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Here we provide details and computational/mathematical arguments for the methods
we use to produce the results in the main text, together with examples. This study has
shared method/ideas of those in articles [1], [2] and [7], which we mention accordingly.
All the data used for the article can be provided upon request from the authors.

S.M.1 DNA barcoding experiments and contig sequences
S.M.1.1 DNA preparation

Complete bacterial DNA (chromosomal and plasmid) was prepared by growing bacteria
over night in Mueller-Hinton medium at 37 °C with shaking. DNA was extracted using
the Qiagen Genomic-tip 100 according to the manufacturer’s instructions. DNA was
eluted in 5 ml elution buffer from the columns and precipitated by addition of 0.7 ml of
isopropanol at room temperature and subsequently spooled from solution, dried and
re-dissolved in 0.1x TE-buffer pH 7.0.

Plasmid DNA was separated from chromosomal DNA using the Qiagen Plasmid Midi
kit according to the manufacturer’s instructions. DNA was eluted from the columns
with 5 ml of elution buffer and precipitated by addition of 0.7 ml of isopropanol at room
temperature and subsequently centrifuged at 4500 rcf for 30 minutes followed by a wash
with 70 % ethanol, dried and re-dissolved in 0.1x TE-buffer pH 7.0.

S.M.1.2 Contig sequences

Plasmid sequences and the chromosomal sequence of the Klebsiella pneumoniae
containing pUUH239.2 have previously been determined and completely assembled
using a combination of PacBio and Illumina sequencing (see [1,8l|9]). The Ilumina data
was re-used here to build contigs by de novo assembly for mapping-experiments against
barcode data. Contigs were assembled using the CLC Genomic workbench platform
version 9. Default assembly parameters were used to give a standard contig set without
any additional joining of contigs. Upon assembly of the contigs onto the experimental
DNA barcodes [1] it was noted that the pUUH239.2 plasmid isolated for the barcode
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experiments contained a spontaneous inversion between two inverted copies of
1S26-elements and one contig spanning this region therefore gave a very poor match.
This contig was therefore split into two single contigs at the inversion point and these
were used in subsequent analyses.

S.M.1.3 Contig sequence alignment

Real contigs were obtained by Illumina sequencing of a sample containing chromosomal
DNA from Klebsiella pneumonia and DNA from the plasmid pUUH239.2 (220 kbps
long), see for details. The full contig data set contained 220 contigs, with an
average length of 24.5 kbps (for a histogram of contig sizes, see S7 Fig). The sequence
similarity between the contig sequences, pUUH plasmid and chromosomal DNA was
investigated by aligning all Illumina contigs to the full reference sequences using
MUMmer |10] (see figures S15 Fig and S16 Fig for placement results).

We found that the single lowest percent identity for an ungapped pUUH contig was
98.24 % for the contig P4 (fourth largest plasmid contig, see below for how we label
contigs). The low score is caused by a single base pair insertion in the reference
sequence compared to the contig, and if we allow a 1 base pair gap, the similarity
increases to 99.96 %. Apart from this, all pUUH contigs had a sequence similarity
> 99.8 % at their "true” positions, see S17 Fig.

We conclude that 203 of the contigs belong to the chromosomal DNA and 16 contigs
belong to the plasmid. Based on the sequence alignment, each contig is assigned a ”true”
position, and the contigs are subsequently labeled as PX, CX or UX (with
X =1,... Ximax determining the order of contig lengths), so that P1 is the longest
contig originating from the pUUH plasmid, C1 is the longest chromosomal contig, and
U X contigs are unassigned contigs which fit neither on the plasmid nor on chromosomal
DNA sequences (we have one such case in our data set). Based on the separation of the
contigs into chromosomal and plasmid, we find that the average length of chromosomal
contigs is 25.4 kbps, and the average of plasmid contigs is 13.5 kbps.

S.M.1.4 Optical DNA mapping experiments

In the DNA barcoding experiments, DNA was stained with YOYO-1 and netropsin,
ratios 1:5 (YOYO-1) and 30:1 (netropsin) with respect to DNA, in Tris-Borate-EDTA
buffer (for details see [1]). Photonicking was reduced by addition of 2% v/v
Beta-mercaptoethanol to the solution before the start of the experiment. Nanochannels
with dimensions of 100x150nm? and a length of 500 ym were used in order to stretch
the DNA. Information about fabrication methods can be found in [11]. DNA was moved
through microchannels from loading wells to inlets of nanochannels by using
pressure-driven flow created from nitrogen gas. Plasmids were inserted into
nanochannels in their circular form and subsequently linearized using light
irradiation [1]. 200 frames with 100ms exposure time of each linearized plasmid
molecule were obtained using an EMCCD camera (Photometrics Evolve 0.1592 um) in
combination with an inverted fluorescence microscope (Zeiss AxioObserver.Z1) with
100x oil immersion objective (NA = 1.46). Additional to plasmid DNA, lambda-DNA
(48502bp, New England Biolabs) was included as an internal size reference in each
measurement. In total 8 lambda molecules were imaged for the pEC005A and pEC005B
plasmids, 20 lambda molecules for pUUH239.2, and 6 lambda molecules for p4_2_1.1
plasmid. The size references from these measurements were 500 bp/pixel for p4.2_1.1,
592.3 bp/pixel for pUUH239.2 and 538.18 bp/pixel for the pEC005A and pEC005B
plasmids.

The DNA concentration of the plasmid samples were measured using a NanoDrop.
Lambda-DNA was diluted to desired concentration from a 500 ng/ul stock.

PLOS

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75



@PLOS | susmission

S.M.2 Generating and comparing DN A barcodes

The output from DNA barcode experiments (see Sec. is a fluorescence
intensity kymograph along individual DNA molecules of four previously sequenced
plasmids, pEC005A (13 kymographs), pEC005B (14 kymographs), p4.2_1.1 (35
kymographs) and pUUH (14 kymographs). In this section we show how the individual
molecules are processed to make experimental barcodes (by time averaging and then
computing the consensus tree), how to generate theoretical contig barcodes, and how to
compare barcodes using match scores and p-values.

S.M.2.1 Aligning and time averaging of the kymographs using the
SSDAlign algorithm

In the first step, kymographs are aligned using an alignment method. Previous articles
used a method called WPAlign [12]. In this study we are using a sum-square based
alignment method (refered to as SSDAlign), which is computationally faster (our
implementation is about 4 times faster). The SSDAlign algorithm proceeds as follows:

e As a first step of the method, we generate a filtered kymograph by filtering all the
rows of the kymograph with a Gaussian filter with 1.88 pixel width (this choice
depends on the point spread function width and the camera lens) to convert
kymograph rows into barcodes with similar correlation properties to theoretical
barcodes [28].

e We use k-means clustering [29] of the filtered kymograph rows to separate the row
pixels into background and molecule pixels.

e We then compute the sum square differences between the first filtered row and all
the other rows, with an allowed displacement of a few pixels (equal roughly to a
number of uncertain pixels at the edges of the kymograph, see for more
explanation on this). For each row, we find the displacement which gives the
minimal sum square difference. This gives us a number of pixels by which we have
to shift each row to align it to the first row. In this way, we get an aligned
kymograph, which corrects for the global positional displacement, see S14 Fig for
an example of such an aligned kymograph.

e Finally, we estimate the left and right edges of the molecule by taking the average

of first molecule pixels on the left and last on the right in the aligned kymograph.

Using these we cut out a barcode from the time-average of the aligned kymograph,
thus producing an intensity profile along a single molecule.

Note that, in contrast to WPAlign [12], the SSDAlign algorithm does not perform
any local stretching operations to the kymograph.

S.M.2.2 Experimental consensus barcodes

We get a consensus barcode by averaging several individual barcodes using an
adaptation of previous method [1]. As an input to this method, we have the intensity
profiles which were calculated for each aligned kymograph by time-averaging. The
individual barcodes are then compared against each other, the best pairs are averaged
and the procedure is repeated until we get a barcode cluster (consensus tree). This tree
is then “cut” based on a threshold for the best Pearson correlation coefficients. This
threshold is here taken as 0 (so that we include all the barcodes in the consensus). The
difference from the previous method is that we average background-mean rescaled
barcodes (i.e. barcodes normalized by substracting the mean and dividing by
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background-mean), which allows us to keep more information from the barcode (thus
making the clustering process more accurate). The output of this method is then
experimental consensus barcodes

B = {Bwvx = 1axmax}

with lengths Zmax = 128 pixels (pEC005A, mean 127.8, standard deviation 6.7),

Zmax = 250 pixels (pEC005B, mean 249.1, standard deviation 15.1), Zmax = 302 pixels
(p4-2_1.1, mean 301.3, standard deviation 9.2) and Zyax = 373 pixels (pUUH, mean
372.4, standard deviation 28.1), see S13 Fig. Since we also know the length of the DNA
sequences, we here use the lengths of consensus barcodes to find the real pixel/bp ratios,
which are correspondingly 592, 549 and 551 bp/pixels.

S.M.2.3 Competitive binding method

We here improve the parameters used in the model introduced in [2] to produce
theoretical barcodes using a DNA sequence as input. The transfer matrix method
described in [2] is one of 5 possible biophysical formulations of 1-D lattice models [3].
The goal of the competitive binding method is to compute the probabilities, p; (i) and
p2(i), which gives us the probability that a base-pair 4 is occupied by one of the
monomers of the first ligand type (netropsin) or second ligand type (YOYO-1),
respectively.

In the statistical physics method in [2], transfer matrices are constructed in a way so
that each matrix element (m,m’) corresponds to the statistical weights assigned to the
combination of states where state m follows the state m’ for a given base-pair 7. In case
of netropsin and YOYO-1 competitive binding, this simple model gives us a position
dependent transfer matrix which are described as

Free 1 0 0 0 1 0 0 0 1

Bound netropsin, 4th [1 0 0 0 1 0 0 0 1

Bound netropsin, 3rd |0 1 0 0 0 0 O 0 0

Bound netropsin, 2nd |0 0 1 0 0 0 O 0 0

T(i) = Bound netropsin, I1st [0 0 0 ¢ Ky(i)) 0 0 0 0 0
Bound YOYO-1,4th [1 0 0 0 1 0 0 0 1

Bound YOYO-1,3rd |O 0 O 0 0 1 0 0 0

Bound YOYO-1,2nd {0 0 O 0 0 0 1 0 0

Bound YOYO-1,1st \0 0 0 0 0 0 0 cKq(i) O

(S.M.1)

Here, K; (i) is the netropsin binding constant for a site beginning at base-pair i, and c;
is the concentration of netropsin. Similarly, Ko(i) and co are the binding constants and
the concentration for YOYO-1.

Based on the transfer matrices above, as in [2], the total partition function Z is

Z=v(1)T-T1)-T(2)---T(N)-v(N+1) (S.M.2)

where v(1) and v(N + 1) are the vectors describing the boundary conditions (states at
the two ends of the DNA).

Let us now derive the explicit expressions for p; (i) and p2(i) using a slightly
different approach compared [2|. Following [4], if for a given base-pair i the parameter X
enters the statistical weight of a given state uniquely, then the probability of this state
is equal to the corresponding derivative of the partition function, multiplied by X and
divided by the partition function, i.e.

X 0Z

probability of states associated to X = 7 9% (S.M.3)
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In particular, in the transfer matrix approach, for a given base-pair i, we have a transfer
matrix T(i) elements associated to all the possible parameters X, and no other matrices
depend on X. There are 4 different states associated to the base-pair i bound by a
ligand s (by its first, second, third or fourth monomer), corresponding to 4 off-diagonal
entries in the matrix T'(7). Therefore the probablity of any of these is going to be the
sum of the corresponding probabilities. The derivative of T(i) with respect to X can be
described by a projection operator Og, which projects only to the states that are
possible for site i. Here O; = diag(0,1,1,1,1,0,0,0,0) for the states associated to
netropsin and Oy = diag(0,0,0,0,0,1,1,1,1) for the states associated to YOYO-1. In
this way we write
L OT() .
;Xl 9K, = O, - T(i) (S.M.4)

Now, for a given base-pair i, the number of allowed states (configurations) for a ligand
of type s is

Zs(i) = in% =v(1)T-T(1)-T(2)---T(i—1)- 0 T(i)--- T(N)v(N+1) (S.M.5)

Finally, from [S.M.3] and [S.M.5] the probabilities that a given base-pair i has either
YOYO-1 or netropsin attached to it are described as

p1 (Z) = pnetropsin(i) = Z1Z(Z)7 pQ(l) = pYOYO(i) =

Z (i)
A

(S.M.6)

Note that p; and ps depend on position along the DNA (through binding constants

K (i) and K»(i), and concentrations ¢; and cz). The results above are identical to the
expressions given in [2], The equation for the binding probabilities is then written
recursively for a computationally efficient competitive binding method [2], which scales
with N, the total number of base-pairs.

The improvement we here make to the method above is two-fold. Our two
amendments are described in detail below.

First, in [2] it was implicitly assumed that the two ligand types were in excess of the
DNA. For the general case this may not be so, and one should replace the total
concentrations, ¢; and co, in the transfer matrices above by the free concentration
(concentration of non-DNA-bound ligands) [4]. To that end we first estimate the free

concentrations of YOYO-1 and Netropsin, c¢{®® and ci*°, using

free bound n (free free DNA
e =cs — =cs — 0s(c1%,¢5%) - ¢ (S.M.7)

Here 6, is the expected number of bound ligands on a single DNA molecule divided by
the number of basepairs of that molecule (note that 0 < 6, < [1/)], where A = 4 is the
number of basepairs covered by a ligand for the case YOYO-1 and netropsin). Also,
cPNA s the concentration of DNA basepairs. Using the expressions from [4] for the
expected number of bound ligands, we have

5 _ Qs
b= (S.M.8)
where
Q=Y v()"-T(1)-T(2)---T@(—1)-Py-T(i)--- T(N)v(N + 1) (S.M.9)
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with projector operators Py = diag(0,0,0,0,1,0,0,0,0) and
Py = diag(0,0,0,0,0,0,0,0,1). This gives a system of two equations with two
unknowns. Since these are non-linear, we solve the system numerically, by minimizing

2
X2 — min (Z(C;‘:Otal _ szree _ C?ound)Z) (SMIO)

free
C .
s i=1

and make sure that the minimum occurs close to x2 = 0. To the purpose of estimating
05, we use A\-phage DNA (48502 bp) as input sequence, simply because the exact
sequence content of all the DNA in the sample is not known. The concentration of DNA
basepairs is experimentally estimated using a procedure described in Sec. [S.M.1.4} Once
the the free ligand concentrations are obtained using the steps above, these are used as
the input to the transfer-matrix method. In S1 Fig we compare total and free
concentrations for realistic input concentrations (typical netropsin, YOYO-1 and DNA
concentrations are 6 pM, 0.04 uMand 0.2 M, respectively).

Our second amendment to the theory barcode method from [2] is to use more
accurate binding constants. To that end, we use the 5-mer intensity values of netropsin
extracted from [26] to estimate all 256 possible combinations of 4-mer binding constants
K5 (see suppl.txt file). In some detail, relative fluorescence values were first extracted
from [26] supplementary information plots by measuring (in pixels) the height of each
percentage fluorescence bar and comparing it to the total height of the plot. All 512
5-mers reported by the paper were extracted. Only 512 5-mers should be required to
know all 1024 possible combinations. Netropsin binds to double-stranded DNA, so the
binding constant of one k-mer is the same as its reverse complement. Unfortunately the
sequences in the paper are selected to cover all straightforward complementary
permutations, not the reverse complement, so all 5-mers can not be found. Instead, all
possible 4-mers are calculated as an average of the 5-mers that contain them. Note that
also that in study [26], there are only single binding sites, so there is no competition (no
transfer matrices are required) and there is only one ligand (netropsin). Therefore,
netropsin binding constants are computed as [26]

P(NNNN)
Cfree _ P(NNNN) . Cfree

Here P is the binding probability determined from [26], and NNNN is any of the
tetramers. This provides us with new Netropsin binding constants for the competitive
binding method, see S3 Fig.

We finally need an estimation of the YOYO-1 binding constant, K5. To that end, we
assume that YOYO-1 binds non-specifically to the DNA and formulate a minimization
procedure for finding the optimal YOYO-1 binding constant K5, using pEC005A and
pECO005B barcodes as a training set, see S2 Fig. We find which that the optimal YOYO
binding constant is Ky ~ 26 (uM)~1. This value for the YOYO-1 binding constant and
the netropsin binding constants listed the S1 File are used throughout this study.

We estimate that the improvement in correlation coefficient, when using the new
binding constants (compared to the old binding constant from [2]), is around 0.06-0.07
when matching experimental consensus barcodes to the theoretical barcodes for pUUH
and pEC005B.

KNNNN = (S.M.11)

S.M.2.4 Theoretical contig barcode generation

As an input to the theoretical contig barcode generation method, we use a DNA
sequence of length k. basepairs (bps) together with optical mapping related
parameters provided in Sec. [S.M.2.3] As an output, we get a probability vector

P= {p(k)a k= 0; kmax - l}a (SMlZ)
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which gives us the probabilities that a YOYO-1 ligand is bound to a particular basepair
along the DNA. Given this probability vector, p, a theoretical barcode is computed as a
convolution of p with a Gaussian kernel ¢ with a width of o bps:

2 kmax
b= ot Iklké L5 J»k]:naw odd (S.M.13)
_% <k< %Jﬁmaw even

here o is 300 nm [2], but since convolution is done at the base-pair level, we use the
nm/bp convertion to get the Gaussian kernel width ¢ in base-pairs. Conversion factors
from nm to bps for previously unsequenced DNA can be obtained using the
lambda-phage reference, or using the theoretical sequences, if they are known, see
For pUUH, the conversion is 0.2690 nm/bp, and therefore o = 1115.2 bps. For
pEC005B, the conversion is 0.2954 nm/bp, and o = 1015.6 bps.

The convolution is now written according to

Emax—1

I(k)=(pxd)(k)= D pli) ¢(i—k), 0 <k < kmax — 1 (S.M.14)

=0

Finally, using the camera’s resolution (here, 159.2 bps/pixel), we find the conversion
rates from bp to pixel, see [S.M.1.4] We then interpolate to the pixel resolution to mimic
the effects due to the system’s optical point spread function, thus producing a pixelated
theoretical contig barcode I, where x = 1, z1,ax labels different pixels.

S.M.2.5 Bit-weights for theoretical contig barcodes

In steps 1 and 2 in our contig scaffolding method (see the Methods section in the main
text) we match a contig barcode to an experimental barcode. Due to the convolution
with the PSF with width o, certain care is required when performing such a matching.
To understand why, assume we have a full DNA sequence of the form
XXXYYYYYY XXX, where the Y's denotes a contig sequence, and the X's denotes
the remaining part of the DNA sequence. Due to the convolution nature of both
experiments and theory, the X and Y regions will intermix in the experimental DNA
barcode. However, using only the contig sequence, we can make no prediction of this
intermixing (which occurs over distances of a few os.). Thus, in effect, a few kbps at the
ends of the theoretical contig barcode will not match the experimental consensus
barcode. As in previous studies we take care of this effects by using a bit-weight
function [1],

(S.M.15)

Wi(k) = 1,30 <k <kmpax —1—30
I B 0, otherwise

The size of the bit-weight window depends on the width, o, of the point-spread function
of the experimental system. We here choose the window size to be 30. Finally, the
bit-weight function Wj(k) is interpolated to pixel resolution in the same way as the
theoretical barcode, thus producing a pixelated bit-weight function W, £ = 1, Tyax-

S.M.2.6 Comparing experimental consensus and contig barcodes using a
match score

As a match score between two barcodes, U and V', we use a standard statistical measure
of linear dependence, the Pearson’s product-moment correlation coefficient, C, defined
by:

oU,V) =

1 Ti: Uz = D)(Ve = V) (SM.16)

Tmax — 1 =1 oyov
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with U = > 2 Uz /Tmax, V= » Va/Tmax and the corresponding standard deviations
for U and V are oy, oy. In practice, the computation of the Pearson correlation
coefficients is numerically evaluated by using fast Fourier transform. Since the mean
values are subtracted and the standard deviations are used for normalization in Eq.
(S.M.16), the Pearson correlation coefficient only measures “features” and is not
sensitive to amplitude nor overall level differences between two barcodes.

Furthermore, the consensus barcode is always assumed to be intact, therefore no
special care is needed for the ”overlapping” bit-weight functions in the current study,
and for that reason from here on we do not mention the use of bit-weights anymore, as
the effect of a bit-weights on only one of the barcodes is easily understood.

S.M.2.7 Generating random barcodes

In this section we go through the steps of estimating the autocorrelation function for
barcodes, and our method for computing random barcodes based on the estimated
autocorrelation. The present method is similar in spirit to the approach introduced
in [7].

Consider a database containing a set of M probability vectors p,,,(k), m=1,..., M
at base-pair resolution. The length (in bps) of barcode m is kmax,m (the pixels are
labeled by k =0,. .., knaxm — 1). As in [1] these M barcodes are here theory barcodes
obtained using all the DNA sequences in the RefSeq plasmid database longer than 1000
base-pairs [1]. From the probability vectors we get the theoretical barcodes I, (k) by
convolving with the point spread function (still in base-pair resolution) (see Sec.
IS.M.2.4). The associated Fourier transforms are

[n(@im) = P(@rm) - Swrm) (S-M.17)
with angular frequencies
2ml
Wt = - 1=0. lpaxm — L. (S.M.18)
max,m

with lnax,m = Kmax,m, i.€., there are equally many Fourier modes as there are basepairs.

The autocovariance function for barcode m is defined as

Kmax,m — Emax,m —

Ank)=E Y TnK)=pa) L (k=K)=pi) =B Y Lu(K) (k= k) =i,
k=0 k=0

fm(k)
(S.M.19)
where E(...) denotes expectation values, and p,, is the mean value of barcode m. In
Fourier-space we get

P (Wem) = |S(@rm) 2+ B (wi,m) [ (S.M.20)

where we used the convolution theorem. Equipped with a “database” of autocorrelation
functions 7, (k) we proceed by introducing the database-averages defined by

1 M
(k) =57 > Fm(k) (S.M.21)

Ideally, we would now want to insert Eq. (S.M.20) into Eq. (S.M.21]) and perform the

database-average over m [7]. However, before this can be achieved, the Fourier
amplitudes need be interpolated (note that the frequencies w ,,, are different between
barcodes, in general).
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Our interpolation scheme proceed as follows: all Fourier amplitudes |p,, (wi )| are
interpolated to the same length L.y, and then re-normalised so that the corresponding
vectors in the real space would have the same mean and standard deviation as before
interpolation. To achieve this, we note that in Fourier space we have the relation for the

B (@o.m)| = Y pm (k)
k

first mode,

and the Parseval’s theorem,

Z%

We want the same relations to hold for the interpolated amplitudes
Making sure that Eq. is satisfied is straight-forward as we can just rescale the
amplitude for the first frequency For the second relation, we introduce L =

define a re-normalization factor

‘ Alnterp( ) |2

_ L2 P (wim) [P —
Cm - | ~interp 2
2o [P (W) =

Using this factor, we then rescale

| ~interp (w )|2

PP () = PP () - Cy 1= 1. Ly — 1

The sequences piit®™P(w;) so obtained satisfy Eqs. (S.M.22) and (S.M.23)).

With the interpolation scheme above in place, we can now insert Eq. into
Eq. and perform the database-average over m in order to get a “universal”
averaged database autocorrelation function. In Fourier-space the estimated
database-averaged Fourier amplitudes are defined by

p

and the autocorrelation function reads

M
~est (wl) _ Z Alnterp
m=1

M
A 1 R
Pw) =57 219 blwn) Lo ™ (wi) P = [ (wn) [ (wr)
m=1
for an arbitrary choice of the angular frequencies w; = 2” JA=0.

| Ainterp(

Lmax -

wy

(S.M.22)

(S.M.23)

)| as well.

Lmax and
Im

ax,m

(S.M.24)

(S.M.25)

(S.M.26)

(S.M.27)

1.

We are now in a position to compute random barcodes As in |7] we use phase
randomization to that purpose. First, we interpolate the database-averaged Fourier
amplitudes to a new length kyax, so that it corresponds to the length of a barcode in

base-pairs.

As a next step, we draw |kmax/2] uniformly distributed random numbers, «, and
symmetrically multiply the amplitude of p**(w;) by a set of random phases
(1 e . ei®lkmax/2) @@ kmax/21=1 1) here e/ lhmax/21-1 = 1 if |kpmax/2] = kmax/2-
In this way we get a Fourier-transformed random binding probability vector

ﬁrand ( ~est (

wy) =P

wy)e

ial

A corresponding random barcode is generated by the operation

frandom(wl) = ﬁmnd(wl) : (ﬁ(wl)a

Oglgkmax_

1

(S.M.28)

(S.M.29)
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which is then transformed into the real space by taking the inverse Fourier transform. s
Finally, by pixelating the basepair resolution barcode, we get a random barcode IFandom
used below. 327

Note that the procedure above guarantees that the covariance estimate, see Eq. 38
m for random barcodes remains the same as for the original database-average s
covariance (since |I(w;)|? = |[I™dm (i) [2). In this sense, the present method generates o
“realistic looking” random barcodes. 331

S.M.2.8 Distributions of match scores for random barcodes 332

For this study, we have chosen the Pearson correlation coefficients (see Sec. [S.M.2.6) as 33
a match scores between two barcodes. For two normally distributed random data sets  3a

U= (U,...,U,) and V = (V4,...,V,) with independent elements, the probability 335
density function of such match scores has been derived in [13] and |14]. For DNA 336
barcodes, however, due to, for instance, the blurring effect from the point spread 337
function, intensity values at different pixels are not independent quantities. Following 338
the same line of thought as in |2] we deal with this effect by simply replacing the 339
parameters in the distribution for the Pearson correlation coefficient (v and A, see below) 0
by effective ones (vefr and Aegr) which are determined by fitting. The justification for 341

this is that for short range correlations we can divide pixels into independent entities [2]. s
With the above approach for dealing With correlation in mind, we denote the Beta 3

function by B(w, z), i.e. B(w, z) fo 2%~1(1 — x)*“dz. Then the probability density s

function (PDF) for C in this case is (see |13| and [14]) s
1-C2)"%
1,(C) = == <Cc<1 (S.M.30)
B(§7 2 1)
which belongs to a class of the first kind of generalized beta distributions |15]. 346
In our case, we slide contig barcodes across an experimental barcode and seek the 347
largest correlation coefficient. Hence, rather than the PDF for C' we are interested in 8
the PDF for the largest C in a set. To that end, suppose now that we have computed a 0
series of A correlation coefficients, {C1,...,Cx}. Then, the cumulative distribution 350
function for the maximum of these, 351
C =max{C,...,C\} (S.M.31)
is given by [16] 352
pua(C) = (/ folx ) (S.M.32)
Here the integral f_cl py(z)dx can be computed by making a substitution 353
2% =t, 2zdx = dt. This then leads to the following expression for the cumulative 354
distribution function, which depends on two parameters, v and A: 355
A 1 sgn(C) L v A
per(©) = (5 (1+ (1" Orea(5, 2 - 1) (SM.33)

1,¢>0

0 0 and I, (a,b) is the regularised incomplete beta function, 356
4 <

Here sgn(q) = {

Jo et =)t

Lo(a,b) = B(a,b)

(S.M.34)

PLOS 10
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The probability density function for C can be computed from the cumulative
distribution function by taking the derivative, i.e.

dpu,)\(é)

oA (C) = . S.M.35
Pu A (C) i ( )
Further we consider only the cases where C > 0. Then
A1 Aoy v
R 1 1 v (1-C?) =
A=A (= (1+Te(5,2 -1 ) S.M.36
0@ =2 (5 (141055 -1)) G (5M.36)

In previous studies 2] and [7], it was assumed that for large v, the PDF for the match
scores is well approximated by a Gaussian function (as guaranteed by the central limit
theorem). However, for smaller v this is no longer the case. Therefore in this paper the
PDF for C as given in Eq. is used instead.

S.M.2.9 Maximum likelihood estimation in distribution fit

Our procedure for estimating the effective parameters vegr and Aegr (see Sec. is
described in this section. For compactness of notation, we set v = v and A = Aggr
below.

In brief, first R random barcodes (labeled by » = 1,... R) of a predetermined length
are generated, using the method described in Sec. We here use R = 1000.
Each of the R random barcodes is then compared to the experimental barcode, using
the Pearson correlation coefficient, for every possible position on the experimental
barcode, and the maximum coefficient, C’T, is stored. These maximum correlation
coefficients are used to create a histogram. This histogram is fitted to the functional
form provided in Sec. see Eq. , in order to determine v and .

Our fitting procedure uses the maximum likelihood method, which is described in
detail below for our particular form of fitting function. The probability density function
for a random variable C’ conditioned on parameters v and A, is denoted by
o(C|, )\) = ¢, A(C). The joint density function, also called the likelihood function,
L(v,\| C) of R independent identically distributed observations is

R
¢(C1,...,Crl v, \) = H &(Cy| 1, \) = L(v, \| ) (S.M.37)
To determine the parameters of the extreme value distribution, we work with

R
log(L(v, A| €)) = > log ¢y (Cy| v, A) = (S.M.38)

Rlog(\) + (A — 1 Zlog ( <1+Icz(1 ;—1))>)+ (S.M.39)

C?) — Rlog(B (% ——1)) (S.M.40)

where we used Eq. (S.M.36). The necessary conditions for maximising log(L(v, A| C))

are N
aLwA C) _
oA -
{aum o _y (S.M.41)

ov -

PLOS

11/120}

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381



@PLOS | susmission

We have

% R_|_Z]og< (1+Jég(;,;—1))>:o. (SM.42)

From this equation we get

A= ! (S.M.43)

log(2) — % le log (1 + Iég(%, 5 — 1))

Similarly, we can derive the equation for v, to get

w = terml + term2 + term3 =0 (S.M.44)
v
where
n v
terml = E g(1+4 102(2 5~ 1)) (S.M.45)
1B
_ A2
term2 = 3 E log((1 —C7) (S.M.46)
R, v-1 v—2
term3 = §(¢( 5 ) —Y( 5 ) (S.M.47)

where ¢ is the digamma function, i.e. (x) = 1;((5)). The solution to Egs. (S.M.43) and
(S-M.44)) gives us estimates for v = v and A\ = Aggr-

S.M.2.10 Hypothesis test and p-value for barcode matching

We now define a hypothesis test to quantify the significance of the matches of contig
barcodes on an experimental barcode (as compared to matches to random barcodes).
To that end, for a given contig barcode n of a certain size we use the procedure in the
previous subsection to calculate the distribution fit parameters, ves and Aegr, by
matching random contig barcodes of the same size to the experimental barcode,
including subsequent fitting. We also calculate observed match scores, C,, ., by
comparing the actual contig barcode to the experimental barcode at all positions
(including flips). A p-value is then defined as:

Cn,z
p-value = / a0 =1 - [ un(€)dC =1 pualCu)  (BMaS)

-1

where qu,,’A(CA’) is the fitted PDF, and py,A(CA’) is given explicitly in Eq. (S.M.33)). Then,

if the p-value is less than the significance level of pihresn (here we use pihresh = 0.01) we

say that the contig barcode is significantly different from a random barcode. Therefore,

for that given position, the contig barcode is deemed to fit well along the experimental
barcode.

S.M.3 Contig scaffolding using a combinatorial auction
algorithm

In this section we introduce a combinatorial auction method, which is then used to
place a set of contig barcodes along an experimental barcode without overlap. We begin
with giving some definitions and examples of the problem. Then we discuss some of the
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related algorithms, which were developed previously to solve similar combinatorial
problems. Finally we explain in detail the combinatorial auction method used in this
paper. In the contig scaffolding method, we assume that there are no inserts or
deletions in the experimental consensus barcode. This will allow us to consider a contig
as ”continuous”, and we will either find a placement for the whole contig, or we will not
place it at all.

S.M.3.1 Brute-force approach

Before getting into the combinatorial auctions algorithm, it is useful to explain why we
use a combinatorial auction algorithm to solve the problem, rather than use a
”brute-force” approach where all possible contig positions are tested.

Consider all contigs which passed the length threshold (see step 3 of the contig
scaffolding algorithm in the main text). For each of these contigs we compute placement
scores by, . These contigs could then, in principle, be placed using a brute force
algorithm. Each of the contigs labeled by n = 1,... N can be placed on the experimental
barcode in xpax different ways (not taking orientation into account), where Zyax is the
length of the experimental barcode. This gives us 7, different possibilities for
placement of contigs, see Supplementary Figure S11. In the brute force approach, we
then look through these to find the cases with no overlap. Then the placement with the
maximum placement score (defined below) gives us the solution to the contig scaffolding
problem. While this gives the correct solution to the contig scaffolding problem, the
computational time scales exponentially with IV, thus rendering it very impractical for
larger N values (and zpax). In the subsequent subsections, we therefore introduce a
dynamic programming type approach to the present maximization problem.

S.M.3.2 Formulation of the contig placement challenge as a combinatorial
auction problem

We will approach the problem of contig scaffolding by formulating it as a special case,
the interval bidding problem [17], of a combinatorial auction problem (CAP).

Assume that we have a reference barcode, which is x,.x pixels long. The reference
barcode is circular, therefore the pixels can be placed on a circle, see Supplementaary
Figure S11. We also have N contigs and contig n is d,, long. A given contig n has a
placement score (bid value) b, , associated to it, when placed with its last pixel at
position z on the reference barcode (z = 1,...,Zmax). A bit value by , = 0 corresponds
to a "no bid” (pn,z < Pthresh, see main text). The challenge at hand is to combine the
placement scores b, , from different contigs in such a way that the sum of their values,
> bp g, is maximized. To make the problem mathematically precise, let y,, , = 1 if

contig n is included in the final combination at the location z, and y, , = 0 if it is not.

Then the winner determination problem is the following optimization problem

N Zmax

maxz Z bn,zYn,x (S.M.49)

n=1 x=1

with the following set of constraints:

Eaeem— N
Va = 1, Tmax » anl <Z =1, Tmax yn,x> <1 (SM50)

z’ €x’th location

Vn=1,N Y™y, <1

The first constraint means that each pixel can be assigned only to one contig, i.e. we
can have no overlaps. The second constraint means that each contig can be placed at
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most once. The solution to this problem is a matrix Y, which stores all the information
needed about the placed contigs and the placement positions.

A simplified version of this problem was considered and solved in [18] and [19]. In
this simplified version, each contig would be allowed to have only one placement score
(bid only once), and further it could be assumed that the placement is on a line, rather
than a circle. A solution algorithm to this problem, running in O(z2,,,) time and using
dynamical programming approach, was suggested in aforementioned articles. In [19] an
algorithm for solving the problem without simplification of bidding on a line was
introduced. Such an algorithm is solved in the same way as the first one after dividing
the problem into x,.x subproblems. Therefore the original algorithm has to be run
Tmax times, and hence it takes O(z3 .. ) time. In Van Hoesel’s paper [18], in addition to
the simplified version of the problem, a dynamic programming solution for a general
problem, running in O(N2V 22, ) time, was also suggested. The idea of the algorithm
behind this solution is the same as the one we will use when defining a contig
scaffolding algorithm. Our contribution here is that we are able to decrease the factor
2N above by using additional structure of the contig assignment problem.

S.M.3.3 An improved exact combinatorial auction algorithm for the
interval bidding problem

As we mentioned before, the idea behind our algorithm is based on the dynamical
programming type approach to the interval bidding problem described in [18]. Assume
that the experimental barcode we place the contigs on is linear (any circular problem
can be reduced to Zyax linear subproblems, as explained below). Let U be the subset of
contigs, i.e. U C Uay = {n1,...,nn}, and define by Foyeran(U,x — 1) the value of the
optimal placement score of first  — 1 pixels, i.e., Foyeran(U,x — 1) is the optimal
placement score for a contig placement problem involving only pixels 1,z — 1 with

0 < 2 < Zmax- Then the optimal placement value for x pixels, Foyeran(U, x) can be
found by

Foverall (U, €T — 1)

(S.M.51)
maXnevu (Fovcrall (U \ {n}7 T — dn + ]-) + bn,m)

Foverall(Ua J}) = max {

with initial conditions Fyyeran(U, 0) = 0 and Fiyeran(, ) = 0. The method in 18] uses
Eq. recursively as a way to generate the optimal score for the final problem,
i.e., to calculate Foveran(Uall; Tmax), Where Uy is the full set of contigs (bidders). We
improve on this method in two ways. Firstly, it can often happen that there are no new
placement scores when we move from placing = pixels to placing « + 1 pixels (see Eq.
(S-M.55))). For such cases our algorithm therefore directly jump to the pixel where new
placement scores are introduced. Secondly, while the number of possible subsets of
contigs U C {ny,...,nx} is 2V, the number of subsets at a given step in the algorithm
is in general smaller (see Sec. for an example of this, as well as for
further explanation).

We now briefly explain all the steps of the algorithm used to find the optimal
placement value of all the contigs, which we call Fiyeran(Uall, Tmax)- As an input to this
algorithm we have contigs nq,...,ny, length of the reference barcode zyay, length of
contigs d,,, and associated placement scores b, ;. The steps of the algorithm are then
the following:

1. Creating a matriz of placement scores. We represent all the placement scores by,
in the form of a matrix B,
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b171 bl,g Ce b17zmax
B:= bn7x|n:1...N,X:1...xmax = (SM52)

bN71 bN72 e bN»-'L'max

Here each row n = 1, N contains all the placement scores for the contig n to be
placed along the reference barcode. The column x represents placement on the
reference barcode, when the last pixel of the contig is placed at x.

2. Mapping to m linear subproblems. We reduce the problem with a circular
reference barcode to &y, simpler subproblems. This is done by ”cutting” the
reference barcode at each of x .« possible pixels, in this way creating a new
matrix of placement scores, By,

bl,z o b17mmax e bl,rc—l
By = : : (S.M.53)

bNe - DNy - bNa—1

Since the problem is now linear, not all of the placements are possible, and we
have b, , =0, if £ < d,,. For example, if the first contig has d; = 5, then
big=0b12=0b13=>0b14=0.

3. Dynamical algorithm. Starting from the first pixel z, which has b, ; # 0 for some
n € 1, N, we compute the Foyeranl x (Usz, ). This is done using Eq. (S.M.51). Here

the number of U,, subsets of contigs, depends on the number of pixels x. Here U,
differs from U used before, since before we considered all the subsets of Uy, but
now U, is smaller. When only one pixel is present, x = 1, we have that U, will
contain only one-contig subsets for contigs n for which b, , # 0. For x > 1, there
will be more possible subsets, as subsets of two or more contigs will be possible
too. The optimal placement value of the algorithm will then be

Foverall(Ualh xmax) - Hlma/X Foverall,x’ (Ua:max 5 xmax) (SM54)

4. Backtracking. We start from U,_,_, the subset of contigs for which the optimal
placement value Foyerall(Uall, max) is reached. These are the contigs that are
placed by the combinatorial auction algorithm. Then we just trace backwards
through Foverall x' (Uspay s Tmax)s using Eq. , to find out at which pixel
each contig has been placed. This gives us the optimal placement for each contig
as an outcome, i.e. we find the matrix Y = {yno,n =1, N, =1, Zpax }-

S.M.3.4 Example

We here provide a simple example of the working of our combinatorial contig placement
algorithm, introduced in Sec. Consider 5 contigs (N = 5) to be placed on a
linear reference barcode with 6 pixels (zmax = 6). We consider only the linear
subproblem with start pixel at 2’ = 1 (the remaining subproblems are dealt with in an
identical way). Contig sizes are dn|n:ﬁ =1,2,3,4,5, and we are given placement
scores b173 = 2, b174 = 5, b2)3 = 3, b275 = 3, b371 = 2,()3}3 = 4, b471 = 2, b4’4 = 47b4,6 = 3,
bs1 =1,b52=38,bs3 =3, bs4 =4 and bs g = 1. By applying a brute force approach, i.e.
manually going through all allowed contig configurations, it is straightforward (although
tedious) to show that the optimal contig placement is to place contig 1 at position x = 4
and that contig 3 covers the pixels x = 1,3. The associated optimal placement score is
9. We now show that this result can be recovered using our method from Sec.
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1. Firstly, we represent the placement scores by a matrix of placement score,

oS}
I
NN o O

co oo oo

WO = W

= O O Ot

OO o w

= w o oo

2. In the first linear subproblem (and here there is only one subproblem, since

reference barcode is linear), the matrix of placement scores becomes

B, =

OO O OO

oS o o oo

S O = W

O = O O Ut

OO O WO

_=w o OO

(S.M.55)

Note that the first two columns of B; are all zero. This happens because contigs 3,4
and 5 are longer than 2 pixels, and neither of them can be placed just on the first two
pixels, while contigs 1 and 2 had no placement scores for these pixels from the
formulation of the problem. Therefore, when computing the optimal placement score,
we are able to start immediately from x = 3.

3. The first « for which there is n such that b, ; # 0 is = 3,

oS}
~
I
coococo

o O o oo

S O = Wi

O = O O Ot

OO O Wwo

= w oo oo

In the third column of By (olive color), we have first, second, and third contigs with
non-zero placement values by 3, b2 3, b3 3. Therefore there will be three subsets of the
contigs in Us. Using Eq. , we find the values of Foyerai,1(U, 3), Foveran,1(U, 3)
=(2,3,4), where U € Us = (1),(2),(3) . Here by red color we label new subsets of
contigs and corresponding maximum placement scores.
The next pixel to consider is x = 4. Then

os]
~
I
coococo

and the contigs to consider are n = 1 and n = 4. This gives us U € Uy =

SO O o oo

OO W

O = O O Ut

OO O Wwo

_=w o OO

(1)’ (2)7 (3>7 (4)7 <1a2)7 (173) and Foverallq,l(Ua 4) :( 5 737 4a 4 ) 3 ) 9 ) Here by orange
color we label the placement score value that has changed from the value for previous

pixel.
Next pixel to consider is x = 5,

oS}
~
I
coococo

(e el e Jen M)

OO = Wi

O = O O Ot

OO O Wwo

= w o oo
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Only n = 2 contig has non-zero placement value here, and we compute U € Us =
(1)7 (2)7 (3)7 (4)7 (1a 2)7 (17 3)7 (2a3) and Foverall(U7 5) = (5a 37 47 47 87 9; 7 )
Finally, for z = 6, we have

By

Il
coocoo
cocoococo
C ok W
ok oo wm
coowo
_wo oo

and U € Ug = (1),(2),(3), (4), (5),(1,2),(1,3),(2,3), and Foyeran(U,6) =

(5,3,4,4, 1,8,9,7)

4. Finally, we see that Foyeran(Y) = 9, since that is the maximum of Foyeran (U, 6).
To find Y, we do simple backtracking through step 3 of the algorithm. The optimal
value 9 was assigned for n = 4, and corresponds to the subset {1,3}. Contig 3 had no
placement score for n = 4 pixel (bs 4 = 0), so contig 1 was placed on this pixel with
placement score by 4 = 5. Tracing back, we get that the first contig is placed on z = 4,
and the third contig is placed on x = 1, 3, and the optimal placement value is 9.
Therefore y; 4 = 1, and it remains to find placement of contig 3, with the placement
score 9 — 5 = 4. Moving back by one pixel, when n = 3, contig 3 has placement score
bs3 = 4. Therefore, it is placed at pixels = 2,3, and y3 3 = 1. This gives the
combinatorial contig auction algorithm’s outcome, matrix Y, for the linear problem we
were considering, i.e.

0001 0O
00 0 0 O0O
Y=|0 01 0 0 O
00 0 O0O0O
000 O0O0GO

S.M.3.5 Validity and speed of the new algorithm

Here we discuss the computational times associated with our algorithm for solving the
winner determination problem for interval bidding from the previous subsections.
Explanations are based on a source-nodes-sink graph, which we can draw for the winner
determination problem considered here [20]. Then our algorithm is just a dynamical
solution to the shortest path problem on this graph. From the graph formulation of the
problem one sees that the maximum number of nodes for each pixel is 2, where N is
the number of contigs. Therefore in the worst case the algorithm performs as well as the
previous algorithm. However, in the cases of interest we often do much better than the
worst case. The first improvement that we make is that we do not need to go through
all the pixels (as seen in Eq. ) Secondly, we do not consider all the subsets of
contigs.

For example, if the experimental barcode is xy.x pixels long, but only M of the
contigs can be placed at the same time, then rather than a scaling 27max, the
computational time scales as Zivil (”'}‘:"). For example, if we have N = 100 contigs,
and the reference barcode is &pmax pixels long, but the smallest contig is of |Zmax/10]
pixels length, then the number of nodes to go through is at worst

p ('%) ~ 1.7-10'3, a dramatic improvement from 21%° ~ 1.3 - 10°°. In the example
given in the previous section, the number of different contig subsets to consider was only
8. If we have five contigs as we had in the example the worst case would give us 2° = 32
subsets. This also illustrates the argument about contig lengths. Since the sum of the
lengths of three shortest contigs is 6 (1+2+3), there can be no subsets of more than
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three bidders, and there could be only one subset with three bidders (but that did not
even happen in the example in the previous subsection). This greatly reduced the space
of elements to consider. Furthermore, we use sparse matrix interpretation to put all the
possible placement scores into one matrix, and the row index has one to one
correspondence to the subsets of contigs.

In practice, for the type of reference barcode length (z.x & 373 pixels, pUUH) of
interest here, we tested the computational times by randomly cutting the chromosomal
DNA and pUUH into pieces of 24.5 kbps length on average and then attempting to
place those contigs (with pihresh = 0.01) on the pUUH contig barcode. We find that we
can solve this task in on average less than one second on a modern desktop computer (a
single Intel(R) Core(TM) i7-2600K CPU @ 3.40GHz processor) using our Matlab
implementation.

We here mention that there has been a lot of further development of generalizations,
inexact approaches to the solution of this problem, see [21H25]. The use of these
techniques would allow us to consider the cases also for larger N. For example, if we
used Lagrangian relaxation, our problem could be reduced to the optimization problem
of the simplified version of the problem. While these techniques are not exact and might
not converge in some cases (or converge to some local minima), this gives us an outlook
of other possibilities of solving the contig scaffolding problem, if the exact approach
introduced in the next subsection would run into computational speed limitations.
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