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1 Variational Expectation-Maximization Algorithm

1.1 E-Step

The joint probability in the main text could be rewritten as, let ✓ = {�2
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The logarithm of the marginal likelihood is

log Pr(y,P|X;✓) = log
X

�

Z

�̃
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q(�̃,�)
d�̃

= Eq[log Pr(y,P, �̃,�|X; ✓)� log q(�̃,�)]

:= L(q)

(S2)

where L(q) is the lower bound implied by the Jensen’s inequality and the equality holds if and only
if q(�̃,�) is the true posterior Pr(�̃,�|y,P,X;✓). Instead of working with the marginal likelihood,
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we iteratively maximizing L(q). As it is stated in the main text, we employ the following variational
distribution to make it feasible to evaluate the lower bound,

q(�̃,�) =
MY

j=1

qj(�̃j ,�j). (S3)

According to the nice property of factorized distributions in variational inference, we can obtain
the best approximation as

log qj(�̃j , �j) = Ei 6=j [log Pr(y,P, �̃,�|X;✓)] + Const, (S4)

where the expectation is taken with respect to all of the other factors {qi(�̃i, �i)} for i 6= j

The logarithm of the joint probability function is
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Before proceeding, we should keep several things in our mind. First, q(�̃,�) is the variational

approximation to the posterior Pr(�̃,�|y,X;✓). Second, we assumed q(�̃,�) =
MY

j=1

q(�̃j , �j). Third,

q(�̃j , �j) = q(�̃j |�j)q(�j).

2



To take the expectation in (S4), we rearrange (S5) into the terms with and without index
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Now we can take expectation of log Pr(y,P, �̃,�|X;✓) under the distribution q(�̃�j , ��j). When
�j = 1, we have

log q(�̃j |�j = 1) =
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Because log q(�̃j |�j = 1) is a quadratic form, we know �j with be Gaussian N(µj , s
2
j ),we could

easily get
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Similarly, when �j = 0, we have

log q(�̃j |�j = 0) = � 1

2�2
�

�̃

2
j +Const (S9)

Thus we know q(�̃j |�j = 0) = N(�̃j |0,�2
�). This is a very good property as it says that the posterior

distribution of �̃j will be the same as its prior if this variable is irrelevant ( �j = 0 ). Note that �j
is a binary variable and then denote ⇡j = q(�j = 1). Therefore we have

q(�̃j , �j) = (⇡jN(µj , s
2
j ))

�j ((1� ⇡j)N(0,�2
�))

1��j (S10)
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Now we evaluate the variational lower bound L(q) (S2).

L(q) = Eq[log Pr(y,P, �̃,�|X;✓)]� Eq[log q(�̃,�)] (S11)

where
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and

�Eq[log q(�̃,�)] =
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Now we substitute E[�j �̃j ] = ⇡jµj , E[(�j �̃j)2] = ⇡j(s2j + µ

2
j ), E[�̃2

j ] = ⇡j(s2j + µ

2
j ) + (1� ⇡j)�2

� ,
E[�j ] = ⇡j and E[1� �j ] = 1� ⇡j
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We rearrange the lower bound

L(q) = Eq[log Pr(y,P, �̃,�|X, ✓)]� Eq[log q(�̃,�)]

= �N

2
log(2⇡�2

e)�
ky �

P
j ⇡jµjxjk2

2�2
e

� 1

2�2
e

MX

j=1

[⇡j(s
2
j + µ

2
j )� (⇡jµj)

2]xT
j xj

� M

2
log(2⇡)� 1

2�2
�

MX

j=1

[⇡j(µ
2
j + s

2
j ) + (1� ⇡j)�

2
� ]

+
X

j

⇡j log(
⇡

⇡j
) +

X

j

(1� ⇡j) log(
1� ⇡

1� ⇡j
) +

MX

j=1

⇡j

X

k

log(↵kp
↵k�1
jk )

+
X

j

1

2
⇡j(log s

2
j � log �2

�)

(S14)

To get ⇡j , we set @L(q)
@⇡j
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1.2 M-Step

We will update the model parameters ✓ = {�2
� ,�
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e ,⇡, {↵k}Kk=1} sequentially by maximizing the

lower bound L(q).
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To get �2
e , we set @L(q)

@�2
e

= 0

@L(q)
@�

2
e

=
@Eq[log Pr(y, �̃,�,P|X,✓)]

@�

2
e

= �N

2

1

�

2
e
+

y

T
y

2�4
e

�
P

j E[�j �̃j ]xT
j y

�

4
e

+
1

2�4
e

MX

j=1

(E[(�j �̃j)2]xT
j xj)

+
1

2�4
e

0

@
MX

j=1

MX

j0 6=j

E[�j �̃j ]E[�j0 �̃j0 ]xT
j xj0

1

A = 0,

(S18)

5



yielding

�

2
e =

1

N

0

@
y

T
y � 2

X

j

E[�j �̃j ]xT
j y +

MX

j=1

(E[(�j �̃j)2]xT
j xj) +

MX

j=1

MX

j0 6=j

E[�j �̃j ]E[�j0 �̃j0 ]xT
j xj0

1

A

=
1

N

0

@
y

T
y � 2

X

j

E[�j �̃j ]xT
j y +

MX

j=1

MX

j0=1

E[�j �̃j ]E[�j0 �̃j0 ]xT
j xj0 +

MX

j=1

(E[(�j �̃j)2]xT
j xj)�

MX

j=1

(E[�j �̃j ])2xT
j xj

1

A

=
1

N

0

@ky �
X

j

⇡jµjxjk2 +
MX

j=1

(⇡j(s
2
j + µ

2
j )� (⇡jµj)

2)xT
j xj

1

A

(S19)

To get ⇡, we set @L(q)
@⇡ = 0, yielding
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The parameter of the beta distribution, ↵k, could be obtained by maximizing L(q)
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1.3 Interpretation of variational EM algorithm

The above derivation assumes that the posterior q(�̃,�) can be factorized as q(�̃,�) =
QM

j=1 qj(�̃j , �j),
which is known as “mean-field approximation”. Without this approximation, we may use Monte-
Carlo expectation-maximization (MCEM) algorithm which is a golden standard for statistical in-
ference. It can be shown that, the M-step remains the same and the E-step can done via Gibbs
sampling:
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and the probability for �j = 1 given {�̃�j ,��j ;✓} is given as
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As we can see, the only di↵erence between our variational EM and MCEM is that the sample drawn
from posterior distribution [�i�̃i] in equation (S23) is replaced by its expectation E[�i�̃i]. Such a
replacement is known to have a consequence: variational inference may often underestimate the
variance of the posterior density [1].

Despite the undesired property, this assumption brings a great computational advantage:

• It enables us to derive an e�cient variational EM algorithm, with guaranteed convergence,
for statistical inference, as we demonstrated in our paper.

• It also gives us an interpretable variational approximation to the true posterior. For example,
the resulting approximated posterior of �̃j remains the same as its prior, i.e., �̃j ⇠ N (�̃j |0,�2

�)
if SNP j is irrelevant to the phenotype (�j = 0), which is expected and partially justifies our
assumption.

2 Algorithms

2.1 Basic Algorithm Steps

Now we describe an algorithm:
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ỹ = ỹj + ⇡jµjxj . (S29)
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2.2 E�ciency Analysis and Improvements

It is noticed that the main burden of calculations lie in the E-Step. Three key calculations are
ỹj = ỹ � ⇡jµjxj , xT

j ỹj in the µj update and ỹ = ỹj + ⇡jµjxj , the time required is roughly 3NP

for each iteration and it needs to create new space for the vector subtraction, which is also time
consuming.

Substituting Eq. (S25) into Eq. (S27) leads to
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T
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2
e/�

2
�

, (S31)

and substituting Eq. (S25) into Eq. (S29), denote ⇡jµj in Eq. (S25) as ⇡0
jµ

0
j ,

ỹ = ỹ + (⇡jµj � ⇡

0
jµ

0
j )xj , (S32)

The time required after the above transformations decreased to roughly 2NP and avoid allo-
cating 2NP new space for each iteration, the e�ciency of algorithm is improved by nearly four
times.

3 More results in the simulation experiments

In this section, we present more simulation results, which contain two main parts for quantitative
trait studies and case-control studies. As described in the main text, we generated individual-
level data {X,y} and {Xk

,y

(k)}k=1,...,K . For the individual-level data set, the genotype matrices
{X,X

(1)
, . . . ,X

(K)} were first simulated from normal distribution, where autoregressive correlation
⇢

|j�j0| was set to mimic the linkage disequilibrium between variants j and j

0. Next, their entries
are discretized to genotype codes {0, 1, 2} according to the Hardy-Weinberg principle based on the
minor allele frequencies drawn from U [0.05, 0.5]. Based on X

(k) and y

(k), we were able to get z-

values and p-values by applying univariate linear regression to {x(k)
j ,y

(k)}, where x

(k)
j corresponds

to the genotypes of the j-th variant in the k-th study.
For IGESS, both the individual-level data {X,y} and the p-value matrix P were used, where

{Xk
,y

k} were pretended to be unavailable. For BVSR, only the individual-level data set {X,y}
was used and its performance could serve as a reference. For CPASSOC, an M ⇥ (1 +K) matrix
Z comprised of the z-values from {X,y} and the z-values from K studies were used as its input.
Only individual-level data set {X,y} was used for BVSR and Lasso, whose performance served as
reference.

If not explicitly specified, the number of samples and the number of variants were set to be
N = 2, 000 and M = 10, 000 in the simulation. The heritability was pre-specified at {0.3, 0.5, 0.8}
with respect to 500 nonzero entries. The number of summary statistics data sets K was set to be
1, 2 and 6. The autoregressive correlation ⇢ varies in {0.0, 0.3, 0.6} .

3.1 Quantitative trait studies

3.1.1 The performance of risk variant identification

Figure S1 shows the results for comparison of risk variant identification measured by AUC, with
respect to the methods of IGESS, BVSR, CPASSOC, Lasso and p-values-based ranking. The FDR
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of IGESS, BVSR and CPASSOC were evaluated with the nominal FDR controlled at 0.1 and the
results are shown in Figure S2. The FDR of IGESS is well controlled in most cases except for the
setting ⇢ = 0.6 and h = 0.8 (strong correlation and very high heritability). We also see that FDR
inflation of CPASSOC is much severer than IGESS. In real data analysis, we are often interested
in the performance of di↵erent methods with small false positive rate (FPR), e.g., with FPR <

0.1. Here we show the ROC curves of IGESS, BVSR, CPASSOC in Figure S3 for comparison. All
results are summarized from 50 replications.

In the main text, we have stated that CPASSOC outperforms IGESS in terms of AUC when
heritability is very small (e.g., h = 0.3). A closer examination reveals that both methods have
nearly zero power with the nominal FDR controlled at 0.1 (see the top right panel of Figure S4).
This implies that the slightly better AUC of CPASSOC is due to ranking results of risk variants
with a larger false positive rate which is not of interest in practice. Next, we increased the sample
sizes Nk of GWAS data X

(k)
,y

(k) to simulate summary statistics. Specifically, with heritability
fixed at h = 0.1, we set Nk to be k ⇤ 2000 (k = 1, 2, . . . , 5) rather than an identical value of 2000.
The lower panel of Figure S5 shows the performance comparison of IGESS and CPASSOC. Due to
the larger sample size, the power of both methods is no longer near zero despite small heritability.
In this case, IGESS also outperforms CPASSOC.

To have more comprehensive results, we set the sample sizes {Nk}k=1,...,5 of individual-level
datasets {X(k)

,y

(k)}k=1,...,5 to be {1000, 2000, 3000, 4000, 5000}, respectively. We evaluated the
performance in terms of AUC and Power between IGESS and CPASSOC and the results are sum-
marized in Figure S6. The results show that the performance of IGESS is better than CPASSOC
in terms of AUC and Power.

At last, we investigated the robustness of modeling p-values from the non-null group using the
beta distribution B(↵, 1). To justify the usage of the beta distribution more comprehensively, we
further conducted simulation studies as follows. In stead of obtaining p-values from individual-level
data, we directly simulated z-values and then converted them to p-values. Here z-values from the
null group follow a standard normal distribution and z-values from the non-null group follow an
alternative distribution. We considered six density functions as given in Table S1. Clearly, the
p-values converted from the z-values will not be a mixture of uniform and Beta distributions.

Scenario Alternative distribution for z-score
spiky 0.4N(0, 0.252) + 0.2N(0, 0.52) + 0.2N(0, 12) + 0.2N(0, 22)

near normal 2/3N(0, 12) + 1/3N(0, 22)
flattop 1/7[N(�1.5, .52) +N(�1, .52) +N(�0.5, .52)+

N(0, .52) +N(0.5, .52) +N(1.0, .52) +N(1.5, .52)]
skew 1/4N(�2, 22) + 1/4N(�1, 1.52) + 1/3N(0, 12) + 1/6N(1, 12)

big-normal N(0, 42)
bimodal 0.5N(�2, 12) + 0.5N(2, 12)

Table S1: Six density functions for z-values from the non-null group.

We evaluated the FDR control of IGESS and CPASSOC in this setting. The results shown
in Figure S7 indicates that (a) both IGESS and CPASSOC are robust to di↵erent alternative
distribution of z-values from the non-null group. (b) IGESS performs more stably than CPASSOC
(small variance in the FDR control can be seen from the boxplots).
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3.1.2 The risk prediction accuracy

Figure S8 shows the results for comparison of risk prediction measured by correlation between the
observed phenotype values and the predicted values, with respect to the methods of IGESS, BVSR,
Lasso. All results are summarized based on 50 replications.

3.1.3 Forward stepwise strategy vs. backward stepwise strategy

We use prediction accuracy (measured by AUC) by cross-validation as the criterion to select sum-
mary statistics from relevant study. In forward stepwise selection, IGESS tries to add one summary-
statistic data at a time and picks the summary-statistic data set which maximizes prediction ac-
curacy. If prediction accuracy gets worse when a summary-statistic data is incorporated, IGESS
will automatically exclude this study in next steps. If we take a backward approach, we remove
the study which leads to the largest increase of the prediction accuracy. According to the simula-
tions, the performance of these two strategies are comparable and the forward-stepwise strategy is
a little better (Figure S9). We recommend the forward stepwise strategy because it also has the
computational advantage.

3.2 Case-Control Studies

3.2.1 The performance of risk variant identification

Figure S10 shows the results for comparison of risk variant identification measured by AUC, with
respect to the methods of IGESS, BVSR, CPASSOC, Lasso and p-values-based ranking in case-
control studies. Figure S11 summarizes the FDR of IGESS, BVSR and CPASSOC evaluated with
the nominal FDR controlled at 0.1. All results are summarized based on 50 replications.

3.2.2 The prediction accuracy

Risk prediction accuracy comparison results of IGESS, BVSR, Lasso in Case-Control studies are
shown in Figure S12. The classification accuracy is measured by AUC for the observed phenotype
labels and the predicted values (using the independent test data). All results are summarized based
on 50 replications.

3.2.3 The performance evaluation in presence of irrelevant studies

Figure S13 and Figure S14 show the performance evaluation in presence of irrelevant studies. They
evaluate the performance with respect to risk variant identification measured by AUC, and classifi-
cation accuracy measured by AUC for the observed phenotype labels and the predicted values (inde-
pendent test data), respectively. {X,y} in the x-axis indicates the performance of individual-level
data only, u corresponds to the performance of integrating the individual-level data with p-values

from a study simulated using parameter uk = Pr(�(k)j = 1|�j = 1) 2 {0.05, 0.1, 0.3, 0.5, 0.7, 0.9, 1}
and s indicates the stepwise performance achieved at the s-step.
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4 More results in real data analysis

4.1 Analysis of Crohn’s disease

Kang et al (2010) [3] argued that the application of a linear model in case-control studies for
risk variant identification could be feasible by connecting it to the Armitage trend test. Recently,
Chen et al. (2016) [2] showed that type I error control of linear model in case-control studies
might fail in presence of population structure, where they used the real data of Asthma GWAS in
Hispanic/Latino population as an example. Furthermore, they proposed generalized linear mixed
model association test (GMMAT) to address this issue.

In the main article, we claimed that linear models (Gaussian noise case) often provide satisfac-
tory results if the population structure is not very complex, e.g., European population considered
in [3]. To provide evidence of our claim, we used GMMAT and GEMMA (linear mixed model
association test) to analyze Crohn’s diseases and the results are shown in Figure S15. We did not
see clear di↵erence of the results between GEMMA and GMMAT.

We also compared logistic models with linear models using the GWAS data of Crohn’s dis-
ease. Specifically, we considered L1-regularized logistic regression, L1-regularized linear regression,
variational Bayesian logistic regression and variational Bayesian linear regression. Their accuracies
measured by AUC are all evaluated via cross-validation. The results for ten repetitions are summa-
rized in Figure S16, they indicates that there is no clear prediction advantage of logistic regression
models over linear models in the Crohn’s disease analysis.

4.2 Analysis of Rheumatoid Arthritis

For the second real data example, we considered the WTCCC data of Rheumatoid Arthritis (RA).
We applied the same quality control strategy to preprocess the RA data set (with details pro-
vided in the main text) and finally we had 4,944 individuals with 304,011 SNPs. Beside the
WTCCC individual-level data, the summary statistics of RA from five GWAS in [4] are pub-
licly available from http://www.broadinstitute.org/ftp/pub/rheumatoid_arthritis/Stahl_

etal_2010NG: BRASS (483 cases, 1,449 controls), Canada (589 cases, 1,472 controls), EIRA (1,173
cases, 1,089 controls), NARAC1 (867 cases, 1,041 controls), NARAC2 (902 cases, 4,510 controls).

We applied IGESS to integrate individual-level RA data and summary-level RA data. The
results are given in Figure S17. Again, we can see that the prediction accuracy has been improved
1% with the help of summary-level data. Here the best prediction is obtained when only one
summary-level data is incorporated in IGESS.
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Figure S1: Performance of risk variant identification measured by AUC. Upper panel: autoregressive
correlation ⇢ = 0. Middel panel: autoregressive correlation ⇢ = 0.3. Lower panel: autoregressive
correlation ⇢ = 0.6.
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Figure S2: The FDR of IGESS, BVSR and CPASSOC are evaluated with the nominal FDR con-
trolled at 0.1. Upper panel: autoregressive correlation ⇢ = 0. Middel panel: autoregressive corre-
lation ⇢ = 0.3. Lower panel: autoregressive correlation ⇢ = 0.6.
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Figure S3: The ROC Curves of IGESS, BVSR and CPASSOC with FPR < 0.1.
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Figure S4: Performance comparison with h = 0.1 and Nk = 2000 for k = 1, 2, . . . , 5. Left panel:
Performance of risk variant identification measured by AUC. Right Panel: Performance of risk
variant identification measured by power.
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Figure S5: Performance comparison when h = 0.1 and N = {2000, 4000, 6000, 8000, 10000} for
GWAS. Left panel: Performance of risk variant identification measured by AUC. Right Panel:
Performance of risk variant identification measured by power.
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Figure S6: Left panel: Performance of risk variant identification measured by AUC. Right Panel:
Performance of risk variant identification measured by Power.
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Figure S7: The FDR control evaluated for di↵erent di↵erent alternative distribution of z-values
from the non-null group. Here the nominal FDR was controlled at 0.1.
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Figure S8: Risk prediction comparison in the quantitative trait studies. Upper panel: autoregressive
correlation ⇢ = 0. Middel panel: autoregressive correlation ⇢ = 0.3. Lower panel: autoregressive
correlation ⇢ = 0.6.
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Figure S9: Comparison of forward-stepwise strategy and backward-stepwise strategy with respect
to prediction accuracy measured by AUC.
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Figure S10: Performance of risk variant identification measured by AUC in case-control studies.
Upper panel: autoregressive correlation ⇢ = 0. Middel panel: autoregressive correlation ⇢ = 0.3.
Lower panel: autoregressive correlation ⇢ = 0.6.
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Figure S11: The FDR of IGESS, BVSR and CPASSOC are evaluated with the nominal FDR
controlled at 0.1. Upper panel: autoregressive correlation ⇢ = 0. Middel panel: autoregressive
correlation ⇢ = 0.3. Lower panel: autoregressive correlation ⇢ = 0.6.
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Figure S12: Risk prediction comparison in the case-control studies. Upper panel: autoregressive
correlation ⇢ = 0. Middel panel: autoregressive correlation ⇢ = 0.3. Lower panel: autoregressive
correlation ⇢ = 0.6.
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Figure S13: Performance of risk variant identification measured by AUC. Left Panel: Performance
of risk variant identification at the first forward step. Right panel: Performance of risk variant
identification in the entire forward selection process.
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Figure S14: Performance of classification accuracy measured by AUC calculated with the observed
phenotype labels and the predicted values (with the independent test data). Left Panel: Perfor-
mance of classification accuracy at the first forward step. Right panel: Performance of classification
accuracy in the entire forward selection process.
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Figure S15: Manhattan plots of Crohn’s Diseases and qq-plots based on the analysis results from
GEMMA with genomic control factor � = 1.00106 (left panel) and GMMAT with genomic control
factor � = 0.9998477 (right panel).
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Figure S16: Comparison between logistic models and linear models on the GWAS data of Crohn’s
disease.
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Figure S17: Left Panel: Prediction accuracy measured by AUC by single GWAS with summary-
level data. Right Panel: Prediction accuracy measured by AUC during forward stepwise selection.
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Table S2:Identified variants using IGESS(WTCCC + Early Onset)
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