particle adopts a fixed orientation in the field (Figure
S15d), it can translate along any direction at a constant rate (as determined by its shape and orientation
about the field axis).

23



2
1
0
-1
-2
(d)
v
4
< 2
0
-2
-4

Figure S15: Phase portraits for the Cyy, particle for d3 = 0 and (a) d; = dy = dy = —ds = %dg = —d; =
—dg =1, (b)d1=d2=d4=—d5=%d6=—d7=d8=1, (c)d1=d2=d4=d5=d6=%d7=d8=1,
and (d) dy =dy =dy =ds = %dg = d; = dg = 1. The colormap shows the magnitude of 1/}; arrows show the
flow in the ¢0 plane. Stable fixed points are marked by white dots; lines of stable fixed points are denoted
by white curves. Note that the stable dynamics for (a) and (b) -are physically identical: the particle orients
parallel to the field (§ = 0) at rotates at a steady velocity ¢ + ¢ = d;.
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5 Sensitivity on Particle Shape

Symmetry of the perturbed shape
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Figure S16: Changes in selected components of the shape tensors as a function of three different shape
perturbations (columns): addition of spherical harmonics Y, for even n (Do, symmetry), Y2 for odd n
(Coop symmetry), and Y (Dsg symmetry). The effects of these perturbations depend qualitatively on the
unperturbed “base shape” — here, a sphere (top row) and a perpendicular aligner with Bog = —0.2 (bottom
row). The plots show the responses for the orientation parameter d for Do, particles (section 4.1), the
translation parameter ¢; for Cu, particles (section 4.1), and the rotation parameter dy for D34 particles
(section 4.3).
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6 Effects of Brownian Motion

D, Particles

We consider the dynamics of a parallel aligner with Do, symmetry (Fig. 2a). In the absence of Brownian
motion, such particles align their primary axis parallel to the field. We simulated the dynamics of a particular
Do, particle in the presence of Brownian motion for different dimensionless temperatures 8 = kpT/a’cEZ,.
The plot below shows the particle orientation 6, and the rotational mean-square-displacement (MSD) as a
function of time (Fig. S17). The angle 6, is defined by projecting the particle’s z’ axis (vector [0, 0, 1] in the
particle frame) onto the yz plane in the lab frame. The angle 6, (¢) is defined as the angle of rotation around
the x axis between this projected vector at time ¢ and the same vector at time zero. We count each full
counterclockwise rotation as an addition of 27, and similarly we subtract 27 for each full clockwise rotation.
The rotational MSD is then defined as

MSD(t) = <(9I(t’ ) — Gx(t’))2> . (S77)
At low temperatures (e.g., 8 = 0.3), the particle orientation fluctuates about one stable orientation but

does not “flip” to the other orientation on the time scale of the simulations. At higher temperatures (e.g.,
B = 1.2), the particle flips stochastically giving rise to diffusive behavior at long times — that is, MSD(¢) « ¢.
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Figure S17: Parallel aligner with Do, symmetry. (left) Particle orientation 8, as a function of time for three
different temperatures 8 = kpT/a3cE2 . Particle shape is characterized by Ba = 0.4. (right) Rotational
mean-squared-displacement as a function of time for the same three temperatures. The dashed curve is 2D,.t
with diffusivity D, = kpT/8mna® like that of a spherical particle (8 = 1.2).

(s, Particles

Rockets with Cy, symmetry are in the same rotation class as the aligner (D) and therefore exhibit
the same rotational motions. Additionally, rockets can translate parallel to their axis at a constant rate
(Fig. 3c and d). We simulated the dynamics of such particles in the presence of Brownian motion for
different dimensionless temperatures 8 = kg7 /acE% and computed the translational MSD in the z, y, and
z directions (Fig. S18). Owing to the symmetry of the applied field, the MSD in the = and y directions were
equal and therefore averaged together. At low temperatures, the MSD of the parallel rocket in the z-direction
increased quadratically in time corresponding to steady ICEP translation. At higher temperatures, particle
motions in all directions became diffusive at long times due to diffusion-induced transitions between the
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particle’s different stable orientations. The effective diffusivity in the z direction is significantly greater than
that in the zy directions. In this regime, ICEP motions result in enhanced and anisotropic particle diffusion.
Similar behaviors are observed at higher temperatures; however, the magnitude of diffusion enhancement
and anisotropy are diminished.
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Figure S18: Parallel rockets with Cyo, symmetry. (left) Translational mean-squared-displacement (MSD) of
a Cyp parallel rocket as a function of time for three different temperatures 3 = kpT/a*cE?,. The dashed
curves show the expectation based on diffusion alone 2tDy with isotropic diffusivity Dy = kBT\RFUrl/ 3,
Particle shape is characterized by By = Bgy = 0.2. (right) Calculated MSD scaled by 2¢Dg function of
time for the same three temperatures. The dashed curves show the expectation for steady translation in the
z-direction in the absence of Brownian motion.

D5 Particles

The deterministic dynamics of a perpendicular flipping glider with D3 symmetry is similar to that of the
parallel rocket above; however, it stochastic dynamics is quite different (Fig. S19). In particular, the Ds
particle shows significant enchancements in the diffusivity in the directions perpendicular to the field. Such
enhancements may be due to the hydrodynamic coupling of rotation and translation characteristic of particles
of D3 symmetry.
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Figure S19: Perpendicular flipping glider with D3 symmetry. (left) Translational mean-squared-displacement
(MSD) as a function of time for three different temperatures 8 = kpT/a3cE% . The dashed curves show the
expectation based on diffusion alone 2tDj with isotropic diffusivity Doy = k:BT|RFU|’1/ 3. Particle shape is
characterized by iBs3 = iBsg = —Bsg = By = —0.2. (right) Calculated MSD scaled by 2tD, function of
time for the same three temperatures. The dashed curves show the expectation for steady translation in the
z-direction in the absence of Brownian motion.
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7 Two-Photon Lithography

To demonstrate the ability to fabricate colloidal particles with prescribed shapes, we used two-photon lithog-
raphy to create a physical realization of a Cy particle with radius of 5 microns (Fig. S20c). We used Math-
ematica to generate a three-dimensional model of a particle specified by the spherical harmonic coefficients
B3y = 0.6, By = 0.8, and Byy = 0.5¢. This model was then printed on a glass coverslip using a Nanoscribe
Photonic Professional GT available through the nanofabrication facilities at the Materials Research Insti-
tute at the Pennsylvania State University. Electron microscopy images were taken using a Zeiss SIGMA
VP-FESEM available at the Huck Institutes of the Life Sciences at the Pennsylvania State University.

Figure S20: (a) A particle with Cy symmetry specified by basis function weights Bsy = 0.6, B2z = 0.8,
and Byy = 0.5i. (b) The same C5 particle printed at the macro-scale using a conventional 3D printer. (c)
SEM image of the same C5 particle printed at the micro-scale using a Nanoscribe Photonic Professional GT
two-photon lithography tool.
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