1 SUPPLEMENTARY NOTE 1
2 Algorithmic Information Theory (AIT)

3 In this section we briefly provide some basic notation, definitions, and key results of algorithmic information theory
4+ (AIT) that are used in the main text and in further appendices. Fuller descriptions can be found in ref. [I, which is a
s standard reference for AIT. Other good introductions can be found for example in refs. 2| and [3l

6 Basic notation and definitions
7 Notation

s Throughout this text, the length of a binary string « is denoted as I(x). The set of all binary strings « of length
o [(z) = n is denoted by {0, 1}"; the set of all binary strings of length < n is written as {0, 1}="; the set of all possible
10 binary strings is denoted {0,1}*. For a string x, 2™ represents n concatenated copies of the string x. For example,
u 0% = 0000.

1 We follow standard usage of the notation O(1) as in AIT and physics*: For a function ((u) we write ((u) =
1 y(u) + O(1) if for all u, |¢(u) — y(u)| < M, for some constant M. For example, if f(u) =u+ 2 or f(u) = sin(u) + u,
1 then we can write f(u) =u+ O(1).

4

15 Universal Turing Machines

s Turing machines are abstract generic digital computation devices proposed in 1936 by Alan Turing?. A universal
v Turing machine (UTM) is a Turing machine that can simulate the behaviour of any other Turing machine, and
18 a programming language that can be used to implement a UTM is called Turing complete. Most commonly used
19 programming languages are Turing complete.

20 One reason that UTMs are important is because of a hypothesis known as the Church-Turing thesis which states
21 that any effectively computable function can, in principle, be calculated by a UTM. This thesis, although not formally
2 proven, is widely believed to be true.

»3 Interestingly, Turing’s motivation for inventing UTMs was to prove that there are calculations a computer cannot
2 do. If a program running on a UTM stops and presents an output after a finite number of steps, the program is said
s to halt. Turing famously showed that there is no universal way to decide whether any given arbitrary program will
2 halt or not. This principle, which has deep implications for the philosophy of mathematics and computer science, is
a7 called the halting problem.

28 It is customary in AIT to prove results for binary strings, a convention we will follow below. This convention can
20 be understood intuitively by recognising that in principle any discrete object can be reduced to a binary string by a
3 standard indexing procedure. Also, since a UTM can simulate any other UTM, and UTMs can be defined that take
31 binary strings as their input, there is no loss of generality in this convention.

»  Proving that a given map is Turing complete is often not straightforward. However one simple test for proving that
13 a map is not Turing complete is to establish that all input programs halt. A computable map (or function) is one
3 that produces an output and then halts for all valid inputs. By this criterion, we see that many maps used in science
3 and engineering are computable; for example, any RNA nucleotide sequence we present to the Vienna computational
s folding package® will adopt some secondary structure (i.e. output), and not keep running indefinitely. Nevertheless,
s there are important examples of physical systems that can be mapped onto UTMs, and thus have properties that are
ss undecidable because they are equivalent to solving the halting problem™. But these will not concern us here.

=

39 Basics of Kolmogorov-Chaitin complexity
0 Definition of Kolmogorov-Chaitin complexity

s The historical development of AIT by Solomonoff?, Kolmogorovl” and Chaitin?2 was motivated by attempts to
« quantify the information content or randomness of individual objects such as binary strings or discrete geometries. In
a3 this way, AIT contrasts with the better known Shannon information theory which focuses on distributions instead of
« on individual objects. For example, even if individual strings in a distribution vary enormously in their complexity,



»s Shannon information only picks up the frequency with which each string appears, which may be unrelated to the
s complexity of an individual string. AIT does not measure the properties of the distribution, but instead quantifies
« the complexity of an individual string. Nevertheless, there are important relationships between AIT and Shannon
s information theory, see e.g. the standard references cited above or ref. [13] for an overview.

s The fundamental insight of AIT is that the information content of an object can be defined algorithmically, by
s the minimum amount of information needed to describe or generate that object. Consider for example the following
si binary strings

(01)™ = 010101010101010101010101...
rand(1l :n) =100111010101110001011111...

s> The first is intuitively ‘simple’ as the whole string can be described as “print ‘01’ n times”. Since the string conforms
s3 to a simple rule, and thus also a short description, the string is deemed simple in AIT. The second string is a typical
randomly generated bit-string. Assuming that there are no hidden patterns in this string and that it does not conform
ss to any simple rules or short description, then the shortest description may simply be to print the string in full. Hence
s 1t is deemed complex.

57 AIT characterises the information content, or Kolmogorov-Chaitin complezity, of an output x as the length of the
ss shortest computer program that can generate . More formally, the (plain) Kolmogorov-Chaitin complexity or simply
5o Kolmogorov complexity Cy () of a binary string x is defined as

Cu (@) =min{i(q) s Ulg) = o} (1)

5

X

where [(q) is the length of a binary program ¢ in bits, and U is a UTM. That is, Cyy(z) is the length of the shortest
program over all programs that print « and then halt. It is well known that Cy () is uncomputable, meaning that even
in principle there cannot exist a general algorithm for finding the exact value of Cy(z), given . This is established
by reducing the problem of calculating Cy () to the halting problem.
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64 The invariance of complexity

s The invariance theorem is a cornerstone of AIT. It states that Cy(z) only depends on the choice of the UTM U
up to an additive constant. That is, if U and V' are both UTMs, then

6

=

[Cu(z) = Cy(z)| < e (2)

o7 for any x, where ¢ is a constant independent of x, but depending on the choice of U and V. Intuitively, since one can
e always write a compiler to transform U to V, the constant c is smaller or equal to the size of the compiler. In the
limit of large complexities this difference can be ignored, or alternatively, one can simply say that the Kolmogorov
complexity is only defined up to a constant. Hence the subscript is dropped and we speak of ‘the’ Kolmogorov
complexity C(z).

» A few quick notes. Firstly, C(x) is always defined with respect to a particular UTM. The invariance theorem simply
tells us that up to a constant, it does not matter what UTM is used. Secondly, the invariance theorem also does not
mean that Kolmogorov complexity is the shortest description of a string x for any UTM. For example, it is always
possible to define a UTM that has a particular string x stored, so that C(z) is effectively zero for that string. It is
worth quoting ref. [Il (pp 106) on this topic: The key point is not that the universal description method necessarily
gives the shortest description length in each case, but that no other description method can improve on it infinitely
often by more than a fized constant.
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79 Most strings are complex

s  Most binary strings have a Kolmogorov complexity close to their length in bits. This follows from the following
a1 simple counting argument: for a given number of bits n, there are 2" different strings in {0,1}", and 2" — 1 shorter
strings in the set {0,1}5(”*1). There are enough strings that any of the 2" strings in the former set might be
s compressed to one in the latter set. However, 27! of these strings are are just one bit shorter, so at best, 50% of
s the strings in {0,1}" can be compressed by at most one bit. More generally, at most a fraction of 27% of strings in
ss {0,1}" are compressible by exactly k digits, because there are only 2"~* binary strings of that length available. More
s generally, the fraction of strings of length n that can be compressed by at least k digits is 2%t — 27", For example,
g7 for strings of length n = 100, only about 0.2% can be compressed by k¥ = 10 bits or more. In other words, 99.8% of
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n = 100 strings cannot be compressed to less than 90% of their length. A string is considered to be algorithmically
random if it cannot be compressed by more than a few bits, and as seen in this example, most strings can only be
compressed by a relatively small amount. Therefore, a randomly chosen string is likely to be algorithmically random.

Prefiz complexity

For technical reasons, as emphasised by Chaitin, it is often convenient to work with prefiz-codes or instantaneously
decodable codes for which the set of code words (i.e. programs) is prefix-free, that is, if ¢ and r are both valid
programs which can produce outputs, then in a prefix code ¢ cannot form the first I(g) bits (i.e. it cannot form a
prefix) of program r, and vice versa. This implies that there is no need for a spacer or other symbol to mark the
beginning and end of concatenated programs. Hence any string of bits can be unambiguously decoded into separate
programs.

Having introduced the plain complexity C(x), we now define the closely related prefiz complezity Ky (x) 2144

Kw () = min{l(q) : W(q) = x} 3)

where W is a prefix UTM i.e. W is a self-delimiting machine where the programs are prefix-free. As above for the
plain complexity C'(z), an invariance theorem holds for its prefix-free analogue, and so we can drop the subscript of
W on Kw (z). While K () differs from C(z) in important technical ways, quantitatively they are in fact very close,
as K () is also uncomputable, being equal to C(z) up to a term logarithmic in C(z): It is known that

Clx) < K(x) (4)
< C(x) +logy(C(x)) + 2log, log, (C(x)) + O(1) ()
~ C(z) (6)

so that the two complexity measures are normally quite close to one another.

Conditional Kolmogorov complezity

In Shannon information theory, it is convenient to derive relationships between concepts such as joint, mutual or
conditional entropies/information. For example, the conditional information H (Y| X) is defined as the entropy in the
variable Y given that the variable X takes a particular value X = x, averaged over all possible values of x. Somewhat
analogous relationships can be derived for Kolmogorov complexity. However, in contrast to Shannon entropies, for
which these relationships are statistical averages over distributions, for Kolmogorov complexity the relationships hold
for individual objects. For example, a kind of mutual information can be defined as I(z : y) = K(z) + K (y) — K(z,y)
which measures the difference between generating x and y separately, and generating them jointly (measured by
K (z,y)). Similarly, the conditional prefix Kolmogorov complexity K (z|y) can be intuitively interpreted as the length
of the shortest program that, when fed into a prefix UTM W, generates x and halts, if W is also given y “for
free”. If y is genuinely independent of x, i.e., roughly saying, if having y doesn’t help W calculate = at all, then
we expect that K(zly) = K(z) + O(1), whereas if, say y = 2z, then it will be very easy for W to generate x and
K(zly) = O(1) < K(x). Note that there is a subtle difference between K (z|y) and K (x|y*), with the latter defined
as the conditional prefix Kolmogorov complexity given that the shortest program to calculate y is given.

We will use the following two relations:

K(zly) < K(x) +0(1) (7)
K(z) < K(z|y) + K(y) + O(1) (8)

Intuitively, the first identity follows because adding information (y in this case) could mean you need less information
to generate x, and if y is completely irrelevant then you can always generate x by ignoring y. Similarly, for the second
identity, if the right side were less than K (x), then it would represent a shorter way to generate x, which, by definition
would define the true K (x).
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Universal probability and the coding theorem

For a prefix UTM, the probability of generating a particular input program of length I by random coin flips is 2.
The universal probability?4 of a string x is defined as

Py(z)= Y 27'@ (9)

q¢U(q)==

which is the probability that a prefix UTM U outputs & when fed with a random program ¢ (e.g. generated by coin
flips). So the universal probability simply sums over the probability of all possible programs that generate a given
output x. One reason to use a prefix UTM is Kraft’s inequality, which states that if F is a set of binary prefix-free
code words, then 3 » 27U/} <1 which ensures that 3" Py(x) converges. However, because of the halting problem,
it is impossible to know in general if a given program ¢ will halt. If a program does not halt, then it does not produce
any output, and there would be some probability mass absorbed by these non-halting programs. Hence summing
over halting programs would yield a mass of less than 1. Thus strictly Py(z) is a semi-measure; it can only be
approximated from below, and )" Py(z) < 1.

The (algorithmic) coding theorem was established by Leonid Levin in 19744, It connects K (z) and the universal
probability Py (z) as follows

2—K(x) < PU($> < 2—K(x)+d (10)

where d is some constant independent of x, but possibly depending on the choice of UTM, U. The coding theorem
can be expressed differently as

Py(z) = 2~ K@+0M) (11)

Because the invariance theorem implies that Py () is asymptotically independent of U, the subscript U is convention-
ally dropped, and instead one just writes P(z). In essence this theorem says that the probability of a UTM printing
x when fed with a random program is largely determined by the Kolmogorov complexity of x: Low complexity or
‘simple’ outputs are highly probable, while highly complexity outputs are exponentially less likely. The fact that the
lower bound P(z) > 27%(*) holds is clear, as the summation in equation contains the term 2~ %(*) This lower
bound was in fact pointed out earlier by Solomonoff?, although he didn’t use prefix machines. The contribution of
Levin was to show that the upper bound P(z) < 2~ K@)+ a]50 holds (for some constant d). This latter claim is neither
obvious nor trivial in the UTM setting !9 For example, for UTMSs there are infinitely many possible programs,
and so a priori we might expect that some high complexity outputs could nevertheless have high probability because
many longer programs generate them. The coding theorem shows that this is not generally the case.

SUPPLEMENTARY NOTE 2
Upper bound on probability for computable maps

In the main text we apply the following upper bound for computable maps:
P(z) < 9—K(z|fin)+0(1) (12)

where K(z|f,n) is the complexity of an output z, given the map f and given n, which parametrises the size of the
input space I of the input-output map, e.g. for binary sequences of fixed length n, the size is 2™ possible inputs. This
equation (or something similar to it) for the upper bound can be found in standard texts such as refs. 3 and [I, but
we also provide a derivation here, following a standard method.

Consider the following algorithm A:
(i) Enumerate all inputs using n.

(ii) Map these inputs to their outputs, according to the rules specifying the map f.
(iii) Print the resulting list of each output = and its corresponding probability P(x) (i.e. frequency in I).

Since f and n are given, the complexity of the algorithm is K(A) = O(1). This procedure is an example of a well
known result of AIT, namely that enumerating all possible objects in a set can be algorithmically much simpler than



163 generating a typical element of the set. For example, the information required to construct {0,1}", the set of all
16« binary strings of length n, is only about log,(n) + O(1) bits, and possibly much less for very simple n, whereas a
165 typical member x of this set has close to maximal complexity, i.e. K(x) = n+ O(1). Hence enumerating the whole set
166 Tequires much less information than does specifically generating one typical member. In the same way, the procedure
17 above to generate all outputs can require substantially less information than the information needed to generate a
168 Specific output x.

e Now, it is well known from information theory!? that given a discrete distribution, one can efficiently encode outputs
o using a Shannon-Fano-Elias (SFE) code, which consists of prefix-free code words E(x) of length (in bits)

I(B(x)) = [logQ (P(lx)ﬂ +1 (13)

n where [-] denotes taking the integer part. In this manner, we have a method for assigning bit strings to outputs z. So,
2 using a SFE code, and given f and n, we can describe any output z using I(F(z)) + O(1) bits, where the O(1) term
173 accounts for the fixed program to generate the SFE code. Because Kolmogorov complexity gives the shortest possible
e description length (within O(1) terms) for a given UTM, we must have that K (x|f,n), which is the information (in
s bits) required to specify a given output z, given the input-output map f and n, is no larger than the SFE code
e description just derived, i.e.

K(z|f,n) <I(E(x)) +O(1) (14)
—tog, (555 ) + O (15)
= P(z) < 9—K(z|fn)+0(1) (16)

w7 Note that we are abusing notation slightly, since we have used the letter f to denote both the function, as well as
s to denote the program for implementing the function f. Similarly we have written n to denote both the number as
wo well as a program to calculate it, although for most n the size of the programme n* will be logn + O(1) since most
180 . are not compressible. So technically we should write K (x|f*,n*), but for simplicity of notation we simply write

181 K(I|f, TL)

182 SUPPLEMENTARY NOTE 3
183 Limited complexity maps

. Equation is a very general statement that applies to a wide range of functions f. However, the details of
s f can affect the output probabilities P(z). For instance, if for a given output  and mapping function f one has
w K(z|f,n) < K(z), so that 2-K@Ifn) > 9-K(#) then 2 would have a much higher probability to appear than
157 predicted by the coding theorem. In other words, in this case, even if one knows K(z), it is necessary to know the
s details of the map f in order to make predictions about P(x).

1o We will leave the case of making predictions about P(x) for general maps f for future work. In this manuscript, we
100 instead consider one important special case, namely maps of limited complexity, which we define as maps for which
01 asymptotically, i.e. for large z, K(f) + K(n) < K(z) + O(1) holds. Using standard inequalities we can then show
102 that

1i

@

K(z) < K(z|f,n) + K(f) + K(n) + O(1)
K(z[f,n) < K(z)+O(1) = K(z) = K(z[f,n) + O(1) (17)
K(f)+ K(n) < K(z) + O(1)

103 from which it follows that occurrences of K (z|f,n) <« K(x) are asymptotically negligible, and so the inequality
194 becomes

P(l‘) g 2—K(z)+(’)(l) (18)

15 which is asymptotically independent of f and n. Of course f and n still define the set of x that are possible, but
106 given an x, this inequality holds for the probability that it is generated upon uniform sampling of inputs. It is not
w7 hard to see that for limited complexity maps it is the case that K(z) = K(set of all inputs that generate x) + O(1),
108 since the the set can generate x and given x the set can be generated by enumerating all inputs and checking those
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that generate x. Thus, as in the main text, for limited complexity maps, the structural variation in outputs z is
generated with as little artefactual biasing from the mapping rule-set as possible. If instead the map itself clearly
determines many aspects of output structure irrespective of input choice, then any complexity in these aspects must
be due to artefactual biasing of the map, and not the information contained in a given input. In the main text and
in Supplementary Note 12 we show an explicit matrix based map which is generally not a limited complexity map,
and therefore fails this “no artefactual biasing” test.

Our arguments above invoke K (f) < K(z) and K(n) < K(z) for a typical z. Most examples we explore are maps
of fixed complexity K(f) = O(1), for which one can always find large enough « so that these inequalities clearly hold.
Since K(n) scales asymptotically as log(n) it would seem that simplicity bias should also hold for maps that scale as
log(n), e.g. ones that are not necessarily fixed. On the other hand, if K (f) scales linearly with n (which is how K(z)
scales) or more (e.g. in the matrix map K(f) ~ O(n?)) then the inequality won’t hold. So exactly what maximum
scaling of K (f) with n is possible for the map f to still show simplicity bias phenomenology, and exactly how this
works for maps that we coarse-grain, where n is less well defined, remain open questions for future investigations.

Another very interesting finding for the maps we study in this paper is that our simplicity bias predictions still work
when 2 is small enough that we do not expect the K(f) < K(x) to strictly hold. For an example, in Supplementary
Note 9 we explore the effect of input length on the prediction of simplicity bias for the input-output map from an
RNA sequence to its corresponding secondary structure. While K (f) is not known for the Vienna package'®, the
software package used here to obtain those secondary structures®, K (f) is likely to be greater than the small number
of bits necessary to describe the 20 letter-long outputs from this map. And yet, we clearly observe simplicity bias
for this map. On the other hand, in Supplementary Note 9 we show that for very short RNA strands, the simplicity
bias predictions we make start to break down, as expected. Although the general arguments used to derive our upper
bound can only be proven to hold in the limit of larger outputs =, we conjecture that these basic properties survive
when moving out of this asymptotic regime and into regimes where K(f) < K(z) may no longer strictly hold. It
is not uncommon in physics and mathematics to find that an asymptotic law still works qualitatively outside of the
domains for which it can be proven to hold. Something similar is likely to be at work here, meaning that our general
predictions about simplicity bias have a wider domain of applicability than one might at first assume. Exactly how
this works, and how it may depend on the scaling of K (f) with n remain open questions for future work.

Finally, while we have mainly studied examples of fixed complexity maps, for the matrix maps with certain types
of circulant matrices, described in Supplementary Note 12, we find very preliminary evidence that suggests that the
simplicity bias holds not only for maps of fixed complexity, but also for maps where K(f) grows asymptotically as
K(f) ~ log(n), as we anticipated above. In the limit of large x the derivations above for equation above still
holds, but further investigation is necessary to work out more generally when and how simplicity bias depends on
particular properties of the matrix map. It may be, for example, that it is most pronounced for the simpler fixed
maps.

SUPPLEMENTARY NOTE 4
Limited complexity maps without simplicity bias
Linear maps cannot show bias

In the main text, we claim that for an input-output map to show simplicity bias, f must be a nonlinear function of
its inputs. This is because linear transformations are not biased towards any outputs, as we show now.

If f were linear then its domain I is a discrete subset of a finite-dimensional space; f would also be bounded and
continuous. This would imply that if two inputs are close in input space, the corresponding outputs would also be
close to each other'”. Likewise, any distance in input space will translate into a proportional distance in output space.

Moreover, while a linear transformation does not necessarily preserve angles between lines or distances between
points, it does preserve ratios of distances between points lying on a straight line. Because of this property, if one
were to select inputs on a grid, the ratios of the distances between the points on the grid would not be affected by
the input-output map. The linear transformation would map the grid in input space to the grid in output space, and
no point in output space would be “denser” - in terms of having more outputs in its neighbourhood - than any other
point.

In a similar way, if instead of selecting inputs from a grid one were to sample them uniformly from a bounded
subset of input space, this uniform distribution would still be present in output space, as the corresponding outputs
would also be uniformly distributed. In summary, a linear map cannot produce bias towards any outputs. Therefore,
for a map to show simplicity bias (or any kind of bias for that matter), it must be a nonlinear function of its inputs.
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Simplicity bias is not a necessary consequence of conditions 1-5

In the main text we gave five conditions on maps which we conjecture are usually sufficient for observing simplicity
bias. That is, we suggest that typical real-world maps satisfying these conditions will show simplicity bias.

However, it is important to point out that these five conditions do not in fact necessitate that the map will show
bias. As a very simple counter example, consider a map which prints the first n/2 bits of n-bit inputs strings. This
map has N; > Np, and the map is simple. Nevertheless, the output is a uniform distribution over {0,1}"/2, and
hence there is neither bias, nor simplicity bias. Of course, this projection map is a linear map, and so it does not
satisfy the condition of linearity which we imposed. However, it could easily be altered slightly to make it nonlinear,
while retaining a roughly uniform distribution. For example, we could alter the definition of the map to ‘print 0™ if
the sum of first n/2 digits is a prime number; otherwise print the first n/2 digits’. This distribution would be biased
toward the outputs 0"/2, but otherwise be uniform over the others.

The point of this perhaps rather artefactual example is to illustrate that one can create maps that satisfy our
conditions, but do not display simplicity bias. Nevertheless, for all the real-word systems we examined in this work,
we find that simplicity bias holds. So we conjecture that our five conditions are sufficient for most non-UTM maps
that are generated from real-world systems . But this conjecture could be tested with further examples. Working
out the exact formal necessary and sufficient requirements for simplicity bias in non-UTM contexts would form an
interesting future project.

SUPPLEMENTARY NOTE 5
Estimating the range of K(z|f,n)

We will now estimate the range of values for K(z|f,n) with x € O. We begin with a lower bound on possible
complexity values: Given f and n we can compute all the inputs, and produce all No outputs. Hence, we can
describe any = € O by its index 1 < j < Ng in the set of outputs O. Therefore

K (z[f,n) <logy(j) + O(logy (logy(5))) + O(1) (19)

where the second O(log,(log,(7))) term arises from the fact that the description is in prefix-free form. Since at least
one output should have an index of j = 1, for that output all terms containing log,(j) will be equal to zero, resulting
in a lower bound for the range of K (z|f,n):

min (K (z|f,n)) = O(1) (20)

Another slightly cruder way of estimating the minimum value of K(z|f,n) follows from simply noting that the
probability P(z) should be always be less than one. In that case, our upper bound equation , implies that
migK(;v|f, n) 2 0.

T€

For an upper bound on max K(z|f,n), the indexing argument from equation suggests that
pAS

max(K (z]f,n)) < logy(No) + log, (log,(No)) + O(1) (21)

It is possible to derive a similar upper bound using a standard AIT argument: if all strings can be used as programs
that encode a map’s outputs, then there are at most Zi\il 2l = 2M+1 _ 1 programs of length [ < M. However, since
we are using prefix codes, not all strings are available, and only roughly 2™ out of the set of all 2M*1 — 1 programs
can be used. For Np outputs, this argument implies that one would need strings made of up to log(No) bits to
encode all outputs, thus imposing an upper bound of log(No) on K (x|f,n). Taken together, these arguments suggest
the following range:

0 < K(x|f.n) < logy(No) + O(1) (22)
our upper bound equation would then satisfy:

L < 9—K(z|f,n)+0(1) <1. (23)

No
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The upper bound on our bound is in a sense trivial, as the probability of an output cannot be greater than 1. The
lower bound is just the average value of P(x) given that there are No outputs. Just to be clear, the lower bound
above is not a lower bound for the probability P(x) of an output: it is the expected lowest value for the upper bound
P(z) < 2-K@Ifm)+00) " which is a decreasing function of K (z|f,n). In other words, the upper bound on P(z) —
which for any given K (z|f,n) gives the upper bound on the probability of outputs with that value of K (x|f,n) — can
be expected to roughly vary between these two extremes as a function of K(z|f,n), The actual probabilities P(x),
on the other hand, can be closer or further from the bound. For example, the bound above tells us that P(x) for the
most complex outputs will be less than 1/Np. This upper bound does not preclude there being that many « in this
set for which P(x) < 1/Np, in fact for highly biased distributions we might expect this to be the case for the high
complexity outputs. If there is bias in the distribution there are likely many outputs within the whole set = € O that
have P(z) < 1/No, since ZiV:ol P(xzg) = 1.

SUPPLEMENTARY NOTE 6
Sampling inputs produces outputs close to the bound

The upper bound on the probability to obtain a certain output on its own this does not say much about how close
we expect an actual P(x) to be to this bound. In this section, we derive a lower bound for P(z) when x is produced
from a random input (See also discussions in refs [3 and [T]).

Consider a computable function f(p) = x, where p is some input program producing output x. Let p € {0,1}", so
that all inputs have length n. Define the set A(x) to be the pre-image of z, i.e. the set of all the inputs that map to
x, so that

[A(z)]
on

P(z) = (24)
We can describe any arbitrary input p using the following procedure: Assuming f and n are given, first enumerate
all 2" inputs and map them to outputs using f. Then describe the output x = f(p) using K (z|f,n) bits, and finally,
describe the index of the specific input p within the set A(x) using at most log,(|A(z)|) bits. For example, if the set
has 1024 elements, then with log,(1024) = 10 bits, we can describe any index ¢ = 1,2,3,...,1024. In other words, this
procedure basically means identifying each input by first finding the x it maps to, and then finding its label within
A(z).

Following this procedure allows us to write the following bound for the complexity of the input p:
K(pln) < K(z|f,n) +logy(|A(z)]) + O(1) (25)

If we choose a random input p, then with high probability (i.e. for most inputs) we will have K(p|n) = n+ O(1), and
the inequality becomes

n < K(z|f,n) +logy(|A(z)]) + O(1) (26)
Rearranging yields
2= KEIm=00) < |A(2)|/2" = P(a) (27)

Combining this lower bound together with the upper bound of equation shows that for a randomly chosen input
we have

2~ K(zlfm)-0Q) < P(z) < 9—K(z|fin)+0(1) (28)

with high probability. Note that both sides of the bound depend on uncontrolled O(1) terms. They arise from similar
procedures, but are different, and we have put a minus sign on the left side of the equation to make this clear.
Nevertheless, the overall argument suggests that for  generated by randomly chosen inputs, the probability P(z)
should not be too far off from our upper bound. Indeed, the direct calculations of the maps in the main paper show
that most of the probability mass is found not too far (on a log scale) from the upper bound.

Another way to analyse the proximity of P(x) to the upper bound is to define the function

9—K (x| f,n)+0(1)

q(z) = P (29)
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which measures the ratio of the upper bound of equation to the probability P(x) that an output z is generated
by random sampling of inputs. ¢(z) measures the relative overestimate of the probability of output x when we
approximate it by the upper bound, so we expect that in general g(x) > 1.

The expected value of ¢(z) summed over all inputs, which we call £, can be written as a sum over all outputs,
where every output is weighed as P(z):

No
&1 = 5 Yo alele)) = 3 Plai)a(w) (30)

No
— ZQ—K(%U%HO(D (31)
=1

For a computable map >, ., P(z) = 1. Because K (z|f,n) is a prefix code, >, 27K @f:m) <1 but since g(z) > 1
we know that & =3 2~ K(|f,m)+01) > 1 due to the O(1) terms.

More generally, since &; is finite for a computable map, and g(z) > 0, we can use Markov’s inequality*®, which
implies, for g(x) generated by random inputs, that

No 1
Z {Pi) : q(zi) > Er} < — (32)

for r > 0. From this it immediately follows that:

No P 9—K (@] f,n)+O(1) P 1
i) < i Z 1— - 33
> {re o <Pz (33)
In other words, on uniform random sampling of inputs, the lower bound in
—K(z|fn)+0O(1)
T pla) < o KGlrm+ow) (34)

Er - -

holds with a probability of at least 1 — %, while the upper bound, given by equation , always holds. Since we find
that P(x) typically varies by many orders of magnitude, we will consider the bound to be tight (on a log scale) if
it is within one or two orders of magnitude of the true P(x). Another way of thinking about this lower bound is to
observe that &; is the input averaged ratio of the bound to the true P(z). We measured &; explicitly for the maps
in the main text compared to our approximate upper bound and find that typically log,, &r = 1 or 2, so that, using
our definition above, the bound is relatively tight when random inputs are chosen for the maps described in the main
text.

We emphasise that the fact that random sampling of inputs generates P(x) close to the upper bound does not mean
that most outputs z lie close to the bound. The average probability over all No outputs is still < P(z) >= 1/Np,
while we find for our upper bound 2-K@I/m)+OM) 5 1/Ny for low complexity outputs, and even for the largest
K(z|f,n) the upper bound > 1/Ng. So if the bound is tight for the outputs generated by random sampling of inputs,
then these outputs typically have P(x) > 1/Np. To compensate, there must be many outputs with P(x) < 1/No.
Thus while sampling random inputs generates outputs that are relatively close to the bound, sampling random outputs
uniformly should give many P(x) that are typically well below the bound. Indeed, for the maps we describe in this
paper this behaviour is observed.

SUPPLEMENTARY NOTE 7
Approximations to K(z)

Kolmogorov complexity K(x) is formally uncomputablet. At best, it can be approximated from above. At first
sight these properties might seem to make it impractical to use. Nevertheless, there is a significant literature that
uses various approximations to K (z) which have been found to work remarkably well in various applications, see e.g.
referencest? 51

We follow this same approach here, and in particular use an influential complexity measure for digital strings (or
sequences) that was introduced in 1976 by Lempel and Ziv#2. Their algorithm forms the foundation for many popular
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Supplementary Figure 1. Heatmap for the complexity Crz(x) versus entropy S(x) for binary strings of length n = 30. Both
measures are normalised by their maximum value. Complexity is bounded by entropy, in the sense that a binary string with
mostly zeros (and therefore low entropy) cannot be complex. Conversely, a string such as 010101...01 has maximum entropy,
since it is made of an equal number of Os and 1s (thus S/S™%® = 1), while still being very simple (Crz(z)/CL%" ~ 0.273).

358 compression algorithms. The essence of the Lempel-Ziv algorithm is to read through a string (of any finite alphabet
size) from left to right and create a dictionary of new sub-patterns as they appear in the string. A string with many
different sub-patterns would then yield a large dictionary, and hence be assigned a high complexity. Conversely, a
361 string of little variation that is essentially built up of repeated sub-patterns would yield a small dictionary, and hence
32 would be assigned a low complexity. If the number of words (distinct patterns) in the dictionary is NV,,(x) then Lempel
and Ziv showed subsequently3®33 that for an ergodic source and in the limit of long sequences that
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lim Nw(@)logy(n) _ K(z) _ h(z) (35)

n—oo n n

¢ for nearly all sequences, where n = [(z) is the length of the binary strings, and h is the standard Shannon entropy rate.
s This complexity function has thus been a popular choice for approximating Kolmogorov complexity in the literature.
% In particular, it is thought to work better than other lossless compressions based measures for shorter stringg26:34,
w7 We use the following approximate complexity measure based on the 1976 Lempel Ziv algorithm®32:

— n n
Cra(a) = {log2(n)7 z=0 F)r 1 (36)
logy(n)[Ny(21...p) + Ny (2p...21)] /2, otherwise

sss The reason for distinguishing 0™ and 1™ is merely an artefact of N, (z) which assigns complexity K =1 to the string
0 0 or 1, but complexity 2 to 0™ or 1" for n > 2, whereas the Kolmogorov complexity of such a trivial string actually
s scales as logy(n), as one only needs to encode n. In this way we ensure that our Cpz(x) measure not only gives the
sn correct behaviour for complex strings in the lim,_,.,, as shown in equation , but also the correct behaviour for
s the simplest strings. In addition to the logy(n) correction, taking the mean of the complexity of the forward and
a3 reversed strings makes the measure more fine-grained, since it allows more values for the complexity of a string. Note
se that Cpz(x) can also be used for strings of larger alphabet sizes than just 0/1 binary alphabets.

a5 It is instructive to compare our measure K (x) = CLz(x) to the simple binary entropy, defined as S(z) = plogp +
a6 (1 — p)log(1l — p), where p is the fraction of 1s (or Os) in the string x. While low entropy strings typically have low
o K (), the converse is not always true. Strings that are algorithmically simple can still have high entropies, as we
s illustrate in Supplementary Figure |1} Nevertheless, as is well known in the literature (see also equation ), in the
a9 limit of long strings, the mean Kolmogorov complexity per length tends to the entropy rate.

s In Supplementary Figure 2h we plot the probability distribution of complexities for a wide range of lengths n. For
se lengths n < 30 we performed complete enumerations, and for longer lengths we performed sampling with 1 x 10°
32 samples for each length. We estimated the mean complexity, the modal complexity, and the standard deviation as a
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Supplementary Figure 2. Distribution of complexity values calculated with Crz(z) for strings of different length
n. All strings of length n = {5,10,15,20,25,30} were enumerated, and for n > 30 samples of 10° strings were taken. (a)
Distribution of Crz(x)/n, for n = 100 to 2000. (b) Distribution of Crz(x), for n = 50 to 400. (c) Distribution of Crz(z), for
n =5 to 30. (d) Mean of (Crz(z)/n), for n =5 to 400. Error bars represent one standard deviation. (e) Standard deviation
o over the mean u of Crz(x), for n =5 to 400. (f) Median of (Crz(x)/n), for n =5 to 400. Note that as n grows, the mean
and median Crz/n approach 1, and the standard deviation o over the mean p drops: In other words, the distribution becomes
more peaked. Lines connecting data points were added to guide the eye.
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33 function of the length n. Also, we show in Supplementary Figure [2k that as the length of the strings get longer, the
ss distributions get relatively narrower. The mean is expected to approach n — oo limit < Cpz >~ n3%33 The main
s thing to note is that for a given n, strings with complexity well below the mean are rare, and progressively more rare
36 for lower complexities.

s Any estimator of Kolmogorov complexity will have weaknesses. And there are some subtleties that should be kept
ses in mind when interpreting Cpz(x). Firstly, rather than most strings having the maximum complexity, we find that
80 the majority of strings are close to the mode which is in turn very near the mean complexity (See Supplementary
w0 Figure 7d,e). For Lempel-Ziv it is known that strings with maximal complexity are somewhat anomalous because
so1 they can be created by an algorithmic process®?, which is an artefact of the Lempel-Ziv algorithm itself, and so they
s are in fact not the most complex in a Kolmogorov sense. However, as can be seen in Supplementary Figure [2| these
303 highest complexity strings remain rare, and so for our purposes they do not play a big role.

¢ We also applied two alternate complexity measures to Cpz(z). Firstly, in Supplementary Figure [3| we apply the
305 Compress function in Mathematica to RNA secondary structures of n = 55 and n = 80 bases. As can be seen,
206 the values of the complexity approximation K (z) are different, so that the values of a and b, estimated using the
37 methods described in Supplementary Note 8, are different, as expected. Nevertheless, the same basic simplicity bias
s phenomenology obtains, as we would predict. Note that Compress is similar to z1ib compression, which is based on
390 another of Lempel and Ziv’s famous compression algorithms, often called LZ7739.

wo  Given that most lossless compression algorithms are influenced by the ideas of Lempel and Ziv, it is not straightfor-
w1 ward to find measures that are truly different in origin. Recently, however, a fundamentally different way of estimating
a2 the Kolmogorov complexity of strings has been derived in an important series of papers3” Y that apply the full AIT
w3 coding theorem by sampling over many Turing machines. In principle this coding theorem method (CTM) is very
wa powerful, and in particular can go well beyond lossless compression techniques, which are fundamentally sophisticated
w05 entropy measures. However, CTM is limited to very short strings (< 12 bits). To calculate the complexity for longer
w6 strings, one can use the Block Decomposition Method (BDM) which, as the name suggests, breaks such strings into
w07 smaller blocks, whose complexity can be approximated by the value taken from the CTM324%, As shown in Supple-
w8 mentary Figure [3] we again obtain the basic simplicity bias phenomenon. In this BDM case we simply fit to both a
w9 and b, rather than using the methods described in Supplementary Note 8. The reason is that some of the simplifying
a0 assumptions used in Supplementary Note 8 do not work for the BDM method. For example, we assume that a can
a1 be approximated by assuming b to be zero, but that does not work here, most likely because there is a larger additive
a2 constant to the BDM complexity than to the Cpz(z). However, as argued in Supplementary Note 8, additive and
a1z multiplicative changes can all be absorbed into a and b. In principle, once one has fit @ and b for a given complexity
a1e measure, which only needs a small number of outputs, then equation can be used for other outputs of the same
415 1Map.

as  Finally, the coding theorem results which we invoke apply to the prefix-free version of Kolmogorov complexity, de-
av noted K (z), as opposed to the plain Kolmogorov complexity, denoted C(x), see[ll. However, while these two measures
ais have important theoretical differences, they are asymptotically equal by equation , and so quantitatively close.
a0 Since we approximate K (x) anyway, we ignore the subtle distinction between these measures in our approximations.
220 Some of the differences may be absorbed into our parameters a and b, discussed in the next section.

421 SUPPLEMENTARY NOTE 8
a2 Predicting a and b for computable maps

23 A key result in the main text is equation (3), which approximates the upper bound for limited complexity
424 1INAPS as

P(z) < 27 @K@= (37)

s In this section, we describe how to make predictions for the values of a and b by using minimal information about the
426 INaps.

427 Estimating a

w8 To derive an approximation for the slope a we start with equation which provides lower and upper bounds
on the probability bound. If we assume that the minimum upper bound is reached by the most complex objects,

i.e. outputs such that our approximation to the Kolmogorov complexity, K (x), takes the value max,co K(z), and
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Supplementary Figure 3. Simplicity bias predicted by other approximations to Kolmogorov complexity. We use,
Mathematica’s Compress function, the block decomposition method (BDM) and the simple entropy S(z) of the dot-bracket
notation, for n = 55 and n = 80 RNA secondary structures. In order, the plots show (a) Compress for n = 55 RNA, (b)
Compress for n = 80 RNA, (c) BDM for n = 55 RNA, (d) BDM for n = 80 RNA, (e) Entropy S(z) for n = 55 RNA, (f)
Entropy S(z) for n = 80 RNA. The solid lines denote our estimated upper bound, the dashed lines are the upper bound with
b = 0. For the Compress and BDM method, we observe a similar simplicity bias phenomenology to what was observed in Figure
la of the main paper, where Cz was used. For the entropy measure, there is also a decay of the probability with increasing
complexity, but the behaviour of the upper part of the curves are significantly less linear than for Compress, BDM and Crz(x).
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a1 further that b can be ignored for this derivation which we motivate below, then a has a simple approximation, shown

a2 as equation (4) in the main text:

@

o~ 082N0) (38)
max(K(z))

a  Using this equation we can either find the gradient a from knowing No, or find Nop from knowing a. Alternatively,
w3 if we have a way of estimating max(K(z)), as well as the gradient a, then we can infer N directly. Since Np is very
35 hard to estimate for large maps where exhaustive enumerations are not possible, this method may be a way to get a

36 quick estimate of Np based on some limited sampling.

437 Estimating b

a  As afirst approximation, we note that if a map is strongly biased towards simple outputs, then we expect the largest
20 P(x) for outputs x with complexity for K (z) = min(K (x)) to be at most within one or two orders of magnitude of 1.
xr

a0 That suggests that b is generally small, and as a zeroeth order approximation we assume that b ~ 0.
w1 Alternatively, if P(x) is known for some output z, then assuming knowledge of a and K (x), and assuming
P(z) ~ 27 K@=t (39)
a2 then b can be inferred by rearranging this equation. Clearly this method would work just as well for finding a, if one
a3 knew b and K (z). It seems plausible that the most likely P(x) to be close to the upper bound is the largest P(z)
s for the set of x with modal K(z), i.e. the K(x) that is most likely to be generated by sampling random inputs. We
ws typically use this value of P(z) to fix b. One drawback with this method is that it relies on the assumption of the
us approximate equality equation ; hence if for the chosen output x, the upper bound was only a poor approximation,
a7 then the corresponding estimation of b would be equally poor.
ws  With the methods above, reasonable approximations to a and b can generally be estimated with a limited amount
w9 of sampling of random inputs, as we demonstrate in the main text. As long as there are ways to estimate max(K (x)),
w0 and Np, then the only real fitting parameter is b, which to first order can simply be set to zero. Of course some
a1 simplifying assumptions have been used here. Not all maps may obey them, but we can always simply fix a and b
2 with a few values of P(x) and K (z). It remains the case that only a small amount of information is needed to fix the
453 bound.
s« Finally, we note that the values of a and b depend on the chosen approximate measure of complexity. In this
sss paper we use K (z) ~ K(z) = Crz(z). If we were to choose a different complexity say K, g = aCrz(z) + 5, then
sss the phenomenology would be the same, but with new constants a, 3 = a/a and by g = b — aff/a. In other words,
»s7 multiplicative and additive constants are simply absorbed into the parameters. Such robustness is a useful property.

a
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Supplementary Figure 4. Probability P(z) vs. increasing complexity for different sized systems. (a) RNA n = 10
shows essentially no simplicity bias, although the trivial unbonded and simplest structure does have the largest probability.
(b) RNA n = 20 shows simplicity bias, despite the noise. For the upper bound, a = 0.23, b = 1.08; (c) RNA n = 80 shows
clear simplicity bias, as does n = 55 in the Main text. For the upper bound, a = 0.33, b = 6.39.
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458 SUPPLEMENTARY NOTE 9
459 Simplicity bias and system size

wo In the main text we argue that one needs Np > 1 to avoid finite size effects when measuring the simplicity bias
w1 of an input-output map. Here we illustrate this point, showing finite-size effects in the RNA map. Supplementary
w2 Figures , b and c respectively show log P(z) vs. K(x) plots for n = 10,20 and 80 RNA sequences, supplementing
a3 the plot for n = 55 map in the main text. The plots for the shortest sequences show behaviour that deviates from
s+ the upper bound simplicity bias prediction: Supplementary Figure [fp with n = 10 RNA shows no simplicity bias,
ws except for the trivial structure of no bonds which is simplest and highest in probability, Supplementary Figure b
w6 with n = 20 shows simplicity bias, but with some noise. In contrast, Supplementary Figures [4 for n = 80 and Figure
s 1(a) from the main text (n = 55) show pronounced simplicity bias for a range of values for K (x). Thus as No grows,
s simplicity bias becomes clearer.

wo  For the shorter systems, full enumerations are possible, but since the space grows as N; = 4™, this is not possible
an for longer systems. For example, for n = 55, there are 4%° ~ 1033 different structures and an estimated 10'? different
m secondary structure outputs*'. As it can be seen in Supplementary Figure |5, we only sample a small fraction of the
a2 total number of outputs, and these are typically those with higher P(z).
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Supplementary Figure 5. Probability P(z) that a phenotype is obtained by random sampling over inputs versus its rank for
RNA secondary structures, in (a) linear and (b) logarithmic scale. In black, we show the analytic approximation for the
probability distribution derived in ref. [41. In green, the probability of sampled RNA structures of length n = 55 shown in
Figure la in the main text. Note that structures of low probability are not found by sampling.

473 SUPPLEMENTARY NOTE 10
474 Predicting which of two outputs has higher probability

a5 The arguments above suggest that if outputs x and y are generated from random sampling of inputs, so that the
w6 outputs are expected to be close to their upper bounds, and if K(x) < K(y) holds, P(x) > P(y) should also hold
a7 in most cases. We tested this claim for all input-output maps in the Figure 1 in the main paper by sampling 10*
pairs of outputs (z,y), and counting a prediction as ‘correct’ if the claim holds or if K(z) = K(y) and P(z) is within
a factor of 10 of P(y). Naturally, the null hypothesis would be no bias towards simple outputs therefore we should
obtain P(z) > P(y) for 50% of the samples. We performed output-sampling, i.e. weighing every output equally,
and input-sampling, i.e. weighing every output by its probability. Here is the percentage of correct results for each
input-output map from Figure 1 in the main, including the complex matrix map, for which this method does not
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a3 work, since it does not show simplicity bias:

- e RNA: input-sampled 99%, output-sampled 78%

a8 e Circadian rhythm: input-sampled 81%, output-sampled 71%

486 e Ornstein-Uhlenbeck financial model: input-sampled 92%, output-sampled 75%
487 e L-systems: input-sampled 87%, output-sampled 68%

488 e Simple matrix map: input-sampled 89%, output-sampled 71%

489 e Complex matrix map: input-sampled 49%, output-sampled 52%

w0 For the simple matrix map, we ignored the highest probability output (a trivial vector) since this takes up the
s majority of the space and so skews the P(z) v.s. P(y) results. But overall, we see that just using K (z) and K(y) can
402 give a good first guess of whether P(z) is larger of smaller than P(y). Of course, the larger the difference K (x)— K (y),
403 the more confidence we can have in the difference between P(z) and P(y).

494 SUPPLEMENTARY NOTE 11
495 Low complexity, low probability outputs have lower complexity inputs
> K(output) = 21.29 > K(output) = 23.95
a o b F
: ° c.
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Supplementary Figure 6. The probability P(z) to obtain a given RNA structure z upon random sampling of inputs as a
function of the mean complexity of the input sequences that produce z for n = 20 RNA, shown for (a f((:c) = 21.29 and
(b) K () = 23.95. These are among the lowest complexity values, as seen in Supplementary Figure . As predicted by
equation , secondary structure outputs with a lower P(z) (further from the bound) have a lower than average sequence
complexity.

w5 There is another implication from the upper bound on the complexity of an input, described in equation : if
swr both K (z|f,n) and P(z) = |A(x)|/2™ are small, then this equation will be violated unless the L.h.s. is also small. In
s other words, this argument also predicts that low complexity outputs with low probability should be generated by
w00 inputs for which K(p|n) < n, i.e. inputs that are simpler than what we obtain by random sampling inputs. Small
s K (x| f,n) suggests a larger upper bound on P(z), so the outputs with simpler input sets are those for which P(z) is
soi far from the upper bound of equation .

s To illustrate this effect we take the RNA map as an example. We measure the complexity K; of an RNA input
s03 string by replacing each of the 4 nucleotide letters with 00, 01, 10, or 11, and then measure the complexity of the
soa corresponding binary sequence. We then sampled 50 million RNA sequences with n = 20 nucleotides, and measured
sos the mean complexity of the inputs associated to each output. For randomly chosen n = 10 RNA input strings we
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find an average complexity of K; = 51.2. However, as can be seen in Supplementary Figure |§|, low K (z) low P(z)
outputs, i.e. ones are far from the upper bound of Equation , have an average sequence complexity K; < 51.2,
whereas those outputs that are closer to the upper bound, have the expected average complexity close K7 = 51.2, the
average for randomly chosen RNA n = 20 input strings. Since, as discussed above, low complexity strings are rare,
the number of inputs mapping to low K (x) low P(z) outputs must be a small fraction of all input strings. This in
turn implies that random inputs (which are overwhelmingly complex) must mainly map to outputs where P(x) is not
too far from the bound.

The validation of this non-trivial prediction from equation helps justify our arguments above for the other
conclusion that follow from this equation, namely that randomly sampled inputs are likely to generate outputs x with
probabilities P(x) nearer the upper bound of Equation. (12)).

SUPPLEMENTARY NOTE 12
Simplicity bias in other input-output maps

In this section we provide some more examples of input-output maps, and elaborate further on some maps discussed
in the main text.

The circadian rhythm model

In the main paper we study a well known model by Vilar et al#2 for the circadian rhythm of eukaryotes as an
input-output map. The model consists of a set of nine equations:

dDa/dt = 04D'y — vaD4A
dDp/dt = 0D — yrDrA
dD%/dt =yaDAA — QADQX
dD}_?//dt =~yrDRrA — GRD;?/
dMA/dt:OzAD14+aADA75MAMA (40)
dA/dt = BaMa + 04Dy + QRD;%
—A(yaDa + YrDr + Vo R + 6A)
dMp/dt = O/RDSQ +arDrp — 0, Mg
dR/dt = 06rMgr —yc AR+ 0AC — 6rR
dC/dt = 5o AR — 64C

Since we are mainly using this model to illustrate a generic ODE map, we will not give a complete description of
what all the parameters mean. For a full account we point to the original paper*?. Very briefly, the model above
aims to study the ability of circadian clocks to maintain a constant period even in noisy conditions, and describes the
interaction of two genes that regulate the expression of a pair of proteins, the activator A and the repressor R. This
repressor works by sequestering the activator, forming the inactivated complex C, whose concentration over time is
the variable we chose to use as output, taking its rate of formation (i.e, its slope) at discrete time steps to produce
our binary string. Since this variable is placed at the bottom of the regulatory cascade, it is a natural choice for
the output. Supplementary Figure [7] represents the output of the ODE model, showing the concentration of the nine
molecules over time, for the set or parameters given in the original paper*4: D4 and Dpg start at 1 molecule, meaning
one single copy of the activator and repressor genes, and other variables start at zero, with ay = 50 h™=!, o/, = 500
h_l, ar = 0.01 h_l, a;% =50 h_l, B4 =50 h_l, Br =5 h_l, 5JWA =10 h_l7 6MR =0.5 h_l7 oa=1 h_17 or =0.2
h=!, 44 = 1 molecule™! h™!, vg = 1 molecule"*A~!, v¢ = 2 molecule™* h™!, 4 =50 h™!, and #r = 100 h~*.

Since in this input-output map the inputs are given as continuous parameters, it is less clear how to sample inputs
than in cases such as RNA where the inputs are discrete strings. Here, instead, every input parameter corresponds to
a biological constant or rate, and the realistic ranges for such parameters are often unknown. Moreover, the value of
each parameter — allosteric constants, affinity rates — is also the product of a series of other very complex input-output
maps, transducing information from DNA sequences into amino acid sequence and eventually into a parameter in this
ODE model. To make progress, and since we are simply treating this as a model map, we set all 15 parameters to
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Supplementary Figure 7. The output of the ODE model described in equation , showing the concentration of 9 molecules
from equation (40 over time, in linear scale (a) and logscale (b). The initial conditions and parameters are the same as in the
original paper®.

54

=

their original values, multiplied by a random factor in {0.25,0.50,...,1.75,2.00} chosen with uniform probability. In
this way we effectively have a discrete set of input parameters.

si3 Since the outputs depend continuously on the input variables, in principle every input would produce a unique
s output. Nevertheless, intuitively, many outputs can be very similar to one another. To capture this, we coarse-grain
the outputs by discretising them into binary strings using the “up-down” method***4 We take the output curve y(t)
calculated in an interval ¢ € [0,T], calculate its slope dy/dt at intervals of ¢t = §t,25t,30t, ..., and print the sign of
dy/dt in every interval: for j = 1,...,T/dt, if dy/dt > 0 (or < 0) at t = jdt, the j-th bit of the output string gets
assigned a 1 (or a 0). The resulting string represents the oscillations of y(¢): curves with more oscillations will produce
more complex strings, while curves with fewer oscillations will produce strings with longer repeated sequences of Os
ss0 and 1s.
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551 Alternative sampling of inputs

ss2 1o check that our discretisation method does not affect the main effects we observe, we also take the same range of
parameters, but now randomly sample uniformly on the whole range for each one, e.g. not just or discrete values. In
s Supplementary Figure [Sh we used this method to randomly sample 10° inputs and used the same method as above to
calculate the complexities of the outputs. As can be seen, the same simplicity bias behaviour obtains as can be seen
sse in Figure 1b of the main paper. The values of a and b for the two sampling methods agree more or less within the
uncertainty of our methods for obtaining them.
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558 Discretising initial conditions

s oince the behaviour described by the circadian rhythm model should depend on the initial conditions of the ODE
s0 System, it is important to test whether the simplicity bias we observe also depends on that. We took a sample of
s 106 combinations of different values for parameters and initial conditions, produced their corresponding outputs and
se2 derived the upper bound coefficients a = 0.32 and b = 1.39 according to equation . The plot in Supplementary
s63 Figure shows the expected simplicity bias phenomenology: there is a very biased distribution in the probability
s that correlates with complexity.

565 Alternative sample sizes

s« To generate Figure 1b for the ODE in the main paper, we took a sample of 105 inputs, which is less than total
ser 81° ~ 3 x 10! inputs for this coarse-grained ODE model. Consequently, any estimate of P(x) for outputs for which
see P(x) < 107% will be subject to large errors. Importantly, however, as can be seen in Supplementary Figure @ even
seo with as few as 103 samples, an upper bound can be identified which has a slope very close to the one found with much
s more sampling. We note that for the very small sample sizes, using the estimated No needed in equation does



19

0 0

_1, _1,

-2 -2

& &

S —31 S -3

(@] ()]

e e

—4 ] -4

=5 -5

-6 | . . | | . -6 . . | | . ‘
0O 10 20 30 40 50 60 0O 10 20 30 40 50 60

Complexity K(x) Complexity K(x)

Supplementary Figure 8. (a) Probability versus complexity for the outputs of a circadian rhythm model with 10° inputs
sampled uniformly from a continuous range, instead of sampled from discretised values over the same range. The upper bound
coefficients a = 0.29 and b = 1.48 are derived according to equation (b)Probability versus complexity for the outputs of a
circadian rhythm model with 10° combinations of inputs and initial conditions, sampled from a discretised range. The upper
bound coefficients a = 0.32 and b = 1.39 are derived according to equation . For both plots, outputs were discretised in 50
bins, and the results are very close to Figure 1b in the main text. For every value of K , the blue dots represent the outputs
corresponding to 50% of the inputs that produce outputs with K(z) = K.

sn not work very well, but for the larger samples this works better and a consistent result is obtained. Nevertheless, we
sz see that limited sampling is enough to identify the slope by fitting, and without needing equation . Hence the
si3 upper bound slope can be estimated without a full enumeration of the inputs, but with only partial sampling.

574 Cell cycle

555 Another input-output map we explore here is based on the well known the model of ref. 45, which describes part of
st the cell cycle for budding yeast. This well-established model is made of a large system of approximately 50 differential
s equations, where the values of more than 130 input parameters define the outputs, which are concentration-time
s curves for different chemicals. As an output we chose the concentration-time curve of the cell division cycle protein
s19 6, or Cdc6. Our choice was motivated only by the observation that the Cdc6 curve varies sufficiently to yield many
se0 different outputs of varying complexity. To coarse-grain the outputs, we discretise the output curves to binary strings
se1 following the ‘up-down’ method**44 described above, yielding a binary string of length 40.

s As inputs for this map also consist in real parameters of an ODE system, we take an approach akin to what we
sss did for the circadian rhythm, and similar to what is done by the authors of this model in a robustness analysis*. We
ss set all parameters to default values, and then sample by allowing each parameter to be scaled by a random factor

585 \/QC7 where ( is an integer {—4,,4}, chosen with uniform probability. We then sampled 10 input parameter sets and
sss produced the outputs shown in Supplementary Figure As for the previous input-output maps, this one also shows
se7 clear simplicity bias.

588 Ornstein-Uhlenbeck financial model

ss9  In the main text we discuss an input-output map describing the pattern of price fluctuations modelled by the
so0 Ornstein-Uhlenbeck process. This process is described by the equation dS; = 8(u — Si)dt + odW, where S; is the
s price, p and o are parameters representing the historical average price and the market volatility respectively, 8 is the
se2 noise dissipation rate, and W, is a Brownian motion representing market noise. This Brownian motion is also the
se3 input of the map. These inputs then generate S;, and the outputs x; are defined also as sequences over n time steps,



594

595

596

597

5

©

8

599

600

601

602

603

604

605

606

607

608

609

6

2

0

6

2

1

612

613

614

615

616

617

618

619

620

621

20

"y e 10°
o 10°
-2 e 104
° 103
°
e o o o
-3 i e o o e o
= 3 i & .
a o o ¢ ol @) o o
8’_4- 4 o . 8 9| ¢ 4 ° o o o
S EEEERERE
-5 :! l [ l [ [ [ [ LY
s S
e o o ° e o o o o
e o o o o o o o o o o
—6 e e e o e o o o o o o
10 20 30 40 50

K(x)

Supplementary Figure 9. Probability versus complexity for the outputs of a circadian rhythm model with 10% to 10° inputs,
and outputs discretised in 50 bins. Note that for clarity, every sample size is displaced horizontally from the previous one by 0.3
for clarity. For sampling 10" times the lowest possible probability is 107", which explains the long K(z) range at the minimum
probability for each number of outputs. These are outputs that only appear once in the sample, and so the probability estimate
is inaccurate. As the size of the input sample grows, the estimate of the probability of the rare outputs becomes more accurate.
On the other hand, the P(z) close to the upper bound do not change as much, and nor does the estimated values of a and b
for the upper bound.

where z; = 0 if S; <0, and z; = 1 otherwise. The output sequence x can be interpreted as indicating whether S; is
above or below its historical average, and thus whether the trader would profit by selling or buying more of it.

In the main paper, we show that this input-output map shows simplicity bias phenomenology. In this section, we
confirm that this bias towards simplicity we observe is not an artefact of our choice of parameters: Supplementary
Figure 11| shows that different values of the parameters 6 and o still produce bias towards simple behaviour.

Note that the Brownian motion in this model could be coarse grained as a random walk of fixed step sizes, which
in turn can be defined by a sequence of +1 steps. Both processes become equivalent when § = 0 in the Ornstein-
Uhlenbeck process, causing the noise term cdW; to dominate. From this perspective, we could also define the inputs
in this model as the collection of all £1 sequences of some specified length, depending on the level or coarse graining.
Because of that, this input-output map is also related to the random walk return map below, which describes a map
from a one-dimensional random walk with fixed step size to a binary string output, where the j-th bit represents
whether on step j the random walking particle is to the right (s; > 0) or to the left (s; < 0) of the origin sy = 0.

Random walk return map

In this section we study a simple one-dimensional random walk starting at sg = 0, followed by a series of uncorrelated
steps of 1 or —1 as an input-output map.

Inputs are defined as follows: A walk of m steps will produce a position vector s = (s1,82,...,5mn), where s;
represents the position of the random walker at time j. Since each sequence of steps is equally likely, and will produce
a unique path, we consider this path as an input.

Outputs are defined as another sequence over m time steps, ¢ = (z1,22,...,%m), where z; = 0 if s; < 0, and
xj = 1 otherwise. The changes from 0 to 1 (and vice-versa) in the output sequence thus correspond to times when the
random walker returns to s = 0. We measure the complexity of these binary output strings in the usual way using
CLZ (x)

One way of seeing this map is as a simplification of the Ornstein-Uhlenbeck model map, when the mean-reverting
parameter 6 is set to zero. In this regime, all change in the price S; will be due to the Brownian motion dW;, which
allows for steps of any size. In this section, this motion is coarse-grained to a random walk with steps of fixed size.
This allows the inputs to be fully enumerated, since the number of possible random walks with a given number of
steps becomes countable and finite.

The probability versus complexity relationship is shown in Supplementary Figure for all 222 random walks of
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Supplementary Figure 10. The ODE cell cycle model of ref. 45, treated as an input-output map, shows simplicity bias. 10°
inputs were randomly sampled and the output curves for the Cdc6 curve were discretised with the ‘up-down’ method over 40
bins. For every value of K, the blue dots represent the outputs corresponding to 50% of the inputs that produce outputs with
K(:v) K. Since the number of outputs is too small to provide a good estimate of No, the upper bound line was fit to the
distribution.

= 22 steps. The random walk return map shows the now familiar bias towards simple outputs. Since we computed
the full list of outputs by enumeratlng all inputs of m = 22 steps, we were able to calculate max(K) and No directly,
and find a via equation (38| . It is interesting to compare the probability versus entropy plot as well, which can be
seen in Supplementary Figure [[2p. Here the entropy measure shows a decay which is much less pronounced than the
Crz(z) decay.

Given the simplicity of a random walk, this decay of the probability with complexity can also be motivated directly
without needing AIT arguments. Since the random walk has no memory, every time the walker returns to s = 0 it
can be seen as starting a new walk. In other words, the probability of any return to s = 0 can be represented as the
product of multiple “first return’ walks. It is known?Y that the probability of first return 7" of a simple random walk
at step m scales for large m as:

1 1 1
Pret(T =m) = (?j)z—m N P (41)
m—1\2 m—1/tm/2

where m must be an even number. Most importantly, this means that for a given number of steps, high probability
outputs will be strings which have long sequences of zeros or ones, since P(T = m) goes to zero relatively slowly as
m increases. Similarly, the probability of a simple random walker not returning after m steps is given by*%

P(51;Ao,sz¢o,...,sm¢0):2i%13(sm:b) (42)
b=1

where the 2 takes into account walks in s > 0 and s < 0, and P(S,, = b) = (&)2*’”. Equation 1) implies
2

that outputs made of simple repeated motifs will have very low probability. For instance, a run of length 6 that
returns three times to the origin has a probability of Pret(T = 2)Ppet(T = 2)Pret(T = 2) ~ (271)3 ~ 12.5%, while
equation implies that a run of same length that does not return to 0 has a probability of 64.4%. More generally,
the largest probability strings are typically ones with no or few returns, while strings with multiple returns will have
low probability.

We give some examples of outputs and probabilities from the numerical simulations, enumerating all 222 bitstrings.
An example of the highest probability output for each unique complexity value, with format (string complexity, log;,
probability, output string) is
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Supplementary Figure 11. The Ornstein-Uhlenbeck process shows simplicity bias for different choices of the parameters # and
o, as well as of the number of steps of the Brownian motion. Respectively: (a) p = 0.1, o = 2.0, 25 steps, a=0.56, b=-1.6, (b)
u = 0.5, 0 = 0.1, 30 steps, a=0.58, b=-3.7, (c¢) pu = 0.5, 0 = 0.10, 35 steps, a=0.59, b=-3.0, (d) p = 2.0, o = 0.25, 45 steps,
a=0.63, b=-5.0. For every value of K, the blue dots represent the outputs corresponding to 50% of the inputs that produce
outputs with K(z) = K. Since No = 2", max(K (z)) is also known, and the upper bound coefficients were calculated using
equation . Red dashed lines represent an upper bound offset of b = 0.

4.0, -1.08, ’1111111111111111111111°
11.0, -2.40, °1111111111111111111110°
13.0, -1.66, ’1100000000000000000000°
16.0, -1.66, ’1011111111111111111111°
18.0, -2.24, °0011000000000000000000°
20.0, -2.24, ’0100111111111111111111°
22.0, -2.81, ’0100110000000000000000°
25.0, -3.39, ’0011010011111111111111°
27.0, -3.82, ’1011111110110000000000°
29.0, -4.22, ’0100111110110000000000°
31.0, -4.78, ’0100000011010011111111°
33.0, -5.32, ’0100000011101100111111°
36.0, -5.84, ’0100110010111110110000°
38.0, -5.92, ’0100000001001110101101°
0

40.

|
(0}

.62, ’1011101011110000110010°

As expected from our back-of-the-envelope calculation for return probabilities, higher probability outputs contain
long runs of zeros or ones. Further calculations in this vein could undoubtably provide more detail on the distribution
of outputs. The point of this random walk illustration, however, is to demonstrate that our very simple AIT based
predictions capture some of the main phenomenology without the need for detailed calculations.
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Supplementary Figure 12. Decay in probability P(z) with increasing (a) complexity and (b) entropy for the random walk
return map. In (a), the values of a = 0.43 and b = 0.68 were estimated using the methods in Supplementary Note 8. In (b),
while there is a decrease in probability with increasing entropy, the upper bound for P(z) does not vary in orders of magnitude
as it does for f((a:) = Crz(z). For every value of f(, the blue dots represent the outputs corresponding to 50% of the inputs
that produce outputs with K (z) = K.

Polynomial curves

In this section, we study a particularly simple map. Inputs are the coefficients «; of a polynomial y(t) = Z?:o a;t?
and outputs are the resulting curve over the variable . We show that this input-output map also exhibits bias towards
simple outputs. As with the ODE systems above, this input-output map goes from the continuous space of all n-tuples
of real coefficients, i.e. R™, to the also continuous space of all polynomial curves y(t). Consequently the inputs cannot
be fully enumerated, and every output curve is unique. It is therefore necessary to coarse-grain both the input and
output spaces.

The space of possible polynomials is extremely large. To simplify, we take the coefficients «; from a normal
distribution of mean zero and variance one. Polynomials of this form are also known as Kac polynomials*?. It is
known that the expected number of real roots for a Kac polynomial of degree n is proportional to logn4¥, but the
actual distribution of the number of zeros does not have a known closed formula. One advantage of Kac polynomials
is that they have symmetry properties that lead to some simplifications: Since the distribution of coefficients «; is
symmetric around zero, for every positive root there should be a negative root, which means that the negative real
roots should be distributed in the same way as their positive counterparts. Second, for every polynomial p(z) with
coefficients (ag,a1,...,an_1,a,) there will be a polynomial p(x) with the same coefficients, but in the reverse order:
(an,ap_1,-..,a1,a9). For every x # 0 which is a root of p(x), the reverse polynomial p(x) will have a root at 1/x.
Due to this property, we only need to evaluate y(t) in [0, 1], since for every root in this interval there will be a root
in [1,00), in addition to their negative mirror images. In summary, because of these symmetries, the outputs can be
considered in [0, 1] only.

We coarse-grain the outputs in two ways. In the first one, we used the ‘up-down’ method described above, thus
converting every output into a binary output which we here call string 1. And since the ‘up-down’ method produces
a string that captures the changes in sign of the derivative of y(t), i.e. the roots of its derivative, we also produced a
binary string simply describing the location of the roots of y(t). string 2 is made entirely of 0s, except for the digits
representing the intervals where y(t) crosses zero, which are 1s. For example, if y(t) crosses zero three times in three
different discrete bins, then its corresponding output string will then have three 1s, while if y(¢) does not cross zero
it will correspond to a string made only of Os.

One problem that remains is that since we don’t know the exact distribution of roots in advance, there could be
multiple roots in a single bin when roots are closer than the distance between bins. This is hard to completely rule out.
Instead, since the goal in this section is to simply demonstrate the existence of simplicity bias in this input-output
map, we simply check for the severity of this problem by varying the number of bins in the discretisation, showing
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Supplementary Figure 13. Simplicity bias in a simple polynomial input-output map. (a) and (b) respectively show output
probability versus output complexity, and output probability versus output entropy, for outputs defined as string 1, which
indicates changes of sign of the slope. Similarly, (c) and (d) show probability versus complexity and probability versus
entropy, for outputs defined as string 2, which indicates the coarse-grained location of the roots of a given polynomial. (e)
and (f) show the probability of all output strings 1 and 2 respectively, from most probable to least probable output. Note
that despite string I and string 2 being defined differently, both present the same decay in (e) and (f). Finally, (g) shows
the distribution of the number of roots in the [0, 1] interval. Polynomials of degree 10 were used for all figures, and the [0, 1]
interval was divided in 50 bins (¢,t + 0t), where 6t = 0.02.

that the simplicity bias phenomenology is present for different bin sizes.

To proceed we take input coefficients from a standard normal distribution. The resulting polynomials are evaluated
only in [0, 1] and then discretised into binary strings using the methods above. We sampled 10° polynomials of degree
d = 10, discretising their outputs into 50 bit-long strings, and comparing the complexity K (z) and the entropy S(z)
of an output to the number of inputs corresponding to each output, i.e. the probability of that output.Despite being
very simple and coarse-grained, this input-output map shows the basic simplicity bias phenomenology we predicted
above. As seen in Supplementary Figures and , random sampling of inputs (coefficients) is much more likely
to produce low complexity curves than more complex curves.

Supplementary Figure [[3] also shows other proxies for output complexity. For example, Supplementary Figure
compares the probability of output string 1 with its entropy S(z). In sharp contrast to the complexity K (z), there
is no clear relationship between the probability and the S(x). The reason for this is not hard to work out. Entropy
is maximal for an equal number of one’s and zero’s, and minimal when either one or zero dominates. Thus simple
patterns like 01010101010101010101 or 11111111110000000000 have low complexity when measured by Cpz(x) but
maximal entropy. For string I many outputs of varying entropy will correspond to similar polynomial curves. For
example, if the derivative of a polynomial has a single root in [0, 1], the proportion of Os and 1s in string 1 will depend
on where the root is located, since string I indicates where y(t) is increasing or decreasing. This leads to nearly
identical outputs — curves with a single extremum — having very different values for entropy. On the other hand, as
can be seen in Supplementary Figures and [I3d for string 2 both measures of complexity show a clear correlation.
In this case, the complexity K (z) and the entropy S(z) of the output string, are essentially proxies for the number of
roots in [0, 1], which drops quickly with increasing number of roots, as shown in Supplementary Figure .

Both output definitions, string I and string 2, give rise to the same distribution of probability per output, shown
by the rank plot in Supplementary Figures and [I3f. Supplementary Figure shows the distribution of the
number of roots in [0, 1),

This bias towards simple outputs is observed for polynomials of varying degree, with varying levels of discretisation.
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77 In Supplementary Figures and we show that our results are robust to different levels of discretisation of the
outputs, as well as to different polynomial degrees. For such a simple system it is possible to rationalise this bias in
other ways as well, but the point of this exercise is to show that a simple application of our simplicity bias arguments
seems to capture some of the dominant aspects of the bias.
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Supplementary Figure 14. Graphs showing probability versus complexity of an output string, for polynomials of varying degrees
and fixed discretisation (50 bins). Panels (a) to (f) represent polynomials of degree 10, 15, 25, 50, 75 and 100 respectively. Each
plot was produced from a sample of 10° polynomials. For every value of K, the blue dots represent the outputs corresponding
to 50% of the inputs that produce outputs with K (z) = K. Since the number of outputs is too small to provide a good estimate
of No, the upper bound line was fit to the distributions.
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Supplementary Figure 15. Graphs showing probability versus complexity of an output string, for polynomials of varying
discretisation and fixed degree (d = 14). Panels (a) to (d) represent polynomials discretised in 12, 24, 49 and 99 bins
respectively. Each plot was produced from a sample of 10° polynomials, and for every value of K , the blue dots represent the
outputs corresponding to 50% of the inputs that produce outputs with K(z) = K. Since the number of outputs is too small to
provide a good estimate of No, the upper bound line was fit to the distributions.

The matrix map: how map complexity affects simplicity bias

In the main text we discussed a matrix map illustrated in Supplementary Figure Here the inputs are binary
vectors p of length n and the outputs are binary vectors x of length n. The outputs are produced by first performing
a simple matrix multiplication z = M - p, where M is an n X n matrix, and then applying a thresholding function
such that each element z; is transformed to the outputs vector x such that the output is 0 if z; < 0 and 1 if z; > 0.

The reason for the threshold function is to ensure the nonlinearity of this input-output map. A linear map, such
as z = M - p, is incapable of producing bias towards any output, since it is simply an injective function from R"™ into
a subset X C R™, and two different inputs cannot produce the same output. The threshold function thus forces the
map to have some degeneracy.

Here we treat this map as a very general input-output system. However, this matrix map can also be seen as
simple a neural network, made only by the input and output layers, each with n neurons, having a step function as
its activation function, and no hidden layers. Although this perspective is not explored in this paper, it is interesting
to note that thinking of a neural network as a matrix map translates the machine learning task of finding a set of
weights that minimises a cost function to the task of finding an input-output map with certain desired properties. A
similar system was used as a very simple model of transcriptional gene networks in ref. [49] where it was shown that
this map can generate biased outputs.

The space of possible matrices is very large, so we begin with a very simple random 20 x 20 matrix where every
entry is chosen from {—1,1} with uniform probability. Supplementary Figure shows that this map generates a
very biased distribution of inputs over outputs, but, in sharp contrast to the other systems studied in this paper,
there is no bias towards simpler or more complex outputs, as it can be seen in Supplementary Figure [I7p.

To show that most maps have a bias in their input-output maps, we use a very simple bias ratio measure, first
introduced in ref. 41l If one takes the entropy of the distribution of the probabilities p; of the No outputs, H =
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Supplementary Figure 16. Illustration of an input-output map consisting in binary vectors multiplied by a matrix, following
by a binary threshold so that the output also consists in binary vectors.

a b
1072 1072
1073 1073 . 1
S Na . i
T S i
10 > 10* :
> £
) —
= o) H
QO © . '
8 10° 2 107 | ;
E % = EERERREEE
106 - 106 L] L] L] L] L] L ] L ] L] L] °
107 0 NT ) 3 7 5 107 - I I y y ' y
10 10 10 10 10 10 0 5 10 15 20 25 30 35 40
Rank Complexity K(z)

Supplementary Figure 17. Properties of a matrix map made from a random 20 x 20 matrix where every entry is chosen from
{—1,1} with uniform probability. (a) A rank plot shows that the map exibhits bias in that certain outputs are much more
likely to occur than others. (b) However, in contrast to simplicity bias phenomenology, there is no clear correlation between
probability and complexity of the output.

a3 — Ziiol p; log, p;, then the exponential of the entropy, 2¥, should be a rough estimate of the effective number of
70 outputs®?. One can then define a bias ratio § = 22 /No, which measures the ratio between the effective number of
ns outputs and the total number of outputs in that map. For maps with § & 1, inputs should be roughly uniformly
ns distributed across outputs, while for maps with 8 < 1, most inputs should correspond to a few outputs. In other
7 words, the closer § is to 0, the stronger the bias in the distribution of inputs over outputs. For example, the map in
s Supplementary Figure[I7 has a bias parameter 8 = 0.56. In Supplementary Figure[I8h we show a histogram produced
79 from an ensemble of 5000 matrices where each of the 20 x 20 entries was chosen uniformly from {—1,1}. We observe
0 that most matrix maps in that ensemble have small 3, and so most inputs map to a small fraction of the outputs.
1 The maps show bias.

72 For this same set of 5000 matrices we calculated the probability that a given output string would appear. We then
73 measured the complexity of each output, and generated a distribution of outputs probability versus complexity. As
74 can be seen in Supplementary Figure [I8b, the distribution of these strings is very close to what we would expect



755

756

757

758

759

760

761

762

763

764

765

766

767

768

769

770

771

772

773

774

7

3

5

776

77

778

779

780

28

by random sampling of the outputs, or in fact random sampling of all binary strings of length 20. We also sampled
over 5000 random 20 x 20 matrices where every entry is taken from a standard normal distribution (u = 0,0 = 1),
finding very similar results. We distinguish in the plot between input sampling and output sampling. The former
takes averages over outputs generated by uniform random sampling of inputs that are fed into the map, and the latter
simply samples uniformly over the outputs found. For an individual matrix with bias, input and output sampling can
vary significantly, depending on the amount of bias. However, when we subsequently average over the matrices, this
difference goes away. For the matrices with randomly chosen {—1,1} entries, there remains a very slight difference
between input and output sampling, while for the matrices with entries taken from a standard normal distribution
input and output sampling yield essentially the same results within our measurement errors. In other words, while
for a single matrix with bias, certain outputs are much more likely to be generated by random sampling of inputs
than others, when averaged over many matrices, no output string is more or less likely to be generated than any
other. This behaviour is fundamentally different from maps that show simplicity bias, because even if we averaged
over maps, we would expect low complexity outputs strings to be more likely to occur on average.
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Supplementary Figure 18. (a) Histogram for the bias ratio 8, a measure for the ratio between the number of effective outputs
and the_total number of outputs of a map. Smaller values of 8 mean more bias in the map. The map in Supplementary
Figure has a bias parameter 8 = 0.56. (b) Distribution of K(z) for the outputs of matrix maps from an ensemble of
random 20 x 20 matrices with entries chosen uniformly from {—1,1}. Dark blue circles denote a distribution made by sampling
inputs and yellow squares denote a distribution made by uniformly sampling over outputs, The green stars and red triangles
respectively represent the same input-sampled and output-sampled averages, but for random 20 x 20 matrices with taken from
a standard normal distribution (@ = 0,0 = 1). The light blue crosses represent the distribution of K (z) over all bitstrings of
length 20. The overlap between all curves shows that the outputs of a random matrix map are likely to be as complex as a
random set of strings of the same length. Error bars are too small to be visible, and average values are all within 27.3 + 0.3.

Circulant matrices

All the matrix maps considered so far were made from random matrices, with entries either taken from {—1,1} or
from a normal distribution of mean zero and variance 1. In other words, for square matrices, the amount of information
needed to specify the map grows as n?. In this section we study a set of matrix maps for which the amount of
information needed to specify the map grows more slowly with n. We begin by studying circulant matrices, illustrated
in Supplementary Figure [[0p. Circulant matrices are a class of Toeplitz matrices where each row corresponds to the
row above, shifted to the right by one element. They play a role in fields ranging from discrete Fourier transforms
to cryptography®!. In this work, their most important aspect is that these matrices are defined by the values on the
first row. Limiting our matrix entries to {—1,1}, a circulant matrix can be defined using n bits or less, as opposed to
n? bits for a random {—1,1} matrix. These matrices are illustrated in Supplementary Figure .

While the outputs from the random matrix maps explored in the previous section were, on average, as complex as
any random binary string of the same length, some circulant matrix maps do show some bias towards simple outputs
(Some fully random maps may also show simplicity bias, but these are sufficiently rare that we do not find any in our
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sampling). Supplementary Figure 7 shows the ratio between K,, the average output complexity when all outputs
are assigned the same weight, and K, the average output complexity where every output is weighed by the frequency
with which it appears upon random sampling of inputs. The majority of maps have K,/K; close to one, but a small
fraction (a few %) have significantly higher ratios, which mean that low complexity outputs are more likely to appear
upon random sampling of inputs. o ~

The main correlating factor for matrices that have high values of K,/K; is that the complexity K (row) of the
top row which determines the whole matrix is low. We showed this in the main text in Figure 2, which is repeated
above as Supplementary Figure for clarity. This behaviour is what we would expect from our general derivation
of simplicity bias, which relies on the map itself being having a limited complexity.

To check that this bias towards simpler output presented by a small fraction of the circulant matrix maps could not
be attributed to the matrices having low rank we also measure the rank of each matrix. As shown in Supplementary
Figure for an ensemble of 25000 circulant matrices with 20 x 20 entries taken from {—1,1}, most matrices have
a matrix rank close to its maximum of 20, with 93.8% of the matrices having a rank of 20. We also confirmed that
the matrices with high values of K,/K; do not have low rank on average.

b
- - 0
Co Ch—1 G G

€1 G Cp-1 8))

G G

Ch—2
_Cn—l Ch—2

9]

Ch—1

¢

5

10

15

20

matrix rank

5.0
4.5
4.0
351 |alT
s 3.0
2.5
2.0
1.5 -
1.0 =

3

10° -- median = 1.15|

1071

1072

103

K /K
1
1

25 30 35

K(row)

3 4 15 20 40

2
Ko/Ki

Supplementary Figure 19. (a) Illustration of a circulant matrix. (b) Histogram for the matrix rank of 25000 circulant matrices
with 20 x 20 entries taken from {—1,1}. (c) Histogram for the ratio K,/K; in the matrix maps made from the same matrices.
(d) Violin plots showing how K,/K; changes with the complexity of the top row of the same circulant matrices. Also shown
as Figure 2 in the main text.

Low complexity circulant matrices show simplicity bias

We can explore this behaviour in more detail by creating circulant matrices with low complexity rows. We limited
the {—1,1} matrix ensemble to 20 x 20 circulant matrices defined by rows containing logn positive entries (and
negative entries otherwise). Those matrices, by construction, are defined by O(log®n) bits, a much smaller amount
of information when compared to the n x n bits required to specify each entry of a random matrix with entries taken
randomly from {—1,1}, or the n bits to define most circulant matrices in the full ensemble (Note that most strings
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of length n have (near) maximum (or modal for Crz) complexity). For the matrix maps made from these simpler
matrices, the evidence for simplicity bias is clear: all maps show a ratio K, / K; > 3.5.

Since those matrices will consist in 320 entries equal to —1 and 80 entries equal to +1, we ran a control using
using matrices with these same proportions, but without the row-by-row structure, as well as matrices with the same
proportion of +1 and —1 per row (16 : 4), but without the Toeplitz structure. We tested both alternatives, but none
showed simplicity bias as the simple matrices described in this section do. This can be attributed to the fact that
these maps need not O(log?n) bits to be described, but O(nlogn), since all row structure is lost. They thus violate
our limited complexity condition that K(f) + K(n) < K(z).

10°¢ ;
‘-- median = 4.19 ‘ '
101} !
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3 . ‘ ‘ |
1075 1 2 3 4
K,/K;

Supplementary Figure 20. Histogram for K,/K; for 20 x 20 circulant matrices with entries taken from {—1,1}, containing only
|log 20| = 4 positive entries per row.

Rank and sparsity do not explain simplicity bias in the matrix map

Rank and sparsity are two traditional measures for the complexity of matrices. As another control, we consider
10 x 10 matrices of rank and sparsity varying from 1 to their maximum values of 10 and 100 respectively.

Firstly, in Supplementary Figure 21| we show violin plots for the output complexity of random 10 x 10 matrix maps
made from random {—1, 1} matrices versus rank. As the matrix rank decreases from 10 to 1, both K, and K; deviate
from the full-rank matrices. Supplementary Figure , however, shows that the ratio K, / K; stays constant. In other
words, even though matrix maps made from matrices of lower rank do produce low complexity outputs, that is not
because those outputs correspond to more inputs than their high complexity counterparts, but rather because the
high complexity outputs are not being produced at all. In an extreme case, a matrix of rank one will produce the
simplest possible outputs, but nothing more than that.

The second natural candidate for the complexity of a matrix map is the sparsity of its matrix, i.e. the number of
zeros in the matrix. As shown in Supplementary Figure [22[for 10 x 10 matrices, K, and K; remain the same for levels
of sparsity up to 80%, and drop sharply for sparser matrices. Still, the ratio K, /K;, remains around 1, indicating once
again a decrease in output complexity but no bias towards producing simpler outputs over more complex outputs.

In summary, even though rank and sparsity are used as proxies for matrix complexity in other contexts, we have
presented evidence that they only affect the average output complexity of a matrix map when at extreme values of
either low rank or high sparsity. Even in these cases, the ratio K,/K; remains around 1. This means that within
all the outputs produced by these low-rank or high-sparsity matrix maps, there is no bias towards producing simpler
outputs with a higher probability .

On the other hand, we have shown that one can define simple matrix maps without resorting to low-rank or sparse
matrices, by using circulant {—1,1} matrices with a small number of positive entries on each row - approximately
logn elements on a n X n matrix. And as mentioned above, the matrix maps from this ensemble can be defined
with (9(10g2 n) bits of information. While in the main text and in Supplementary Note 3 we mainly treat maps of
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Supplementary Figure 22. Output complexity of random {—1 1} matrix maps made from 10 x 10 matrices, versus matrix
sparsity. K, in (a) shows the average output complexity, while K; in (b) shows the average output complexity where each
output is weighed by its frequency, i.e. the fraction of inputs that correspond to it. Panel (¢) shows the ratio K, / K;. The
darkest red lines represent the average K,, K; and their ratio K, / K;, and the lighter shades of red represent one and two

standard deviations.

s2 fixed complexity, if maps grow only as log?n then for large enough n the requirement that K (f) < K(z) should
a3 always hold. However, we only tried an extremely small range of logn so these conclusions are very preliminary.
a4 Again, as discussed earlier, we find clear simplicity bias phenomenology even when we may not quite be in the limit
a5 of K(f) <« K(x). This suggests that the large n asymptotic behaviour persists down to smaller maps. We have not
a3 yet explored how small the matrix maps should be for finite size effects, discussed for example in Supplementary Note
s 9, to start kicking in.
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