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Supplementary Note 1 Selection Rules for Perpendicular
Polarized Transitions

Here we discuss the selection rules for optical transitions in carbon nanotubes
for light polarized perpendicular to the nanotube axis, following Supplementary
Ref. [1].

Characteristics of wavefunctions in carbon nanotubes

Within an effective mass description of electronic states in single-wall carbon nan-
otubes (SWCNTs), the envelope wavefunction of each state can be expressed as

1

F,, ()= s,n, k)exp (tkpx + 1k 1
where
1 s(kn—ik)
s,n, k) =— ratk? | 2
) = s (V)

r = (z,y), = is the coordinate along the circumference, y is the coordinate along
the nanotube axis,
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is the (quantized) wavenumber along the circumference (n = 0, +1,+2,...), k is
the wavenumber along the nanotube axis, L is the length of the circumference, A
is the length of the nanotube, s = +1 (—1) for the conduction (valence) band, and
v=N — M (mod 3) fora SWCNT with chirality (N,M).

Note that v = 0 (£1) for a metallic (semiconducting) nanotube. Specifically,

in the case of a (17,0) nanotube, for which v = —1,
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and in the case of a (10,10) nanotube, for which v = 0,
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Furthermore, the energy of the state Fj ,, j is given by

3sL
Esnl(k) = :—Wam//ﬂ% e 6)

where, as defined in the main text,
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Yo (~2.9¢eV) is the the nearest-neighbor transfer integral for graphene, ac.c (=

0.142 nm) is the nearest neighbor C-C separation in graphene, and d, is the nan-

otube diameter. For example, the band-edge (kK = 0) energy of the lowest-lying

conduction subband (Cgro) in a v = —1 (semiconducting) carbon nanotube is
calculated to be
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At k = 0, the wavefunction is written as
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Note that the value of sk, /|k,| is either +1 or —1, which means that
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Furthermore, one can easily see that these functions are the eigenfunctions of the

Pauli matrix
R 01

with eigenvalue o0, = +1 and —1, respectively. When the polarization of the
incident light is perpendicular to the nanotube axis, the induced current density
operator J, is proportional to 7., and thus, the conservation of o, leads to one of
the determining factors for the selection rules, as shown below.

Selection rules

We confine ourselves to the case where the light field is linearly polarized in a
direction perpendicular to the nanotube axis. In this case, the current density in-
duced in the circumferential direction, expressed in operator form, is given by [?]
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L
where [ = %1 correspond to the two circular polarization components of the elec-
tric field of light. The optical conductivity, calculated using the Kubo formula [?],
is non-zero (i.e., there is finite absorption) only when the following transition ma-
trix element is non-zero between the states £y ,, , and Fy 7 i
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Note that we are considering only k-conserving transitions because the incident
light has zero linear momentum along the nanotube axis (i.e., the y direction). The
second factor in Eq. (15) immediately leads to the selection rule
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However, since k,, — k, = (2r/L)(n’ — n) for any v, this is equivalent to
An=n'—n=1I. (17)

Physically, this condition ensures the conservation of angular momentum.



The matrix element (s, n, k|d.|s',n’, k) appearing in Eq. (15) can be exactly
evaluated at £ = 0 because, as noted earlier, |s,n,0) is an eigenfunction of 4,
with an eigenvalue o, = sk, /|k,| = £1:
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Therefore, (s,n,0|6,|s’,n + [,0) is non-zero only when the two states have the
same value of o,, which is the second selection rule for optical transitions in
SWCNTs. This rule is strictly true only when £ = 0.

In summary, for an optical transition to occur in SWCNTs for light polarized
perpendicular to the nanotube axis, the following two have to be satisfied:

1. An = £1. Namely, the angular momentum quantum number has to change
by £1. Here, +1 (—1) corresponds to right (left) circularly polarization.

2. Ao, = 0. Namely, the eigenvalue of the Pauli matrix 6, has to be con-
served. Strictly speaking, this rule applies only at £ = 0.

Allowed transitions for a (17,0) nanotube

Here, we specifically consider a v = —1 nanotube, such as a (17,0) nanotube,
which is semiconducting. Supplementary Table 1 summarizes the characteristics
of the lowest four subbands in the conduction and valance bands. Here, s = 1 is
the band index, n is the angular momentum quantum number, ,, is the quantized
wavenumber along the circumference [see Eq. (4)], 0, = sk, /|kn|, and €;,,(0) is
the band-edge (k = 0) energy.

Based on these values of quantum numbers and the selection rules we derived
in Supplementary Note 1, we can conclude that the following transitions are pos-
sible for a v = —1 nanotube:

1. Intersubband (or intraband) transitions (As = 0): Cgq; — Cg3, Cso — Casy,
Vsi — Vg3, and Vgo — Vgy
2. Interband transitions (As = 2): Vg; — Csy and Vgo — Cg;

Note that all these six transitions universally occur at (3/2)e, as mentioned in the
main text.
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Supplementary Table 1: The characteristics of the lowest four subbands in the
conduction and valance bands in a (17,0) carbon nanotube.

Allowed transitions for a (10,10) nanotube

Here, we specifically consider a v = 0 nanotube, such as a (10,10) nanotube,
which is metallic. Supplementary Table 2 summarizes the characteristics of the
lowest-lying subbands in the conduction and valance bands. Here, s = =1 is
the band index, n is the angular momentum quantum number, ,, is the quantized
wavenumber along the circumference [see Eq. (5)], 0, = sk, /|kn|, and €5 ,,(0)
is the band-edge (K = 0) energy. It should be noted that the lowest subbands in
metallic tubes, Cyyy and V), are exceptional in the sense that their wavefunctions
are eigenfunctions of 7, rather than o,.

Based on these values of quantum numbers and the selection rules we derived
in Supplementary Note 1, we can conclude that the following transitions are pos-
sible for a v = 0 nanotube:

1. Intersubband (or intraband) transitions (As = 0): Ci; ™ — Cpo 2, st
— Cin % Vgt = Vg T2, and Viy !t — Vi % Again, all these transi-
tions universally occur at (3/2)g.

2. Interband transitions (As = 2): Vyi — Cwe and Vi — Cyy. These tran-
sitions occur at (9/2)e.

Cwi | +1 [ £1 [ £2% | £1 S0 ||V | -1 £1[£F | F1 | -3¢
Cwe |+1 |22 | +F | £1 | 3e0 [V | -1 |E2[£F [ F1 | —3e

Supplementary Table 2: The characteristics of the lowest four subbands in the
conduction and valance bands in a (10,10) carbon nanotube.



Supplementary Note 2 Additional Experimental Data

Detailed gate-voltage dependence of the ISBP peak
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Supplementary Figure 1: Appearance of the intersubband plasmon (ISBP)
peak in a gated and aligned carbon nanotube film in polarized absorption
spectra. a, Parallel-polarization and b, perpendicular-polarization optical absorp-
tion spectra at various gate voltages for an aligned single-wall carbon nanotube
film containing semiconducting and metallic nanotubes with an average diameter
of 1.4 nm.



Gate-voltage-dependent linear dichroism spectra
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Supplementary Figure 2: Linear dichroism spectra for a film of aligned un-
sorted SWCNTs with an average diameter of 1.4 nm. Red and blue parts indi-
cate positive (perpendicular polarization absorption being stronger) and negative
(parallel polarization absorption being stronger) regions, respectively.



Spectra for metal- and semiconductor-enriched films
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Supplementary Figure 3: Polarization-dependent absorbance spectra for an
aligned metallic SWCNT film at various gated voltages. a, Parallel (blue lines)
and b, perpendicular (red lines) polarization optical absorption for an aligned
metallic SWCNT film with an average diameter of 1.4nm at various values of
gate voltage, V.
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Supplementary Figure 4: Polarization-dependent absorbance spectra for an
aligned semiconducting SWCNT film at various gated voltages. a, Parallel
(blue lines) and b, perpendicular (red lines) polarization optical absorption for
an aligned semiconducting SWCNT film with an average diameter of 1.4nm at
various values of gate voltage, V.



Supplementary Note 3 Calculations of Absorption Spectra
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Supplementary Figure 5: Calculated single-particle electronic band structure
and absorbance spectra for a (17,0) SWCNT. a, Band structure of a (17,0)
SWCNT calculated using a tight-binding method with v5 = 2.9 eV. b, Calculated
perpendicular (red line) and parallel polarization (blue line) optical absorption
spectra for a (17,0) SWCNT at various values of Fermi energy Er based on Equa-

tion (2) in the main text.
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Supplementary Figure 6: Calculated single-particle electronic band structure
and absorbance spectra for a (10,10) SWCNT. a, Band structure of a (10,10)
SWCNT calculated using a tight-binding method with v5 = 2.9 eV. b, Calculated
perpendicular (red line) and parallel polarization (blue line) optical absorption
spectra for a (10,10) SWCNT at various values of Fermi energy FEp based on
Equation (2) in the main text.
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Supplementary Note 4 Drude Plasmon Model for SWCNTSs

Based on the classical Drude model of plasmons, the perpendicular-polarization
optical absorption in a doped SWCNT can be written as [2]

Ap(w) = C’Im{ e } , Q1)

drw? — w(w + i)

where C'is a constant, w, = (e/h)(FEg/md,)'/?, Ef is the Fermi energy, d, is the
nanotube diameter, and 7 is a relaxation time. d; was set to be 1.4nm, and /7
was set to be 0.1 eV for our calculation. Note that the equations and quantities are
expressed in atomic units, and we need to use ¢?/(hc) ~ 1/137 to rewrite them
in SI units. Thus, the resonance energy, fww,, at which the peak of A, occurs, is
given by 2(hcEr/137d,)'/? as written in the main text.
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